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A PROOF OF THE BAUM-CONNES CONJECTURE FOR REAL
SEMISIMPLE LIE GROUPS WITH COEFFICIENTS ON FLAG
VARIETIES

ZHAOTING WEI

ABsTrRACT. We consider the equivariant K-theory of a real semisimple Lie group
which acts on the (complex) flag variety of its complexification group. We construct
an assemble map in the framework of KK-theory and then we prove that it is an
isomorphism. The prove relies on a careful study of the orbits of the real group
action on the flag variety and then piecing together different orbits. This result is a
special case of the Baum-Connes conjecture with coefficients.

Posrnanaersca exBiBapianTHa K-Teopia aiiicHol maniBupoctoi rpynu JIi, mo aie
Ha (KOMILIEKCHOMY) MHOrOBHJ] Hpanopis Ha kommrexcudikosaniit rpyni. Bygyerscs
BimoOparkenns ckiamganas B cenci KK-reopii, i moBoguThcs, 10 BOHO € i30MOpdi3MoMm.
JloBeIeHHSI CIIMPAETHCs HA, JieTAJIbHE JI0CJI J2KeH st OpOiT AificHOT rpyiu Ha MHOrOBU L
npamnopis i kmacudikanii mux opbit. Pe3ysnprar € 4aCTMHHHM BHIAJKOM rinmore3u
Bayma-Kounna 3 koedinienramu.

1. INTRODUCTION

Let G be a locally compact topological group and A is a C*-algebra equipped with a
continuous action of G by C*-algebra automorphisms. Following [3, Section 4], we define
the equivariant K-theory of A to be the K-theory of the reduced crossed product algebra:

K¢ (4) ==K (CH(G, A)).

The equivariant K-theory defined in this way has a useful connection to Baum-Connes
conjecture and representation theory. It is well-known that C(G) reflects the tempered
unitary dual when G is a reductive Lie group, see [3, Section 4.1].

When G is compact and X is a compact G-topological space, let Cy(X) denote the
C*-algebra of compact supported complex value continuous functions on X. Then it is
well-known that our K (Cp(X)) coincides with the equivariant K-theory of X, see [7]. If
X is itself compact, we can also denote Co(X) by C(X).

Remark 1.1. Be aware that this is not the same as Kasparov’s definition of equivariant
K-theory in [8].

Back to general G. For any C*-algebra A and B with continuous G-action we have
the equivariant KK-theory group KKY(A, B) as in [8, Definition 2.3|.

The Baum-Connes conjecture can be formulated as follows. Let G be almost connected
and U be its maximal compact subgroup and S := G/U be the quotient space. We have
the assemble map [6]

pe : KKS (Co(S),C) = K&(C).
The Baum-Connes conjecture claims that the assemble map pg is an isomorphism. In
2003, J. Chabert, S. Echterhoff, R. Nest [4] proved this conjecture for almost connected
Lie groups and for linear p-adic groups.
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Recall that a topological group G is called almost connected if G /Gy is compact, where
G denotes the identity component of G. For a Lie group G, almost connected simply
means that G has finitely many connected components.

Remark 1.2. Baum-Connes conjecture is still open for certain discrete groups, for ex-
ample G = SL(3,Z). Notice that in this case G is not almost connected and the space
S = G/U should be replaced by the universal proper G-space EG. See [2] for more
details. For an introduction of Baum-Connes conjecture for discrete groups we refer to

[16].

Moreover, for a C*-algebra A with continuous G-action, we have the Baum-Connes
conjecture conjecture with coefficients in A, which claims that the map

fig,a : KK (Co(S), A) — K§(A)

is an isomorphism. There are counter examples for some certain G and A as in [5]. For
general G and A Baum-Connes conjecture with coefficients is still open.

In this paper we focus on the case that G is a real semisimple Lie group and A is the
C*-algebra of continuous functions on the complexified flag variety of G. In more details
let G¢ be the complexification of G, We have the flag variety B of G¢. The group Ge¢
(hence G and U) acts on B, so we also have the assemble map

ne.s - KKS(Co(S), C(B)) — K5 (C(B)). (L1)
The main result of this paper is the following theorem:
Theorem 1.3. For any real semisimple Lie group G, the assemble map
ne.s : KKS (Co(S),C(B)) = Kg(C(B))
is an isomorphism.
Remark 1.4. The significance of K¢, (C(B)) has been discussed in |3} Section 4.4].

