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LACUNARY DIFFERENCE SEQUENCES OF COMPLEX UNCERTAIN

VARIABLES

PRANAB JYOTI DOWARI AND BINOD CHANDRA TRIPATHY

Abstra
t. Using the 
on
ept of di�eren
e operator on sequen
e spa
es and un
er-

tainty theory, some new 
lass of la
unary 
onvergent di�eren
e sequen
es of 
omplex

un
ertain variables have been introdu
ed for the la
unary 
onvergen
e. Some topo-

logi
al properties of the de�ned sequen
e spa
es along with the in
lusion relations

have been investigated.

Êîðèñòóþ÷èñü ïîíÿòòÿì ðiçíèöåâîãî îïåðàòîðà íà ïðîñòîði ïîñëiäîâíîñòåé

i òåîði¹þ íåâèçíà÷åíîñòi, ìè äîñëiäæó¹ìî êëàñ ëàêóíàðíî çáiæíèõ ðiçíèöåâèõ

ïîñëiäîâíîñòåé êîìïëåêñíèõ íåâèçíà÷åíèõ çìiííèõ. �îçãëÿäàþòüñÿ òîïîëîãi÷íi

âëàñòèâîñòi ââåäåíèõ ïðîñòîðiâ ïîñëiäîâíîñòåé, à òàêîæ ¨õíi âêëàäåííÿ.

1. Introdu
tion

The 
on
ept of un
ertainty theory was introdu
ed by Liu [9℄ in the year 2007. Now-

a-days un
ertainty theory has be
ome a thrust area of resear
h in various bran
hes of

mathemati
s su
h as un
ertain programming, un
ertain risk analysis, un
ertain logi
,et
..

In our daily life there exists un
ertainty su
h as randomness and fuzziness. Probability

theory is used to model frequen
ies of random events whereas un
ertainty theory is

used to model belief degree of an event to be true. The un
ertainty theory is based on

un
ertain measure whi
h satis�es normality, duality, subadditivity and produ
t axioms.

Complex un
ertain variables are measurable fun
tions from un
ertainty spa
es to the set

of 
omplex numbers. Convergen
e of sequen
es always plays a 
ru
ial role in di�erent

theory of mathemati
s. Chen et al. [19℄ �rst introdu
ed the 
onvergen
e 
on
epts of


omplex un
ertain variables. Further study on 
omplex un
ertain variables are done by

Tripathy and Nath [6℄, Tripathy and Dowari [7℄, Kisi [15,16℄, Dowari and Tripathy [17℄,

You [10℄ and many others.

The initial works on la
unary sequen
es was done by Freedman et al. [2℄. Their studies

of the |σ1| of strongly Ces�aro summable sequen
es with general la
unary θ resulted in

introdu
ing a larger 
lass of sequen
es Nθ 
alled la
unary sequen
es. Later their works

have been further extended by many resear
hers. The main 
on
ern of this 
urrent study

is to extend the 
lasses with the un
ertain sequen
es in the un
ertainty spa
e and the

la
unary 
onvergen
e 
on
epts of 
omplex un
ertain sequen
es with respe
t to di�eren
e

sequen
e spa
es.

2. Preliminaries

Let ω be the set of all sequen
es of real or 
omplex numbers and ℓ∞, c and c0 be,

respe
tively, the Bana
h spa
es of bounded, 
onvergent and null sequen
es x = (xk) with
the usual norm ‖x‖ = supk |xk|.

By a la
unary sequen
e θ = (kr); where k0 = 0, we shall mean an in
reasing sequen
e

of non-negative integers with kr − kr−1 → ∞, as r → ∞. The intervals determined by θ
will be denoted by Ir = (kr−1, kr] and qr = kr

kr−1
, hr = kr − kr−1 for r = 1, 2, 3, ...
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Freedman et al. [2℄ studied the spa
e of la
unary strongly 
onvergent sequen
es Nθ

and was de�ned as follows:

Nθ = {x = (xk) : lim
r→∞

1

hr

∑

k∈Ir

|xk − L| = 0, for some L}.

The notion of di�eren
e sequen
e was introdu
ed by Kizmaz [12℄. Then Esi, Tripathy

and Sarma [1℄ introdu
ed the generalized di�eren
e sequen
e spa
es as follows:

Let m,n ≥ 0 be �xed integers,

Z(△n
m) = {x = (xk) ∈ ω : △n

mx = (△n
mxk) ∈ Z},

for Z = ℓ∞, c and c0; where △n
mxk = (△n−1

m xk − △n−1
m xk+m) and △0

mxk = xk for all

k ∈ N. This generalized di�eren
e notion has the following binomial representation:

△n
mxk =

n
∑

v=0

(−1)v
(

n

v

)

xk+mv for all k ∈ N.

For m = 1 and n = 1, these spa
es represent the spa
es ℓ∞(△), c(△) and c0(△) in-

trodu
ed and studied by Kizmaz [12℄. For m = 1 , these spa
es represent the spa
es

ℓ∞(△n), c(△n) and c0(△n) introdu
ed and studied by Et and Colak [14℄. For n = 1,
these spa
es represent the spa
es ℓ∞(△m), c(△m) and c0(△m) introdu
ed and studied

by Tripathy and Esi [5℄.

