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ON THE RITT CONDITION ON LOCALLY CONVEX VECTOR
SPACES

ABDELLAH AKRYM, ABDESLAM EL BAKKALI, AND ABDELKHALEK FAOUZI

ABSTRACT. In this paper, we show that the Ritt condition in the case of locally
convex spaces can be related to the power boundedness of a universally bounded
operator. We will characterize this condition by two geometric properties of the
powers and we prove that the Ritt condition will be shown to be equivalent to the
Tadmor condition. We study the Ritt condition for a quasinilpotent operator acting on
locally convex spaces. Also, an upper bound for the norm of the powers of operators
acting on locally convex spaces under Ritt condition was given.

ITokazano, 1110 y BUIIAIKY JIOKAJbHO OIIYKJIMX IIPOCTOPIB yMoBa Pirra nos’sa3ana 3
oOMerKeHICTIO cTeneHiB yHiBepcaabHO 0OMeKeHOro oneparopa. Llst ymoBa xapakrepu-
3yE€ThCS B TEPMiHAX F€OMETPUYHUX BJIACTUBOCTEll cTeneHiB. JloBeneno, o ymona Pirta
ekBiBasienTHa ymMoBi Temmopa. Hocsigkena ymosa Pirra s Bupaaky KBasiHiIb-
IIOTEHTHUX OIEPATOPIB y JIOKAJIBHO OMYKJIMX MIPOCTOPaX. JHAN/IEHA TAKOXK BEPXHS
OIjiHKa HOPM CTEIIE€HIB OIepaTopiB, sKi 3aJ0BOIBHAIOTE yMOBY PirTa.

1. INTRODUCTION

During the last decades, there has been huge interest in the study of power boundedness
under various resolvent conditions of operators acting on Banach spaces at first and lately,
more generally, on locally convex spaces. In the present paper, we study the Ritt condition
of universally bounded operators acting on locally convex spaces, for more information
on this class we refer to [3, 4]. This condition extends the Banach spaces one [14].

The principal difficulty is that there are many non-equivalent definitions of bounded
operators on locally convex spaces. The concept of bounded element of a locally convex
algebra was introduced by Allan [1].

In [10], it was shown that if Ritt resolvent condition holds for an operator T' acting on
a Banach space, then ||[T™| =| O(logn) as n — oo, and HT" - T"+1H — 0 as n — oo.
This result was generalized by Pater for operators acting on locally convex spaces [13,
Theorem 3|. The first aim of the present article is to improve this result by giving a
characterization of the Ritt resolvent condition by two geometric properties of the powers.
In particular, the geometric characterization in terms of the behavior of the powers gives
easily that the product of two commuting Tadmor operators is Tadmor operator [16].
Next, We prove that the Ritt condition will be shown to be equivalent to the Tadmor
condition. We study the Ritt condition for a quasinilpotent operator on the real line.

It was proved independently by Yu. Lyubich [6], B. Nagy and J. Zemének [10], and
O. Nevanlinna [11] that if Ritt condition holds, outside the unit ball, for an operator T
then it is power bounded. An upper bound was given by N. Borovykh, D. Drissi and
M. N. Spijker, see [2]. Recently the authors have broadened the Known Banach setting
to the locally convex spaces one, bringing upfront similar yet more general results and
adapted proofs (see, e. g., [5]). In connecting with this, we will conclude this work by
given an upper bound of the powers of universally bounded operators satisfying Ritt’s
condition.
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2. PRELIMINARIES

Let X be a Hausdorff locally convex vector space over the complex field C. A calibration
for X is a family P of seminorms generating its topology (in the sense that the topology
of X is the coarsest with respect to which all seminorms of P are continuous). Such
family of seminorms was used in [9]. We denote by (X,P) a locally convex space X with
a calibration P.

Recall that a linear operator T on a locally convex space X is quotient-bounded with
respect to a calibration P if for every seminorm p € P there exists some ¢, > 0 such that

p(Tz) < ¢pp(x), VreX.

The class of quotient-bounded operators with respect to a calibration P, which was
introduced in [4, 8, 9], will be denoted by Op(X). For each p € P and T € Qp(X) we
define
p(T) =inf{r >0: p(Tz) <rp(x), Vre X}.
For each p € P, p is then a sub-multiplicative seminorm on Qp(X) satisfying p(I) = 1.
The space Qp(X) will be endowed with a topology 75 generated by P={p:peP} We
note that Qp(X) becomes a Hausdorff local multiplicative convex (l.m.c.) algebra with
respect to the topology determined by P, for more information see [5].
In [15], S. M. Stoian proved the following lemma.