The proof of Theorem [[.3] in this paper relies on a careful study of the orbits of the
real group action on the flag variety: We first proof the isomorphism on one single orbit
of the G-action by reducing to solvable subgroups, and then we piece together assemble
maps on different orbits. The proof does not require the hard techniques in functional
analysis and representation theory so it can be considered as an geometric proof.

This paper is organized as follows: In Section [2 and [3] we construct the assemble map.
In Section @] we study the assemble map on one single G-orbit of the flag variety. In
Section [B] we study the G-orbits on B and in Section [l we prove the Theorem I3 In
Section [ we give an example to illustrate the idea of the construction.

This work is inspired by the study of equivariant K-theory in [3] and Matsuki corre-
spondence in [11].

2. REAL SEMISIMPLE LIE GROUPS AND FLAG VARIETIES

We will use the following notations in this paper. Let G be a connected linear real
semisimple Lie group, U be the identity component of a maximal compact subgroup of
G. In the sequel we fix such a U and call it the maximal compact subgroup of G. We
denote the space G/U by S.

Let G¢ be the complexification of G, B¢ be the Borel subgroup of G¢ and B = G¢/Bce
be the flag variety.

Obviously G acts on the flag variety B. Unlike G¢, the G-action is not transitive, see
Section [0l below or [IT].
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Example 2.1. If G = SL(2,R) then U = SO(2) and S = G/U = H the upper half

plane.
Oun the other hand G¢ = SL(2,C). Hence

{2

B = Gc/Bc =CP' = 52

aE(C*,BE(C}

and

Gc (hence G) acts on B = CP! by fractional linear transform. In projective coordinates
we have
a b u\  f(au+bv
(c d) . (v) T (cu+dv) :

a b '_az—i—b
¢ d Z'_cz+d'

We will study G-orbits of B in more details in Section [

If we set z = u/v, then

3. KK-THEORY AND THE ASSEMBLE MAP

In this section we quickly review KK-theory and construct the assemble map
.7+ KKS(S,T) = K (T) (3.2)

for any G-space 7. We work in the framework of Kasparov as in [§].
In this paper we use KK-theory as a black box and most results in this section are
given without proof.

3.1. A quick review of equivariant K-theory. Let G be a locally compact group.
We call a C*-algebra with continuous G action a G-C*-algebra. For a G-C*-algebra A,
we define the reduced cross product C*-algebra C(G, A) as the completion of the twisted
convolution algebra of compactly supported and continuous functions from G into A.
The convolution product is

fix falg) = /G Fr(R)an(fa(h1g))dh

where « denotes the action of G on A. If A is represented faithfully and isometrically
on a Hilbert space H, then the completion is under the operator norm on L?(G,H). In
particular, C;(G,C) = C¥(G). See [12, Chapter 7| for details.

Let 7 be a topological space with continuous G-action. Let Cy(7) be the space of
continuous functions on 7 which vanishes at infinity. If 7 is compact, then Co(7T) = C(T)
is the space of all continuous functions on X. We define

K& (T) = KX (CH(G, Co(T)))- (3-3)

o K (pt) reflects the tempered unitary dual when G is a reductive Lie group, see
[2].

e When G is compact and X is a compact G-topological space, let C(X) denote
the C*-algebra of complex value continuous functions on X'. Then our K¢ (X)
coincides with the equivariant K-theory of X, see [1].
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3.2. A quick review of equivariant KK-theory. For two G-C*-algebras A and B,
Kasparov introduced the equivariant KK-theory KK (A, B) for i = 0,1 in [8]. In this
paper we do not go to details of the construction but we list some properties of KK-theory
here.

Proposition 3.1. KKZ-G(A,B) is an abelian group for i = 0,1, and it is contravariant
for A and covariant for B.

Recall that a C*-algebra is called o-unital if it possesses a countable approximate
unit.

Theorem 3.2. /|8, Theorem 2.11, Definition 2.12, and Theorem 2.14]] If A is separable,
then we have the r Kasparov product
KK{(A,B1) ® KK (By,Bs) — KK (A, By).