The sequen
e spa
es Z(△n
m) for Z = ℓ∞, c and c0 are Bana
h spa
es, by the norm

‖x‖△n
m

=

p
∑

i=1

|xi| + sup
k

|△n
mxk|,

where p = mn for m ≥ 1, n ≥ 1.

Now, we dis
uss brie�y about the un
ertainty theory whi
h is introdu
ed in [9℄.

Let L be a σ−algebra on a nonempty set Γ. A set fun
tion M is 
alled an un
ertain

measure if it satis�es the following axioms:

Axiom 1 (Normality Axiom). M{Γ} = 1;
Axiom 2 (Duality Axiom). M{Λ} + M{Λc} = 1 for any Λ ∈ L;
Axiom 3 (Subadditivity Axiom). For every 
ountable sequen
e of {λj} ∈ L, we have

M







∞
⋃

j=1

λj







≤
∞
∑

j=1

M{λj} .

The triplet (Γ,L,M) is 
alled an un
ertainty spa
e, and ea
h element Λ in L is 
alled an

event. In order to obtain an un
ertain measure of 
ompound event, a produ
t un
ertain

measure is de�ned by Liu [9℄ as follows:

Axiom 4 (Produ
t Axiom). Let (Γk,Lk,Mk) be un
ertainty spa
e for k = 1, 2, 3, ...
The produ
t un
ertain measure M is an measure satisfying

M
{ ∞
∏

k=1

Λk

}

=

∞
∧

k=1

Mk{Λk}

where Λk are arbitrarily 
hosen events from Lk for k = 1, 2, ..., respe
tively.

A 
omplex un
ertain variable is a measurable fun
tion ξ from an un
ertainty spa
e

(Γ,L,M) to the set of 
omplex numbers, i.e., for any Borel set B of 
omplex numbers,

the set

{ξ ∈ B} = {γ ∈ Γ : ξ(γ) ∈ B}
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is an event. When the range is the set of real numbers, we 
all it as an un
ertain

variable, introdu
ed and investigated by Liu[9℄. As a 
omplex fun
tion on un
ertainty

spa
e, 
omplex un
ertain variable is mainly used to model a 
omplex un
ertain quantity.

The expe
ted value operator of an un
ertain variable was de�ned by Liu[9℄ as

E[ξ] =

∫ +∞

0

M{ξ ≥ r}dr −
∫ 0

−∞
M{ξ ≤ r}dr

provided that at least one of the two integrals is �nite.

The 
omplex un
ertainty distribution Φ(x) of a 
omplex un
ertain variable ξ is a fun
tion
from C to [0, 1] de�ned by

Φ(c) = M{Re(ξ) ≤ Re(c), Im(ξ) ≤ Im(c)}
for any 
omplex number c.
An un
ertain variable is said to be positive, when it maps from R+

⋃{0}(non-negative
real numbers) to [0, 1]. Considering the important role of sequen
e 
onvergen
e in mathe-

mati
s, some 
on
epts of 
onvergen
e for 
omplex un
ertain sequen
es were introdu
ed in

Chen, Ning, Wang [19℄. Complex un
ertain sequen
es are sequen
e of 
omplex un
ertain

variables indexed by integers.

The 
omplex un
ertain sequen
e {ξn} is said to be 
onvergent almost surely(a.s.) to

L if there exists an event Λ with M{Λ} = 1 su
h that

lim
n→∞

‖ξn(γ) − L(γ)‖ = 0,

for every γ ∈ Λ. In that 
ase we write ξn → L, a.s..

The 
omplex un
ertain sequen
e {ξn} is said to be 
onvergent in measure to L if for

a given ε > 0,

lim
n→∞

M{‖ξn(γ) − L(γ)‖ ≥ ε} = 0

.

The 
omplex un
ertain sequen
e {ξn} is said to be 
onvergent in mean to L if

lim
n→∞

E[‖ξn(γ) − L(γ)‖] = 0.

Let Φ,Φ1,Φ2,Φ3, ... be the 
omplex un
ertainty distributions of 
omplex un
ertain

variables ξ, ξ1, ξ2, ξ3..., respe
tively. We say the 
omplex un
ertain sequen
e {ξn} 
on-

verges in distribution to L if

lim
n→∞

Φn(c) = Φ(c)

for all c ∈ C, at whi
h Φ(c) is 
ontinuous.

The 
omplex un
ertain sequen
e {ξn} is said to be 
onvergent uniformly almost

surely(u.a.s.) to L if there exists a sequen
e of events {E′
k}, M{E′

k} → 0 su
h that

{ξn} 
onverges uniformly to L in Γ − E′
k, for any �xed k ∈ N.

3. Definitions and Results

In this se
tion we de�ne some new 
lasses of sequen
es of un
ertain variables using

the 
on
ept of di�eren
e operator on sequen
es.

|σ1|U (△n
m) = {ξ = (ξi(γ)) : there exists L(γ) su
h that

1
n

n
∑

i=1

‖△n
mξi(γ) − L(γ)‖ → 0, as

n → ∞}.
Let θ = (kr) be a la
unary sequen
e and (ξk) be a sequen
e of un
ertain variables in

the spa
e (Γ,L,M).