Lemma 2.1. [15] If X is a sequentially complete convex space, then Qp(X) is a sequen-
tially complete m-convex algebra for all calibration P.

An operator T' € @p(X) is a bounded element of the algebra Qp(X) if it is a bounded
element in the sense of G. R. Allan [1], i.e some scalar multiple of it generates a bounded
semigroup. By (Qp (X)), we denote the algebra of all bounded elements in Qp(X’). One
can show (by [1], see also [5]) that

(Qp (X)) ={T € Qp(X) : rp(T) < oo}.

Let T € Qp(X), the P-spectral radius of T, denoted by rp(T), is defined as the bound-
edness radius in the sense of Allan [1]
rp(T) = inf{\ > 0: the sequence (()FlT)n) . is bounded in Qp(X)}.
ne

IfT € (Qp(X)),, we said that A € C is in the Waelbroeck resolvent set if there exists
(M —T)"t € (Qp(X)),. We denote the Waelbroeck resolvent set of T' € (Qp (X)), by
pw (T), the resolvent function of T by R(T,\) := (A —T) ' e (Qp(X))g, A € pw(T)
and the Waelbroeck spectrum of 7" will be denoted by ow (T) (see, [18, 19]). It is
well-known that for |A| > rp(T'), we have

RN =) 5
n=0
Let P be a calibration on X. Recall [9], that a linear operator 7' : X — X is universally
bounded on (X, P) if there exists r > 0 such that
p(Tx) <rp(x), forallz € X and p € P.

We will denote by Bp(X) the collection of all universally bounded operators on (X, P).
First, we have Bp(X) C Qp(X) (see [4]).
Next, Bp(X) is an unital normed algebra with respect to the norm

IT|p =inf{r >0 : p(Tz) <rp(z) for all p € P and all x € X'}.

Furthermore
ITllp = sup{p(T) , p € P}, for all T € Bp(X).
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Recall [4, Definition 1.2], that two families P and P’ of seminorms on a linear space
are called B-equivalent (denoted P ~ P’) provided each seminorm in each is a positive
number multiple of a seminorm in the other.

Proposition 2.2. [4] Let (X, P) be a locally convex space. Then
(1) For each calibration P" with the property P ~ P’, we have Bp(X) = Bp/(X) and
ITlp = ITl7
(2) An operator T € Qp(X) is bounded in the algebra Qp(X) if and only if there
exists some calibration P’ such that P ~ P’ and T € Bp:(X).

In view of the previous Proposition, for each bounded operator T of Qp/(X), we
are able to choose an equivalent family of seminorms P such that T € Bp(X). In the
following, we consider a family of seminorms P such that T' € Bp(X).

An operator T' € (Qp(X)), is called power bounded, if

supp (T") < C, forallneN. (2.1)
pEP
In the present article, we prove that the Ritt condition of a bounded operator T' € Bp(X)
on a locally convex space

ow(T) c DU{1}, and (2.2)
M
supp [R(T,\)] < —— forall |A| > 1, 0< |A—1| <,
PEP A—=1]
is equivalent to the Tadmor condition [16]
ow(T)C{z€C : |z] <1}, and (2.3)

L
sup p [R (T, N)] < B for all || > 1.
pPEP

This characterization in the case of bounded linear operators acting on Banach spaces
was presented in [2]. In [13], F. Pater has noted that if (2.3) hold, then
sup p (T" — T”H) —0, n—oc. (2.4)
pEP
On the other hand, the obviously necessary condition oy (7)) C DU {1} is not sufficient
for (2.4).
We need to formulate a simple lemma, which we shall use to prove that (2.3) imply
(2.2), (see [1, Theorem 3.8, ii.]).

Lemma 2.3. [1] Let T € Bp(X). If p € pw(T) and o = |X — p||R (T, ) ||p < 1, then
also A € pw (T) and
_IR@) I

T
IR lp < 1522

3. MAIN RESULTS

Consider the family of semi-norms P such that T € Bp(X). Let § > 0 and consider
the set ' -
K(;:{)\zl—kre’o, r >0, \0|<§+5}.