More generally if A1 and Ay are separable, then we have the Kasparov product

KK (A1, Bi®D) ® KKS (D& Ay, By) = KK, ;(A1® Ay, Bi®By). (3.4)
denoted by x1 ®p x2. Moreover, the Kasparov product has the following properties
1) It is bilinear;
2) It is contravariant in A1 and As and covariant in By and Bs;
3) It is functorial in D;
4) It is associative;
5) For any o-unital G-C*-algebra A, there exists a two side multiplicative unit 14 €

KKS (A, A).
Proposition 3.3. For a o-unital G-C*-algebra D, we have a homomorphism
op: KKV (A, B) - KK¢(A&D, B&D), (3.5)

where & denotes the tensor product completed under the minimal norm. The map op is
compatible with the Kasparov product in the sense that if A1, As, and Dy are separable,
then

(
(
(
(
(

op, (21 ®p 2) = 0p, (21) ®pgp, ob, (2)
for xy € KKf(Al, B1®D) and x5 € KKf(D@AQ, Bs).
Proposition 3.4. Let f : G1 — G2 be a homomorphism between groups, we have the
natural restriction homomorphism
r@=G . KKS?(A, B) — KK (A, B)
which is compatible with the Kasparov product.
Proposition 3.5. [[8, Theorem 3.11]] There is a natural homomorphism
j¢ - KKY (A, B) — KK.(C}(G, A),C} (G, B))
which is compatible with the Kasparov product. Here KK,.(—,—) denotes the ordinary
(non-equivariant) KK-theory. Moreover, for 14 € KK§ (A, A) we have
§€(1a) = 1c:(c.a) € KKo(C} (G, A),C5 (G, A)).
As before, if A = Cp(X) and B = Cy()) for topological spaces X and ), then we

denote KK (Co(X), Co(Y)) simply by KK (X, ).
We have the Poincare duality isomorphism in KK-theory.
Theorem 3.6. [[8, Theorem 4.10], see also [3, Section 4.3]] For a G-manifold X, let

C-(X) denote the algebra of continuous sections of the Clifford bundle over X vanishing
at infinity. Then we have the following isomorphism

KKZ(X,T) = K&(Co(T) @ Cr (X)) (3.6)
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3.3. The Dirac Element. For G, X and C.(X") as in Theorem B.6, Kasparov defined
the Dirac element [8, Section 4.2]:

va.x € KK§ (C,(X),0C) (3.7)

Remark 3.7. In the definition of 3¢ x we do not require that X' is spin. We will discuss
the spin case in Section [34] below.

Now we want to find the relation between equivariant KK-theory and the K-theory of
crossed-product algebras.
First remember that for any G-space 7 we have the map as in (B.3)

or : KK¢(A, B) — KKY(A® Co(T), B® Co(T)).
Apply o7 to dg.s € KK§(C1(S),C) we get
o7(0¢,s) € KK (Cr(S) @ Co(T), Co(T)).
Then apply the map j¢ in Proposition B35l to o7 (d¢.s) we get
Ji (07 (06,8)) € KKo(CJ (G, Cr(S) @ Co(T)), CF (G, Co(T)))-
We denote j& (07 (0¢.s)) by Da.s or simply by D if G is clear.

Definition 3.8 (The assemble map). Let S = G/U, for any T, the Poincare duality and
the Kasparov product with © give us the desired map

c@D : KKY(S,T) 2 K5(Co(T) @ C-(S)) = K&(T). (3.8)

Remark 3.9. As pointed out in Remark B.7l we do not require S to be spin to define
the assemble map.

3.4. The Spin Case. Let us study the assemble map in the spin case to get more
intuition.

When S is spin and even dimensional, it is well known that C;(S) is strongly Morita
equivalent to Cy(S). Hence the Poincare duality gives us

KKS(S,T) 2 K5(T x S). (3.9)

In this case, the Dirac element 0¢ s is exactly the index map of the Dirac operator
in the S direction ([I]) and this justified the name "Dirac element". In this case the
assemble map is given by the index map

D KL(T x 8) = K5(T) (3.10)

We can look at K (7 x §) from another viewpoint. Remember that S = G/U. We
have the following obvious result

Lemma 3.10. Let T be a G-space in the above setting and H be a subgroup of G. Then
G xg T is G-isomorphic to G/H x T, where G acts on G/H x T by the diagonal action.
Hence

KL(G/HXT)2 KL(GxuT).
Proof. The map
GxgT—-G/HXT
(9,t) = (g, 1)
gives the G-isomorphism O

We also have the following isomorphism, see [14]
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Lemma 3.11 (The induction map). Consider a group G and a closed subgroup H C G.
For an H-space T, there is an induction map

Ky (T) = Kg(G xu T)

which is a natural isomorphism. Here the G-action on G xg T is the left multiplication
on the first component.