330 PRANAB JYOTI DOWARI AND BINOD CHANDRA TRIPATHY

We de�ne the following 
lasses of sequen
es:

[NU
θ ,△n

m]0 =
{

ξ = (ξk) : lim
r→∞

1

hr

∑

k∈Ir

‖△n
mξk(γ)‖ = 0

}

,

[NU
θ ,△n

m]1 =
{

ξ = (ξk) : lim
r→∞

1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ = 0

for some L(γ) ∈ (Γ,L,M)
}

,

[NU
θ ,△n

m]∞ =
{

ξ = (ξk) : sup
r

1

hr

∑

k∈Ir

‖△n
mξk(γ)‖ < ∞

}

,

[|ACθ |U ,△n
m] =

{

ξ = (ξk) : lim
r→∞

1

hr

∑

k∈Ir

‖△n
mξk+n(γ) − L(γ)‖ = 0 , uniformly in n

}

.

A sequen
e spa
e E is said to be solid (or normal) if (αkxk) ∈ E, whenever (xk) ∈ E, for
all sequen
es (αk) of s
alars su
h that |αk| ≤ 1 for all k ∈ N. The sequen
e spa
e is said

to be symmetri
 if (xk) ∈ E ⇒ (xπ(k)) ∈ λ, where π is a permutation of N. The sequen
e

spa
eE is said to be monotone if E 
ontains the 
anoni
al pre-images of all its step spa
es.

Lemma 3.1. If a sequen
e spa
e is solid then it is monotone.

With the new 
on
epts de�ned above we now 
onsider the following results.

Theorem 3.1. The 
lasses of 
omplex un
ertain sequen
es [NU
θ ,△n

m]0, [N
U
θ ,△n

m]1 and

[NU
θ ,△n

m]∞ are linear spa
es.

Proof. We establish the result for the 
lass of 
omplex un
ertain sequen
e [NU
θ ,△n

m]0.
The other 
ases will follow similarly. Let (ξk), (ηk) ∈ [NU

θ ,△n
m]0 . Then we have,

lim
r→∞

1

hr

∑

k∈Ir

‖△n
mξk(γ)‖ = 0

and lim
r→∞

1

hr

∑

k∈Ir

‖△n
mηk(γ)‖ = 0.

Now for α, β ∈ C,

lim
r→∞

1

hr

∑

k∈Ir

‖△n
m(αξk(γ) + βηk(γ))‖ = lim

r→∞

1

hr

∑

k∈Ir

‖α△n
mξk(γ) + β△n

mηk(γ))‖

≤ |α| lim
r→∞

1

hr

∑

k∈Ir

‖△n
mξk(γ) + |β| lim

r→∞

1

hr

∑

k∈Ir

‖△n
mηk(γ))‖ → 0, as r → ∞.

Hen
e (αξk(γ) + βηk(γ)) ∈ [NU
θ ,△n

m]0. Therefore [NU
θ ,△n

m]0 is a linear spa
e. �

Theorem 3.2. The 
lasses of 
omplex un
ertain sequen
es [NU
θ ,△n

m]0, [N
U
θ ,△n

m]1 and

[NU
θ ,△n

m]∞ are normed linear spa
es, normed by

‖ξ(γ)‖△n
m

=

p
∑

i=1

‖ξi(γ)‖ + sup
r

1

hr

∑

k∈Ir

‖△n
mξk(γ)‖

where p = mn for m ≥ 1, n ≥ 1.

Proof. For ξ = θ, we have ‖θ‖△n
m

= 0.

Conversely let ‖ξ(γ)‖△n
m

= 0.
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Then ‖ξ(γ)‖△n
m

=
p
∑

i=1

‖ξi(γ)‖ + sup
r

1
hr

∑

k∈Ir

‖△n
mξk(γ)‖ = 0

⇒ ξi(γ) = 0, for i = 1, 2, ...,mn and ‖△n
mξk(γ)‖ = 0 for k ∈ Ir , r = 1, 2, ...

Consider k = 1, i.e., ‖△n
mξ1(γ)‖ = 0 ⇒ ‖△n−1

m ξ1(γ) − △n−1
m ξm+1(γ)‖ = 0 ⇒

ξm+1(γ) = 0 , sin
e ξi(γ) = 0, for i = 1, 2, ...,mn
Pro
eeding indu
tively we 
an have ξk(γ) = 0, for all k ∈ Ir.

‖ξ(γ) + η(γ)‖△n
m

=

p
∑

i=1

‖ξi(γ) + ηi(γ)‖ + sup
r

1

hr

∑

k∈Ir

‖△n
m(ξk(γ) + ηk(γ))‖

≤
p
∑

i=1

‖ξi(γ)‖ + sup
r

1

hr

∑

k∈Ir

‖△n
mξk(γ)‖ +

p
∑

i=1

‖ηi(γ)‖ + sup
r

1

hr

∑

k∈Ir

‖△n
mηk(γ)‖

= ‖ξ(γ)‖△n
m

+ ‖η(γ)‖△n
m
.