If T satisfies (2.3), then the resolvent condition
M
[R(T, ) |[» < m, A € Ky, (3.5)
holds for some § > 0 and M > 0, see [12, Lemma 1].
It was shown, in [13, Theorem 3], that condition (2.3) implies lim, ||7"|» = O(logn)
as well as lim,, ||T"™ — T"*||p — 0. In the following, we get strengthening of this result.
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Theorem 3.1. Let T € Bp(X). The operator T satisfy (2.3) if and only if
sup [T"|[» < oo, (3.6)
neN

and

sup n||T" — T ||p < oco. (3.7)
neN
Proof. Assume that (2.3) holds, then by the above discussion we get (3.5). Thus, in the
second part of [12, Theorem 2], it suffices to assume Ritt’s condition outside the unit disc

only. Then, we obtain (3.6) as well as (3.7). The converse follows from [13, Theorem
4]. O

It was shown in [17, Proposition 1] that in the case of Banach spaces, the product of
two commuting Ritt operators is a Ritt operator. In the following, we extend this result
to the case of locally convex spaces.

Proposition 3.2. Let the operators T, S € Bp(X) be two commuting operators on a
locally convex: space satisfying (2.3). Then their product T'S satisfies also the condition

Proof. Indeed, it is easy to see that the product of two commuting power bounded
operators is a power pounded operator. On the other hand, one can show that

nl[(TS)" = (T8)"Hlp < I T"[lp(n]|S™ = S"Ip)IS" [Pl = T, forallneN.

Since T' and S are power bounded and n|S™ — S"™!||p < oco. Hence, n|(TS)" —
(T'S)"*||p < co. Then the result follows from Theorem 3.1. O

In the following theorem, we prove that condition (2.2) and condition (2.3) can be
regarded to be equivalent.

Theorem 3.3. Let T € Bp(X). There exist constants M and n > 0 such that (2.2)
holds, if and only if there is constant L such that (2.3) is valid.

Proof. Suppose that T satisfies condition (2.2). Since the function F(A\) = [A=1||R (T, \) ||»
is continuous on pw (T), and F(A) — 1 for all |\| — oo, there is a finite constant C'
such that
FA\) <C forall AeC with [A|>1, |A=1]>n.

Now by applying (2.2), we arrive at (2.3) with L = max{C, M}.

Conversely, Suppose that T' satisfies (2.3). Let p be a complex number such that
|p| =1, p# 1. By choosing |A| > 1, sufficiently close to u we obtain by using the notation
of Lemma 2.3

<1

L

From the lemma, we conclude that A € py (T') with
A=1A = a)[[R(T,p)[lp < L.
By letting A — p, it follows that |p — 1|||R (T, 1) || < L. Thus, condition (2.2) holds
with M = L and any n > 0. O
Next, our goal is to obtain a similar result of [17, Propositions 2]. A simple computation
gives:

Proposition 3.4. Let the operators T,S € Bp(X) be two commuting power bounded
operators on a locally convex space, 0 < t < 1. Then the convex combination tT + (1 —1)S
is a power bounded operator.
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Proposition 3.5. Let X be a locally convex space and Q € Bp(X) such that o(Q) =
{0}. If I — @Q satisfies condition (2.3), then so does I —tQ for t > 0. Consequently,
(1 —t)I +t(I — Q)? satisfies also the condition (2.3) for t > 0.

Proof. Suppose that I — @ satisfies (2.3). In view of Theorem 3.3, it suffices to show the
result for any A € C such that [A| > 1 and |[A — 1| < n with n = 1.
Case 1: If 0 <t <1, then

A1 A 1 ||
A | A i ) A S |
PR R
Since )
1 A1 B
IR -@ e =1 | ((5-1+1) -1+@)
P
Hence, by (2.2), we have
M
Case 2: If t > 1, the resolvent (A — I +tQ)~! can be expressed by the integral
1
N —T+tQ)™ = — [(A=2)" el - T+tQ) dz (3.9)
2mi Jr
1 z—1 -
= — [(A=2)" L) I-T+t dz, (3.10
o 0= (B 1) 1-140Q) ax 310

where I is any contour enclosing the spectrum of I—t(Q. By choosing I' = {z eC: |z|=2+ %}
and by (3.10), we have

~1
_ 1 1 -1
H(AI—I—HQ) 1” g—/ ) T-T+1Q dz,
P~ 27t Jp |A — 2| t »
using (2.2), we have the estimate
_ 1 1 L
A= T4+1Q) | <—/7.7d. 3.11
I R PRl B e B P Y (3:11)
Since [z — 1| > [z| —1=24+1—-1=1+17, and |[A— 1| < }, thus |z — 1| > |A — 1|, hence
1 1
< .
|z —1] = |A—=1]
On the other hand 1 1
|)\—z|2\z|—\)\|=2+¥—1—¥:1.