Proof. Just notice that C*(H, Co(T)) and C(G, Co(G x i T)) are strongly Morita equiv-
alent. 0

Remark 3.12. Although simple, the idea of Lemma and [B.17] will appear later in
Lemma [£.4]

Corollary 3.13. Let G be an almost connected Lie group and U be its mazimal compact
subgroup. If S = G /U is spin and even dimensional, then for any G-space T we have a
natural isomorphism

KK (S,T) = K&(T x 8) = K5 (T). (3.11)
According to Corollary [313] the assemble map in Definition [3.8 has the following form
DK (T) = Kg(T). (3.12)

The Connes-Kasparov conjecture, which is a special case of the Baum-Connes conjecture,
claims that the above map is an isomorphism.

Remark 3.14. The original Connes-Kasparov conjecture does not require G/U to be
spin but it is stated in a slightly different way, see [13].

3.5. The Dual Dirac Element. We are looking for an inverse element of dg x €
KK(?(CT (X),C). For this purpose Kasparov introduced the concept of G-special manifold
in [8, Section 5.1].

Definition 3.15. A G- manifold X is called G-special if there exists an element ng x €
KKS (C, C-(X)) called the dual Dirac element, such that

0¢,x ®cne,x = 1o, (x)
under the Kasparov product KKS (C,(X), C) @ KKS (C, C, (X)) — KK§ (C,(X), Cr(X)).
Remark 3.16. It is clear that the element 1 x is unique if exists.

Definition 3.17. We consider ng x ®¢, (x)dc.x € KK§ (C,C) as the Kasparov product
in the other way and we denote it by vg,x.

Remark 3.18. Even for a G-special manifold X, the element y¢ x € KK§ (C,C) need
not to be 1¢. If yg,» = 1c, then 3¢ x and g x are inverse to each other under the
Kasparov product.

In [8] Kasparov gave several examples of G-special manifolds, in particular he gave
the following result.

Lemma 3.19. [[8, Theorem 5.7]] Let G be an almost connected group and U the maz-
imal compact subgroup, then the homogeneous space S = G/U is a G-special manifold.
Moreover the element vag s is independent of the choice of U.
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3.6. When ¢, x = 17 Kasparov proved that 7g x = 1 in some special cases, which is
sufficient for our purpose. First we recall the concept of amenable group.

Definition 3.20. A group G is called amenable if there exists a left invariant mean p
on the space L>°(G). Here we call p: L°(G) — R a mean if it is a non-negative linear
functional such that p(1) = 1. A mean p is called left invariant if p(f) = p(ly(f)) for
any f € L*°(G) and g € G, where I,f(¢') := f(99).

Example 3.21. e An abelian group is amenable;

A solvable group is amenable;

A compact group is amenable;

Every (closed) subgroup of an amenable group is amenable;

A non-compact real (or complex) semisimple Lie group is never amenable.

Lemma 3.22. If X is a Ga-special manifold and f : Gy — G2 be a homomorphism of
groups. Then X is also G1-special and we have 79291 (0, x) = 0g,.x, 7921 (NG, .x) =
NG, x, and

r92 9 (v, x) = Y6, %,
G1 is the restriction homomorphism as in Proposition 4

G2,G1

where r&2

Proof. 1t is clear since r is compatible with the Kasparov product. g

Kasparov proved the following result for amenable groups.

Theorem 3.23. [[8, Theorem 5.9]] Let f : G1 — G2 be a homomorphism between
almost connected groups with the kernel ker f amenable and the image closed. Let U; be
the mazimal subgroup of G; and S; = G;/U; for i = 1,2. Without loss of generality we
assume f(Ur) C Us. Then the restriction homomorphism gives us

&2 (7G2,S2) = 7G1,5:- (313)

Corollary 3.24. For an almost connected group G, let H < G be a closed subgroup.
Without loss of generality we choose the mazimal compact subgroup U of G such that
U N H is the mazimal subgroup of H. Let S = G/U and Sy = H/U N H.Then we have

rM(v6.5) = Vr.s4- (3.14)

Corollary 3.25. Let P be an amenable almost connected group and L be the mazximal

compact subgroup of P. Then vpp,;, = 1 hence 0p p;;, and np p,;, are inverse to each
other in the KK-groups.