Now, for any λ ∈ C,

‖λξ(γ)‖△n
m

=

p
∑

i=1

‖λξi(γ)‖ + sup
r

1

hr

∑

k∈Ir

‖△n
m(λξk(γ))‖

= |λ|‖ξ(γ)‖△n
m

This 
ompletes the proof. �

Theorem 3.3. For m ≥ 1 and n ≥ 1 [NU
θ ,△n−1

m ]z ⊂ [NU
θ ,△n

m]z for z = 0, 1,∞.

In general, [NU
θ ,△i

m]z ⊂ [NU
θ ,△n

m]z for z = 0, 1,∞ and i = 0, 1, ..., n−1. The in
lusions

are stri
t.

Proof. Let {ξk} ∈ [NU
θ ,△n−1

m ]0.
Then we have,

lim
r→∞

1

hr

∑

k∈Ir

‖△n−1
m ξk(γ)‖ = 0 (3.1)

Now,

1

hr

∑

k∈Ir

‖△n
mξk(γ)‖ =

1

hr

∑

k∈Ir

‖△n−1
m ξk(γ) −△n−1

m ξk+1(γ)‖

≤
(

1

hr

∑

k∈Ir

‖△n−1
m ξk(γ)‖ − 1

hr

∑

k∈Ir

‖△n−1
m ξk+1(γ)‖

)

Taking limit as r → ∞ we have,

1

hr

∑

k∈Ir

‖△n
mξk(γ)‖ = 0, by(3.1),

whi
h implies {ξk} ∈ [NU
θ ,△n

m]0.
The other 
ases will follow similarly.

Pro
eeding indu
tively we have, [NU
θ ,△i

m]z ⊂ [NU
θ ,△n

m]z∞ and i = 0, 1, ..., n− 1. �

The above in
lusion is stri
t. Consider the following example for this.

Example 3.1. We 
onsider the la
unary sequen
e θ = (2r) and the sequen
e of un
ertain

variables to be (ξk) = (kn−1). Then△n
m(ξk) = 0, △n

mxk =
n−1
∑

v=0
(−1)v

(

n−1
v

)

xk+mv, for all k ∈

N. Therefore (ξk) ∈ [NU
θ ,△n

m]0 but (ξk) /∈ [NU
θ ,△n−1

m ]0.

Theorem 3.4. The spa
es of un
ertain sequen
es [NU
θ ,△n

m]Z , Z = 0, 1,∞ are not

monotone.
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To show the spa
es are not monotone we 
onsider the following example.

Example 3.2. We prove for [NU
θ ,△n

m]0. For m = n = 2, 
onsider the la
unary sequen
e

θ = (2r) and the un
ertainty spa
e (Γ,L,M) to be {γ1, γ2, ...} with the power set and for

any event Λ ∈ L,
M{Λ} =

∑

γk∈Λ

1

2k

De�ne the un
ertain variables by

ξk(γj) =

{

2k, if j = k;
0, otherwise.

Then {ξk} ∈ [NU
θ ,△n

m]0. Consider the sequen
e {ηk} in its pre-image spa
e de�ned by

ηk(γj) =

{

ξk, if k = i2 ∈ N;
0, otherwise.

Then {ηk} /∈ [NU
θ ,△n

m]0. Hen
e the spa
e is not monotone. The spa
es are not solid

follows by Lemma 3.1.

Theorem 3.5. The spa
es of un
ertain sequen
es [NU
θ ,△n

m]Z , Z = 0, 1,∞ are not sym-

metri
.

For this we 
onsider the following example.

Example 3.3. We show this for [NU
θ ,△n

m]0, similar examples 
an be 
onstru
ted for the

other two spa
es. For m = n = 2, 
onsider the la
unary sequen
e θ = (2r). Consider

the un
ertainty spa
e (Γ,L,M) to be {γ1, γ2, γ3, ...} with the power set and for any event

Λ ∈ L su
h that

M{Λ} =















sup
γk∈Λ

k
2k+1 , if sup

γk∈Λ

k
2k+1 < 0.5;

1 − sup
γk∈Λc

k
2k+1 , if sup

γk∈Λc

k
2k+1 < 0.5;

0.5, otherwise.

De�ne un
ertain variables by

ξk(γj) =

{

k, if j = k;
0, otherwise.

Then it 
an be veri�ed that the sequen
e {ξk} for k ∈ Ir and r = 1, 2, 3, ... is in [NU
θ ,△n

m]0.
Consider the sequen
e {ηi} whi
h is a rearrangement of the sequen
e {ξk} de�ned by

ηi(γ) = {ξ1, ξ4, ξ9, ξ2, ξ10, ...} /∈ [NU
θ ,△n

m]0. Thus [NU
θ ,△n

m]0 are not symmetri
 in gen-

eral.

Next we prove some in
lusion results, for our 
onvenien
e we shall denote [NU
θ ,△n

m]Z
for Z = 0, 1,∞ by [NU

θ ,△n
m].