By (3.11) and the last two estimates, we get
_ L
“()\I—I+tQ) 1Hp Spoqp Prale>n NzladD-1<n (312)

To conclude that I — ¢Q satisfies condition (2.3), it remains to combine (3.8), (3.12) and
using Theorem 3.3. For the consequence, it suffices to use Propositions 3.2, 3.4 and
Theorem 3.1. 0

In the following theorem, our goal is to get an upper bound for ||T’||p under condition
(2.3) in the case of universally bounded operators acting on a locally convex space X.
Related to this, F. Pater [13] showed that if condition (2.3) holds, then [|T"|» = O(n).

Theorem 3.6. Let T € Bp(X) satisfy (2.3). Then
|7 < SL% n=1.2,.... (3.13)
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Proof. Suppose that (2.3) is true. By choosing the integration pathT' = {A € C : |A| =1, r > 1},
with the aid of the functional calculus from the algebra Bp(X), we have

1
T = — [ \"(A\[=T)" .
2w Jr
By partially integrating, we have
1
T"= ———— [ \"TYA = T)2dA.
2mi(n + 1) /F ( )
Appliqueing (2.3), we get
12
T p < ————.J. 3.14
Il < sreiy (3.14)
where .
r
IR
Since
1 1 T
reit —1 r2—1( r2-1’

then J is the length of the curve z = (re® — 1)~1, —7 <t < m. We see that this curve is
the circle with center 72%1 and radius z—. Hence

2mr

J=—. 3.15
7,2 _ 1 ( )
Using (3.14) and (3.15), we have
|T"||p < L*.F(n,r), (3.16)
where
,,,x+2
Fla,r)= —— 2> 1,r>1.
(z,7) CESCER) T T
Then a simple computation gives that
. 2 2 e
min F(z,r)=F | z,4/14+ — | and supF |z,\/1+—| = =.
r>1 T z>1 T 2
Consequently, if we choose r = /1 + %, then by (3.16), we obtain (3.13). O

Example 3.7. Let X = (*(N). Let P be the calibration {pg,p1,- -} defined by p; (z) =
|z;] for all ¢ € N and all = (zg, 21,22, --) € X. The family Op(X) will be endowed
with the family of seminorms P = {p; : i € N}, where

p:i(T)=sup{p; (Tx): p;(x) <1,z € X},ieN, T € Qp(X).
Bp(X) is unital normed algebra with respect to the norm
IT|lp = sup{p:(T) , i € N}, forall T € Bp(X).

Let a = (o )ren be a sequence in (ag), oy € £°°(N). The sequence o = () ren Will be
suitably chosen later. Define the operator T, on X by

T,: X — X
(Th)peny +— (oo, 171, 02, . .)
First, we prove that T}, is universally bounded.
pi (Tox) = |aiz;| < d.|x;| = dpi(x),
for all x = (xg, 1,22, ) € X and i € N, with d = ||2||0o-
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Now, we choose o = (a)ken to be a sequence in (0, 1) such that oy, 7 1, as k — oo.
Then

0(Ta) = {on} U{1}.
It is easy to show that

TVx = (afxo, w1, abxs, .. .).
and
T2 (I —T)x = (af (1 — ag)zo, o] (1 — an)x1, af (1 — ag)za, . ..).
Thus, by [10, Formula (3)], we get
A=1)(T, = M)tz =

(o) oo o0
—x+ Z af 7 (1 — ag) A"z, Z a1 — o)Ay, Z b (1 — ag) A"y, - -
n=1 n=1 n=1

for all A € C such that |A| > 1. Hence,

(Al)(TaAI)lxz+(la0 1*0&1 10&2m2’.“),

A—aoxo’)\—alzl’)\—ag
for all A € C such that |A| > 1.

Since |1 — a;| < |1 — Al for all ¢ € N and |A\| > 1. Thus, for all i € N and z =
(0,1, T2, ) € X such that p;(z) < 1, we obtain
l—Oti

pi (A =1)(Ta —A)"'z) <1+ <2

Li

A — (67
Hence,
IO = 1)(Ta = AD)p < 2.
This means that T, satisfies condition (2.3). Therefore, by Theorem 3.6,
TP <2 n=1,2,....

Remark 3.8. The power boundedness does not imply Ritt’s condition, even in Banach
spaces. For example, let

V) = /0 F(3)ds

be the Volterra operator on L? [0;1]. Then, the operator I — V is power bounded [17,
Theorem 5], but does not Ritt operator [7, Remark 2.7].
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