Now we can immediately get an isomorphic result in the almost connected amenable
case. The following result is implicitly given in [8, Section 5.10].

Corollary 3.26. If P is an almost connected amenable group, L is the maximal compact
subgroup of P. Then for any P-space T, the assemble map

upr s KKP(P/L,T) = Kp(T) (3.15)
is an isomorphism.

Proof. By Definition 3.8, the assembly map is given by right multiplication with the
element ® = jf(O'T(OP)P/L)). Corollary tells us that 0p p,; is invertible, and by
Proposition B3] and Proposition 3.5} both jI and o7 are compatible with the Kasparov
product. So pp 7 is an isomorphism. O

Remark 3.27. The results of Corollary[3.25 and Corollary [3:26] do not hold for a general
group G. So we cannot apply the Dirac-dual Dirac method to prove Baum-Connes
conjecture with coefficients in general. Nevertheless in this paper we consider the case
that G is a real semisimple Lie group and 7 = B is the flag variety of G¢. Although in
this case G is not amenable, we can use geometric trick to reduce to the amenable case.
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4. THE ASSEMBLE MAP ON A SINGLE G-ORBIT OF THE FLAG VARIETY

As in Section Pllet G be a connected real semisimple Lie group and U be its maximal
compact subgroup. Let S = G/U and B be the flag variety of G¢. It is clear that the
G-action on B is not transitive and let us denote O} to be one of the G-orbits.

Remark 4.1. This notation will be justified in Section [l
The following proposition is the main result of this section.

Proposition 4.2. Let G be a connected real semisimple Lie group and U be its mazimal
compact subgroup. Let S = G/U and B be the flag variety of Gc. Let OF be a G-orbit
in B. Then the assemble map

He.ox KK (S,08) = K5(07). (4.16)
is an isomorphism.

Remark 4.3. Proposition [£.2] which focuses on a single G-orbit, is the building block
of Theorem [[.3l We will piece together different orbits in Section

The proof of Proposition consists of several steps. First we prove the following
lemma:

Lemma 4.4 (Interchange subgroups). Let G, S, and OF be as in Proposition[{.3. Let
H be the isotropy group of G at a point point x € OF. Then there is an isomorphism:

KKS(S,05) = KK2(S, pt).
Proof. First by Poincare duality
KK{(S,08) 2 K5(Co(0F) ® C7(S)).
Then notice that OF can by identified with G/H. By a strong Morita equivalence
argument similar to Lemma [3.17] we have
K&(Co(07) ® C-(8)) = K} (C7(S)).
Finally by Poincare duality again we have
K3 (Cr(S)) = KK (S, pt).
We finish the proof. O

Next we proof the following result.

Proposition 4.5. Let G, S, OF, and H be as in Proposition [{.2 and Lemma[{.4. We

(o)
have the following commutative diagram:

KKS(S,0%) ——— KK (S, pt)
J{HG’Oé J{HHth (4]‘7)

K5(0F)  ——  Kg(pt)
where the vertical maps are the assemble maps and the horizontal isomorphisms are given
in Lemma [3.11] and Proposition [{.5]

Proof. To prove the proposition we need to have a closer look at the maps. First we look
at the right vertical map. At the beginning we have the Dirac element
%,s € KK{(C+(S),C)

G,H

and apply the restriction homomorphism r in Proposition [3.4] we get

r&H(dg.s) € KK (C,(S),C)
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which by definition equals to 9.5 € KK (C(S),C), the Dirac element of H.
Then we apply the map

in Proposition and get
i (rfog.s) € KKo(C) (H, C-(S)), Cr (H))

and we denote it by ®y. Right multiplication of ® i gives the vertical map on the right
in the diagram

KK (S, pt) "5 K (pt).
On the other hand we have the map in Proposition 3.3
0op t KKZ(C(S), €) — KKT(Cr(8) ® Co(0f), Co(OF))
so we get
001 (0c.s) € KK (C-(S) @ Co(O]). Co(Of))
then via ;& we get
Jf(00r (06,5)) € KK(C} (G, C-(S) ® Co(O])), CF (G, Co(OF)))

which we denote by :DG,OJ‘ Right multiplication of QG,OI gives the left vertical map

gl

KKY(S,01) 2% K5(01).