Theorem 3.6. |σ1|U (△n
m) ⊂ [NU

θ ,△n
m] if and only if lim inf

r
qr > 1.

Proof. Let lim inf
r

qr > 1, then there exists δ > 0 su
h that, 1 + δ ≤ qr for all r ≥ 1.

Then for ξ = {ξi(γ)} ∈ |σ1|U (△n
m) we have,

τr =
1

hr

kr
∑

i=1

‖△n
mξi(γ)‖ − 1

hr

kr−1
∑

i=1

‖△n
mξi(γ)‖

=
kr
hr

(

1

kr

kr
∑

i=1

‖△n
mξi(γ)‖

)

− kr−1

hr

(

1

kr−1

kr
∑

i=1

‖△n
mξi(γ)‖

)
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Sin
e hr = kr − kr−1, we have
kr

hr
≤ 1+δ

δ
and

kr−1

hr
≤ 1

δ
.

Now,

1
kr

kr
∑

i=1

‖△n
mξi(γ)‖ and 1

kr−1

kr
∑

i=1

‖△n
mξi(γ)‖ both 
onverges to 0, that is, {ξi(γ)} ∈

[NU
θ ,△n

m]. Therefore, |σ1|U (△n
m) ⊂ [NU

θ ,△n
m].

Conversely suppose that lim inf
r

qr = 1. Sin
e θ is la
unary, we 
an obtain a subse-

quen
e {krj} of θ satisfying,

krj

krj−1
< 1 + 1

j
and

krj−1

krj−1

> j, where rj ≥ rj−1 + 2. Let ζ(γ)

and η(γ) be two distin
t un
ertain variables. De�ne ξ = {ξk(γ)} by

△n
mξi(γ) =

{

ζ, if i ∈ Irj for some j ∈ N;
η, otherwise.

Then for any un
ertain variable ρ(γ),

1

hrj

∑

Irj

‖△n
mξi(γ) − ζ(γ)‖ = ‖ζ(γ) − ρ(γ)‖; j = 1, 2, ...

and

1

hr

∑

Ir

‖△n
mξi(γ) − η(γ)‖ = ‖η(γ) − ρ(γ)‖ for r 6= rj .

It follows that {ξi(γ)} /∈ [NU
θ ,△n

m]. Consider t is su�
iently large then there exists an

unique j for whi
h krj−1 < t ≤ krj+1−1 and write

1

t

t
∑

i=1

‖△n
mξi(γ)‖ ≤ krj−1

+ hrj

krj − 1
≤ 1

j
+

1

j
=

2

j

Now, if t → ∞, it follows that j → ∞. Hen
e {ξi(γ)} ∈ |σ1|U (△n
m). Thus {ξi(γ)} is

strongly summable. �

Theorem 3.7. [NU
θ ,△n

m] ⊂ |σ1|U (△n
m) if and only if lim sup

r
qr < ∞.

Proof. Let lim sup
r

qr < ∞, there exists H > 0 su
h that qr < H for all r ≥ 1. Con-

sidering ξ = {ξi(γ)} ∈ [NU
θ ,△n

m] and ε > 0 we 
an �nd R > 0 and K > 0 su
h that

sup
i≥R

τi < ε, τi < K for all i = 1, 2, ... Then if t is any integer with kr−1 < t ≤ kr, where

r > R, and that t is any integer with kr−1 < t ≤ kr, then we 
an write

1

t

t
∑

i=1

‖△n
mξi(γ)‖ ≤ 1

kr−1

t
∑

i=1

‖△n
mξi(γ)‖

=
1

kr−1

(

∑

I1

‖△n
mξi(γ)‖ + ... +

∑

Ir

‖△n
mξi(γ)‖

)

=
1

kr−1
τ1 +

k2 − k1
kr−1

τ2 + ... +
kR − kR−1

kr−1
τr

+
kR+ − kR

kr−1
τR+1 + ... +

kr − kr−1

kr−1
τr

≤ (sup
i≥1

τi)
kR
kr−1

+ (sup
i≥R

τi)
kr − kR
kr−1

= K.
kR
kr−1

+ ε.H

Sin
e kr−1 → ∞ as t → ∞, it follows that

1
t

t
∑

i=1

‖△n
mξi(γ)‖ → 0. i.e., ξ = {ξi(γ)} ∈

|σ1|U (△n
m).
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Suppose lim sup
r

qr = ∞. In order to prove the result we need to �nd a sequen
e ξ =

{ξi(γ)} of un
ertain variables su
h that ξ ∈ [NU
θ ,△n

m] and ξ /∈ |σ1|U (△n
m) . We sele
t

a subsequen
e krj of la
unary θ su
h that qrj > j. Let ζ(γ) and η(γ) be two distin
t

un
ertain variables and then de�ne ξ = {ξi(γ)} by

ξi(γ) =

{

ζ, if krj−1
< i ≤ 2krj−1, for some j ∈ N;

η, otherwise.