The horizontal maps in the diagram are given by strong Morita equivalence. We also
notice that under strong Morita equivalence, D, o+ = Dy, so the diagram commutes.
O

Lemma 4.6. Let G be a connected real semisimple Lie group and B be the flag variety
of Gc. Let H be the isotropy group of G at any point point x € B is amenable and almost
connected.

Proof. 1t is clear since H is a closed subgroup of a Borel subgroup of G¢. O

According to Proposition [£35] in order to prove the claim of Proposition [4.2] it is
sufficient to prove the following proposition.

Proposition 4.7.
ppt - KK (S, pt) — K (pt) (4.18)
1S an tsomorphism.
Proof. It is sufficient to prove
D = j;'(0m,s) € KKo(C;(H,Cr(8)), 7 (H))
is invertible. In fact, we can prove that 9.5 € KK (C,(S), C) is invertible. This follows
from the fact that H is almost connected amenable together with some formal arguments

as follows.
As in the construction in Section [B.5, we have the dual Dirac element

nm,s € KKg (C,C(S))
and
Ous@cnms = 1 € KK (C(S),Cr(S)),
ni,s®c, (mdu.s = vu.s € KK (C,C).

It is clear that H is an almost connected amenable group therefore Corollary [3.25] tells
us that

YH,Sy = 1
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where Sy = H/U N H. By Lemma B.22 and Corollary B:24 we know that vg s, = Yu.s
hence

vH,Ss = 1. (4.19)

Now we proved that 0z s hence D is invertible. As a result we have

fr,p : KKZ(S,pt) — K} (pt)

is an isomorphism. O

Proof of Proposition [{.2 Now it is a corollary of Proposition .5 and Proposition[@.7 O

5. THE G-ORBITS ON THE FLAG VARIETY
We have proved that the assemble map
peor P KKS(S,00) = K5 (0F)

is an isomorphism on one G-orbit OF. In this section we study the geometry of G-orbits
on B and in the next section we will piece together orbits.

The result on the G-orbits in [I1] is important to our purpose, so we summarize their
result here

Theorem 5.1. 1.2, 3.8]/ Let G be a connected real semisimple Lie group and B =
Gc/Bc as before. Let U be the mazimal compact subgroup of G. On the flag variety B
there ezists a real value function f such that

(1) f is a Morse-Bott function on B.

(2) f is U invariant, hence the gradient flow ¢ : R x B — B is also U invariant.

(3) The critical point set C of [ consists of finitely many U-orbits O,. The flow
preserves the orbits of G.

(4) The limits limy 400 ¢¢(x) = 75 (2) exist for any x € B. For O, a critical
U-orbit, the stable set

02 = (7T+)_1(Oa)
is an G-orbit, and the unstable set

0, = (") (0a)

«

is an Uc-orbit, where Uc is the complezification of U in Gc.
(5) OFnO; = 0O,.

Corollary 5.2. Let G be a connected real semisimple Lie group and B = G¢/Bc as
before. Then the total number of G-orbits in B is finite.

We will also use the following corollary in [I1]:

Corollary 5.3. 14]] Let Oy and Og be two critical U-orbits. Then the closure
ot o (’)23L if and only if
OfNog #0.
From this we can get

Corollary 5.4. Let O, and Og be two different critical U-orbits, i.e. Oy # Og. Then
ot o (’)23L implies that the Morse-Bott function f has values

f(Oa) > f(Op)
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Proof. By Corollary B5.3]
OFNOz #0.
so there exists an z € Of N Oy.
Since lim;—, o0 ¢i(z) € Oy, we have

f(Oa) = f(=),

similarly
f(x) = f(Op).
On the other hand since O, and Og are critical and O, # Og we get
& Oq,x & Og
hence

f(@) # f(Oa), fz) # [(Op).

Therefore we have
f(Oa) > f(OB)
O

Definition 5.5. We give a partial order on the set of G-orbits of B which satisfies the
following conditions

(1) If f(On) > f(Og), we require that On+ > Os+;
(2) If f(On) = f(Og), we choose and fix an arbitrary partial order on them.
Now let us list all G-orbits in B in ascending order, keep in mind that there are finitely
many of them:
ol <ot <...0f . (5.20)
From the definition we can easily get

Corollary 5.6. For any G-orbits O , the union
Zi = U O;rj
04,<03;
is a closed subset of B. Notice that OF C Z;

Proof. 1t is sufficient to prove that Z; contains all its limit points, which is a direct
corollary of Definition and Corollary 5.4 O

Remark 5.7. Corollary 5.4 Definition and Corollary 5.6 are not explicitly given in
1.

6. THE BAUM-CONNES CONJECTURE ON FLAG VARIETIES

With the construction in Section B we can piece together assemble maps on different
orbits.

Proposition 6.1. Let Of and Z; be as in Theorem [5.1] and Corollary [5.6. Then for
1 <i<k—1 we have a short exact sequence of crossed product algebras:

0— CHG,Co(OF ) = CHG,C(Zi11)) — CHG,C(2;)) — 0.

Qi1
Proof. From the construction we also get
Z; C Zipa, OF | C Zii,

Qi1

+ +
Z; U Oai+1 = Zj+1, Z;N Oai+1

and Z; is closed in Z; 44, OLH is open in Z;;1.
Since B is a compact manifold, we get that Z; and Z;,, are both compact.

=0,
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The inclusion gives a short exact sequence of C*-algebras which is compatible with
the G-actions:

0— Co(OF )= C(Ziy1) = C(Z;) — 0. (6.21)

Q41

Now we need to go to the reduced crossed-product C*-algebras for which we need the
following concept.

Definition 6.2. [[9]] A group G is called C*-exact if for any G-equivariant exact sequence
of C*-algebras

0+-A—-B-C—=0
the sequence of reduced cross product C*-algebras
0— C:HG,A) = CiHG,B) —» CiG,C) =0
is also exact.
We use the following result on C*-exact groups.

Lemma 6.3. [[10, Proposition 6.6 and Corollary 6.9]] Any almost-connected group is
C*-exact. In particular any connected real semisimple Lie group is C*-exact.

Apply Lemma 6.3 to (62I)) we get the short exact sequence

0— Cr (G, CO(O;FHI)) = CHG,C(Zi41)) = CHG,C(Z)) — 0. (6.22)
This finishes the proof of Proposition a

From Proposition we have the well-known six-term long exact sequence

K*(C}(G,Co(04, 1)) —— K*(CX(G,C(Zi1) — K*(C(G,C(21)))

Qi41

I !

K*H(Cr(G,C(2))) +——— K"TH(C}(G,C(Zi11))) +—— K" THCH(G, Co(0F, 1))

Q41
i.e.

KZ‘(O;&:+1)

| | (6.23)

K5 (2) «—— KGH'(Zin) «—— K04,

— K&(Ziy1) —— Kg(2)

Similarly we have

K% (Co(0d,,,) ®Cr(S)) —— K&(C(Zit1) ® C(S)) — K&(C(2:) ® C+(S))

Qi41

I !

K5 (C(2:) © C-(8)  +—— K5 (C(Zi41) ® C-(8)) +——— K5 (Co(0F,,,) ® C+(S)).
(6.24)
The following proposition claims that ([6.23) and ([6.24) together form a commutative
diagram.
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Proposition 6.4. We have the following commutative diagram:

Ko(Call, 1808} ——— KGO Z41) 8 008)) ——— KGid(2) 8 O.08))
érr ér: [
K hee (el )@ "'rlS'II(E—P'.':IC"I_['[Z, V18 O (8)) e K (O 2) 3 O8]
- -
KI‘.I_[[_'1::I | TS UOY TP (TIPS » K;.-fiu e s b > ,I(:I,[‘_, J
a
I jt 1t
e T - £y ok g e §
Ko oy he——————— KN Zua) Kert 2
(6.25)

where the top and bottom are the siz-term exact sequences and the vertical arrows are
assemble maps L.

Proof. The diagram commutes because all the vertical maps p come from the same
element

va.s € KK§ (C,(S),C)
as in Section [ O

After all these work we are ready to prove Theorem [I.3]

Proof of Theorem [1.3. We use induction on the Z;’s. First, for Z; = O} | by Proposition

12
K5 (C(21) @ C-(8)) 5 K5(21) (6.26)
is an isomorphism.
Assume that for Z;,
K&(C(2:) © C-(S)) = K&(Zi) (6.27)

is an isomorphism.