Then

τrj =
1

hrj

∑

Irj

‖△n
mξi(γ) − η(γ)‖ = ‖ζ(γ) − η(γ)‖. krj−1

krj − krj−1

<
1

j − 1

and τr = 0 if r 6= rj . Hen
e, lim
r

1
hr

∑

k∈Ir

‖△n
mξi(γ)‖ = 0. Thus {ξi(γ)} ∈ [NU

θ ,△n
m].

Now for the sequen
e {ξi} above and for an un
ertain variable ρ,

1

krj

krj
∑

i=1

‖△n
mξi(γ) − ρ(γ)‖ ≥ 1

krj





2krj
−1

∑

i=krj−1

‖ζ(γ) − ρ(γ)‖ +

2krj
∑

i=2krj−1

‖η(γ) − ρ(γ)‖





≥ ‖ζ(γ) − ρ(γ)‖. krj−1

krj
+ ‖η(γ) − ρ(γ)‖. krj − 2krj−1

krj

≥ ‖ζ(γ) − ρ(γ)‖. krj−1

krj
+ ‖η(γ) − ρ(γ)‖.

(

1 − 2

j

)

→ ‖η(γ) − ρ(γ)‖

and

1

2krj − 1

2krj
−1

∑

i=1

‖△n
mξi(γ) − ρ(γ)‖ ≥ krj−1

2krj−1
‖η(γ) − ρ(γ)‖ → ‖η(γ) − ρ(γ)‖

2
.

Consequently for any un
ertain variable ρ, we have

lim
j→∞

1

krj

krj
∑

i=1

‖△n
mξi(γ) − ρ(γ)‖ = ‖ζ(γ) − ρ(γ)‖ 6= ‖η(γ) − ρ(γ)‖

2

= lim
j→∞

1

2krj−1

2krj−1
∑

i=1

‖△n
mξi(γ) − ρ(γ)‖.

Hen
e {ξi(γ)} /∈ |σ1|U (△n
m). �

The following result is the 
onsequen
e of the above two theorems.

Theorem 3.8. [NU
θ ,△n

m] = |σ1|U (△n
m) if and only if 1 < lim inf

r
qr < ∞.

Theorem 3.9. |AC|U (△n
m) ⊂ [NU

θ ,△n
m].

Proof. Let {ξi(γ)} ∈ |AC|U (△n
m) and ε > 0,there exists N > 0 and L(γ) su
h that

1

hr

∑

i∈Ir

‖△n
mξi+n(γ) − L(γ)‖ < ε for n > N, r = 1, 2, 3, ...

Sin
e θ is la
unary we 
an 
hoose R > 0 su
h that r ≥ R implies hr > N and 
onse-

quently τr < ε. Thus {ξi(γ)} ∈ Nθ. Thus to obtain a sequen
e in Nθ but not in |AC|
de�ne ξ = {ξi(γ)} by

ξi(γ) =

{

1, if for some r, kr−1 < i ≤ kr−1 +
√
hr;

0, otherwise.
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Therefore, ξ 
ontains arbitrarily long strings of 0's and 1's, from whi
h it follows that ξ
is not strongly almost 
onvergent.

But, τr = 1
hr

∑

Ir

‖ξi‖ = 1
hr

[
√
hr] = 1√

hr
whi
h 
onverges to 0 as r → ∞.

�

4. Generalized Differen
e La
unary Convergen
e of Complex Un
ertain

Sequen
es with respe
t to Mean, Measure,Almost Surely

In this se
tion we de�ne the la
unary 
onvergen
e 
on
epts of di�eren
e un
ertain

sequen
es and derive the relations between them.

De�nition 4.1. The 
omplex un
ertain sequen
e {ξk} is said to be la
unary strongly


onvergent almost surely to L with respe
t to di�eren
e sequen
e if for every ε > 0 there

exists an event Λ with M{Λ} = 1 su
h that

lim
r→∞

1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ = 0,

for every γ ∈ Λ.

De�nition 4.2. The 
omplex un
ertain sequen
e {ξk} is said to be la
unary strongly


onvergent in measure to L with respe
t to di�eren
e sequen
e if

lim
r→∞

M
[{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

}]

= 0,

for every ε > 0.

De�nition 4.3. The 
omplex un
ertain sequen
e {ξk} is said to be la
unary strongly


onvergent in mean to L with respe
t to di�eren
e sequen
e if

lim
r→∞

E

[

1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖

]

= 0,

for every ε > 0.

De�nition 4.4. Let Φ1,Φ2,Φ3, ... be the 
omplex un
ertainty distributions of 
omplex

un
ertain variables ξ1, ξ2, ξ3, ..., respe
tively. We say the 
omplex un
ertain sequen
e

{ξk} la
unary strong 
onvergent in distribution to L with respe
t to di�eren
e sequen
e

if for every ε > 0,

lim
r→∞

1

hr

∑

k∈Ir

‖△n
mΦk(c) − Φ(c)‖ = 0

for all 
omplex c at whi
h Φ(c) is 
ontinuous.

De�nition 4.5. The 
omplex un
ertain sequen
e {ξn} is said to be 
onvergent uniformly

almost surely to L if there exists an sequen
e of events {Ek}, M{Ek} → 0 su
h that {ξn}

onverges uniformly to L in Γ − Ek, for any �xed k ∈ N.