By Proposition €2 the vertical maps on the left face of ([625) are isomorphisms.
Moreover by induction assumption the vertical maps on the right face are isomorphism
too, hence by a 5-lemma-argument we get the middle vertical maps are also isomorphisms,
ie. for Z;4q,

K& (C(Zig1) ® C-(S)) == K& (Ziga) (6.28)
is an isomorphism.

There are finitely many orbits in B so the induction stops at the largest Zj which is
B, hence

pes : KKS(S,B) = K& (B) (6.29)
is an isomorphism. we finish the proof Theorem [[.3l |

7. AN ExampPLE: SL(2,R)

Recall Example 211 If G = SL(2,R) then G¢ = SL(2,C). We have S = G/U = H
and
B =G¢/Bc = Cpt =~ 52
Gc (hence G) acts on B = CP! by fractional linear transform

(0 ()= (i)
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If we set z = u/v, then

a b az+b
(c d) = (7.30)

From (7.30) we can see that the action of G on B is not transitive. In fact, it has three
orbits

O} =RUoo = 5" the equator,
O}, ={z + iyly > 0} = C the upper hemisphere,
O}, ={z + iy|y < 0} = C the lower hemisphere.
OF is a closed orbit with dimension 1; OF, and OF, are open orbits with dimension 2.
We look at Of first. Take the point 1 € Of . The isotropy group at 1 is the upper
triangular group B in SL(2,R). So
K& (0F,) = Kp(pt).
B is solvable hence amenable and Z/27Z is the maximal compact group of B. By
Theorem
K (pt) = R(Z/2L)
is the representation ring of the group with two elements and
K (pt) = 0.
So
Ke(0F,) = R(2/22)
and
Ke(0F,) =0.
For Of, and O, the isotropy groups are both

cosf sinf
T= {(—sin@ cos6‘>}

hence by the similar reason to OF we have
K (0F,) = Kg(0F,) = Kr(pt) = R(T)
is the representation ring of 7" and
Kg(0F,) = Kg(0F,) = Kr(pt) = 0.
Now OF, UO{, is open in B so as in the last section we have the short exact sequence
0— Co(Of,u0L) — C(B) — C(Of ) — 0 (7.31)
and further

0— CHG,0f,00f ) — Cr(G,B) — Ci(G,0F ) — 0.

ie.
0— CHG,0f) ®CrH(G,0%,) — CrHG,B) — C;(G,0% ) — 0. (7.32)
We get the six-term exact sequence
K¢ (0F,) ©Kg(0f,) —— Kg(B) —— K¢ (0F)
T l (7.33)
Ka(0) —— Ku(B) +—— Kg(0f,) @ Kg(04,).

Combine with the previous calculation we get
0 — R(T) ® R(T) — K%&(B) — R(Z/2Z) — 0 (7.34)
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and K§(B) = 0.
In conclusion we have

(7.35)

Next we look at KKY(S,B). By Corollary B3 we have KKY(S, B) = K} (B). We
know that for G = SL(2, R) the maximal compact subgroup U = T. By Bott periodicity
we have
K (04,) = K (0g,) = Ky (C) 2 Ky (pt) = R(U) = R(T) (7.36)
and
Ky (0F,) = Ky (0f,) = Ky (C) = Ky (pt) = 0. (7.37)
As for Of , we notice that U acts on OF = S1 by "square", so the isotropy group is
Z,/27. Hence
K%(07,) = R(Z/2Z) and K}(O7,) = 0.
By the six-term long exact sequence we have
K{,(B) ~R(T) @ R(T) ® R(Z/2Z),
K{(B) =0.
([@39) and (T38) is compatible with the Baum-Connes conjecture (in fact, Connes-
Kasparov conjecture as in Section [34) which states that

Ky (B) = K¢ (B). (7.39)

(7.38)

Remark 7.1. Using Bott periodicity theorem we can obtain precisely the algebra struc-
ture of K{;(B) as in [15]. Therefore Baum-Connes conjecture will be a powerful tool to
investigate K (B) and to study the representation theory of G.
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