The relations among the 
onvergen
e 
on
epts of 
omplex un
ertain sequen
es are

dis
ussed below.

Theorem 4.1. If the 
omplex un
ertain sequen
e {ξk} la
unary strongly 
onvergent in

mean to L with respe
t to di�eren
e sequen
e, then {ξk} la
unary strongly 
onverges in

measure to L.
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Proof. It follows from the Markov's inequality that for any given ε > 0, we have

lim
r→∞

M
[{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

}]

≤ lim
r→∞

E

[

1
hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖

]

ε
→ 0

as k ∈ Ir. Thus {ξk} la
unary strongly 
onverges in measure to L with respe
t to

di�eren
e sequen
e and the theorem is thus proved. �

But the 
onverse of the above theorem is not true in general. i.e. la
unary strong


onvergen
e in measure with respe
t to di�eren
e sequen
e does not imply la
unary

strong 
onvergen
e in mean with respe
t to di�eren
e sequen
e always. This 
an be

illustrated from the example below.

Consider the un
ertainty spa
e (Γ,L,M) to be {γ1, γ2, ...} with power set and

M{Λ} =















sup
γi∈Λ

1
i
, if sup

γi∈Λ

1
i
< 0.5;

1 − sup
γi∈Λc

1
i
, if sup

γi∈Λc

1
i
< 0.5;

0.5, otherwise.

and the 
omplex un
ertain variables be de�ned by

ξi(γj) =

{

i, if j = i;
0, otherwise,

for i ∈ Ir and L ≡ 0. For ε > 0, we have

lim
r→∞

M
({

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξi(γ) − L(γ)‖ > ε

})

= lim
r→∞

M
({

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξi(γ)‖ > ε

})

= lim
r→∞

M({γi})

= lim
r→∞

1

i
→ 0 (as i ∈ Ir .)

The sequen
e {ξi} la
unary strongly 
onverges in measure to L. However for ea
h i ∈ Ir ,
we have the un
ertainty distribution of un
ertain variable ‖ξi − L‖ = ‖ξi‖ is

Φi(x) =







0, if x < 0;
1 − 1

i
, if 0 ≤ x < i;

1, otherwise.

E

[

1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖

]

=

∫ +∞

0

M{ξ ≥ x}dx−
∫ 0

−∞
M{ξ ≤ x}dx

=

∫ i

0

1 − (1 − 1

i
)dx

= 1

That is, the {ξi(γ)} does not 
onverge in mean to L(γ) with respe
t to di�eren
e sequen
e.
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Lemma 4.1. Let the 
omplex un
ertain sequen
e {ξn} has real part {ζn} and imaginary

part {ηn}, respe
tively, for n = 1, 2, .... If un
ertain sequen
es {ζn} and {ηn} 
onverge

in measure to L1 and L2 respe
tively, then the 
omplex un
ertain sequen
e {ξn} 
onverge

in measure to L = L1 + iL2.

Theorem 4.2. Let the 
omplex un
ertain sequen
e {ξk} has real part {ζk} and imaginary

{ηk}, respe
tively, for k ∈ Ir . If un
ertain sequen
es {ζk} and {ηk} la
unary strongly


onvergent in measure to L1 and L2 respe
tively with respe
t to di�eren
e operators on

sequen
e, then 
omplex un
ertain sequen
e {ξk} la
unary strongly uniformly 
onvergent

with respe
t to the di�eren
e operator in distribution to L = L1 + iL2.

Proof. Let c = a + ib be a point at whi
h the 
omplex un
ertainty distribution Φ is


ontinuous. For any α > a, β > b, we have,

{ζk ≤ a, ηk ≤ b} = {ζk ≤ a, ηk ≤ b,  L1 ≤ α,  L2 ≤ β} ∪ {ζk ≤ a, ηk ≤ b,  L1 > α,  L2 > β}
∪{ζk ≤ a, ηk ≤ b,  L1 ≤ α,  L2 > β} ∪ {ζk ≤ a, ηk ≤ b,  L1 > α,  L2 ≤ β}

⊂ { L1 ≤ α,  L2 ≤ β} ∪ {‖△n
mζk(γ) −  L1(γ)‖ ≥ α− a} ∪ {‖△n

mηk(γ) −  L2(γ)‖ ≥ β − b}.
It follows from the subadditivity axiom that

Φk(c) = Φk(a + ib) ≤ Φ(α + iβ) + M{γ ∈ Γ : ‖△n
mζk(γ) − L1(γ)‖ ≥ α− a}

+ M{γ ∈ Γ : ‖△n
mηk(γ) − L2(γ)| ≥ β − b}.

Sin
e {ζk} and {ηk} la
unary strongly 
onvergent in measure to L1 and L2 respe
tively.

So for ε > 0 and k ∈ Ir we have,

lim
r→∞

M
{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mζk(γ) − L1(γ)‖ ≥ (α− a) ≥ ε

}

= 0,

lim
r→∞

M
{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mηk(γ) − L2(γ)‖ ≥ (β − b) ≥ ε

}

= 0.

Thus we have, lim sup
r→∞

Φk(c) ≤ Φ(α + iβ) for any α > a, β > b. Letting α + iβ → a + ib,

we get,

lim sup
r→∞

Φk(c) ≤ Φ(c).

On the other hand, for any x < a, y < b we have,

{L1 ≤ x, L2 ≤ y} = {ζk ≤ a, ηk ≤ b, L1 ≤ x, L2 ≤ y} ∪ {ζk ≤ a, ηk ≤ b, L2 ≤ x, L2 ≤ y}
∪{ζk > a, ηk ≤ b, L1 ≤ x, L2 ≤ y} ∪ {ζk > a, ηk > b, L1 ≤ x, L2 ≤ y}

⊂ {ζk ≤ a, ηk ≤ b} ∪ {‖△n
mζk − L1‖ ≥ a− x} ∪ {‖△n

mηk − L2‖ ≥ b− y}.
whi
h implies

Φ(x + iy) ≤ Φk(a + ib) + M{γ ∈ Γ : ‖△n
mζk(γ) − L1(γ)‖ ≥ a− x}
+ M{γ ∈ Γ : ‖△n

mηk(γ) − L2(γ)‖ ≥ b− y}.
Sin
e

lim
r→∞

M
{

γ ∈ Γ :
1

hr

∑

k∈Ir

(‖△n
mζk(γ) − L1(γ)‖ ≥ a− x) ≥ ε

}

= 0,

lim
r→∞

M
{

γ ∈ Γ :
1

hr

∑

k∈Ir

(‖△n
mηk(γ) − L2(γ)‖ ≥ b− y) ≥ ε

}

= 0,
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we obtain

Φ(x + iy) ≤ lim inf
r→∞

Φk(a + ib)

for any x < a, y < b. Taking x + iy → a + ib, we get

Φ(c) ≤ lim inf
r→∞

Φk(c).

It follows from (4.1) and (4.2) that Φk(c) → Φ(c) as r → ∞ and k ∈ Ir. That is

the 
omplex un
ertain sequen
e {ξk} is la
unary strongly 
onvergent in distribution to

L = L1 + iL2. �

Converse of the above theorem is not ne
essarily true. i.e. La
unary strongly 
onver-

gent in distribution with respe
t to di�eren
e sequen
e does not imply la
unary strongly


onvergen
e in measure with respe
t to that di�eren
e sequen
e. Following example

illustrates this.

Consider the un
ertainty spa
e (Γ,L,M) to be {γ1, γ2} with M{γ1} = M{γ2} = 1
2 .

We de�ne a 
omplex un
ertain variable as

ξ(γ) =

{

1, if γ = γ1;
−1, if γ = γ2.

We also de�ne {ξk} = −ξ, for k ∈ Ir. Then {ξk} and ξ have the same distribution and

thus {ξk} 
onverges in distribution to ξ. However, for any given ε > 0, we have

lim
r→∞

M
[{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − ξ(γ)‖ > ε

}]

= lim
r→∞

M
[{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
m2ξk(γ)‖ > ε

}]

6= 0

Therefore, the sequen
e {ξk} does not la
unary strongly 
onverge in measure to ξ with

respe
t to di�eren
e sequen
e.

Theorem 4.3. Let ξ1, ξ2, ξ3, ... be 
omplex un
ertain variables. Then {ξk} is la
unary

strongly 
onvergent almost surely to L with respe
t to di�eren
e sequen
e if and only if

for any ε > 0, we have,

M





⋂

r∈Irk

⋃

k∈Ir

{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

}



 = 0

Proof. By the de�nition of la
unary strongly 
onvergent almost surely we have that there

exists an event Λ with M(Λ) = 1, su
h that

lim
r→∞

1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ = 0

for every γ ∈ Λ.
Then for any ε > 0, there existsm su
h that

1
hr

∑

k∈Ir

‖△n
mξk(γ)−L(γ)‖ < ε, where k > m,

for any γ ∈ Λ, whi
h is equivalent to

M





⋃

r∈Irk

⋂

k∈Ir

{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

}



 = 1.

But using the duality axiom it follows that

M





⋂

r∈Irk

⋃

k∈Ir

{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

}



 = 0.
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Hen
e the result is proved. �

Theorem 4.4. Let ξ1, ξ2, ξ3, ... be 
omplex un
ertain variables. If {ξk} is la
unary

strongly 
onvergent uniformly almost surely to L with respe
t to di�eren
e sequen
e, then

{ξk} is la
unary strongly 
onvergent in measure to L with respe
t to that di�eren
e se-

quen
e.

Proof. If {ξk} is la
unary strongly 
onvergent uniformly almost surely to L with respe
t

to di�eren
e sequen
e then

lim
r→∞

M
(

⋃

k∈Ir

{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

})

= 0

from the above theorem.

But

M
({

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

})

≤ M
(

⋃

k∈Ir

{

γ ∈ Γ :
1

hr

∑

k∈Ir

‖△n
mξk(γ) − L(γ)‖ > ε

})

Therefore, {ξk} is la
unary strongly 
onvergent in measure to L with respe
t to di�eren
e

operator on sequen
e. �
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