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ABSOLUTELY SUMMING POLYNOMIALS

JOILSON RIBEIRO AND FABRICIO SANTOS

ABsTRACT. In this paper, we introduce an abstract approach to the notion of abso-
lutely summing polynomials, and we explore several of its properties, among them
that this class is a Banach ideal of homogeneous polynomials. As a consequence of
the abstract approach introduced in this paper, we show that in addition to obtaining
several previous results in different contexts as particular cases, it is possible to easily
create new classes of homogeneous polynomials that are absolutely summing.

PosBunyTO abcTpakTHMIA MiAXig 10 HOHATTS abCOJIOTHO IIiICYMOBYIOYNX HOJIHOMIB.
JocmiaKyoTbest TXHI BJIACTHBOCTI, 30KpeMa, MOKa3aHo, 110 Ieil Kjac € 6aHAXOBUM
ineasom omHoOpimHux mnoJsiiHomiB. Haciigkom abCcTaKTHOrO MMigXOJy € He TiIbKHA
pe3yJIbTaTH, OTPUMaHI PaHiIle /s CHeliaJbHUX BUMAIKIB, aje il MOXKJ/IUBICTh IOOY/10BU
HOBHX KJIaCiB abCOJIIOTHO IiCyMOBYIOUHMX IIOJIIHOMIB.

1. INTRODUCTION

There is a large number of classes of operators in the literature, see for example
[1,2,6,9,11, 14, 16, 18]. Most of these previous works have followed a very similar script,
trying to prove similar properties, of which we can highlight the following: characterize
the elements of space by inequalities, build a suitable norm in the space, and then show
that the normed space that has just been constructed is a Banach ideal of multilinear
operators. Some works have also explored the concept of the n-homogeneous polynomials
by seeking the same properties found for the space of multilinear applications.

Faced with so many coincidences, the concern arose to create an abstract class of
operators that could generalize as many as possible of those already existing in the
literature. Thinking in this direction, D. Serrano-Rodriguez in [19] introduced the
abstract class of y-summing multilinear operators. This work shows that this class is a
Banach ideal of multilinear applications. However, it should be noted that the work of
abstraction is not an easy task. For example, Serrano-Rodriguez’s work [19] contained
small gaps, which were filled by the work of G. Botelho and J. Campos in [3].

Thus, following the natural script, the proposal of this work is, in a first moment, to
construct the abstract class of the absolutely y-summing n -homogeneous polynomials.
Once the abstract ideal of multilinear applications [19] and the abstract ideal of polyno-
mials are now known, we will start to study the coherence and compatibility of the pair
in the sense of Pellegrino and Ribeiro [17].

We will use the letters E, E1, ..., E,, F,G, H to represent Banach spaces over the same
scalar-field K = R or C and E’ for the topological dual of E. The closed unit ball of F
is denoted by Br. We use BAN to denote the class of all Banach spaces over K. Given

Banach spaces E and F', the symbol FE <i> F means that F is a linear subspace of F
and ||z||p < ||z||g for every x € E. By copo(E) we denote the set of all E-valued finite
sequences, which, as usual, can be regarded as infinite sequences by completing with zeros.
For every j € N, e; =(0,...,0,1,0,0,...) where 1 appears at the j-th coordinate. The
space of all continuous n-linear operators between Fy, ..., E, and F is represented by
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Lo(Ey,... ,Ey;F). WE, =---=F, =FE , we write only £,("E; F) and when n = 1, we
write L(E; F).

A mapping P: E — F is said to be n-homogeneous polynomials if there is an A €
L,("E; F), such that P(x) = A(x)" for every x € E, where A(x)" := A(z,.7.,z). In
this case, we write P = A. By P we denote the unique symmetric continuous n-linear
operator associated to P. For each positive integer n, we denote by P, the class of all
continuous n-homogeneous polynomials between Banach spaces.

o0
An ideal of homogeneous polynomials Q is a subclass of the class P = |J P, of all

n=1
continuous homogeneous polynomials between Banach spaces, such that, for a positive

integer n, Banach spaces E and F', the components
O.(E;F):=P,("E;F)NP

satisfy:
(Ma) Q,(™E; F) is a linear subspace of P, ("E; F'), which contains the n-homogeneous
finite type polynomials, where an n-homogeneous polynomials is said finite type when

k
P(x) =Y [pi(x)]"b;
i=1
withkeNand p; e B/, b; € F,i=1,...,k.
(Mb) If P € Q,("E; F),u € L(G;E) and v € L(F; H), then

voPoue€ Q,("G; H).

Moreover, Q is a (quasi-) normed multi-ideal if there is a function || - ||g: @ — [0, c0)
satisfying

(M1) || - || restricted to Q, (" E; F) is a (quasi-) norm, for all Banach spaces E and F.

(M2) [|P: K— K: P,(A\) = A"||g =1 for all n,

(M3)If Pe Q,("E; F), u € L(G; E) and v € L(F; H), then

lvo Poullg < |vll|[Pllollull™.

When all of the components Q, ("E; F) are complete under this (quasi-) norm, Q is
called the (quasi-) Banach homogeneous polynomials ideal. For a fixed homogeneous
polynomials ideal @ and a positive integer n, the class

Qn = UE,FQn (nEy F)

is called of n-homogeneous polynomials ideal. For more details, see [12].

Throughout this paper, we will also use the definitions of finitely determined and linearly
stable sequence classes, which were recently introduced in the literature by Botelho and
Campos in [3], as follows.

Definition 1.1. e A class of vector-valued sequences 75, or simply a sequence class
vs, is a rule that assigns to each E € BAN a Banach space vs(E) of E-valued
sequences; that is, vs(E) is a vector subspace of EY with the coordinate wise
operations, such that:

1 :
coo(E) € 7s(E) = loo(E) and |lej|, k) = 1 for every j.

e A sequence class v, is finitely determined if for every sequence (z;)52, € EN,
(z7)521 € v5(E) if, and only if, sup, H(xj)é?:lH%(E) < 400 and, in this case,

1(25)72

72(B) = SUp @)% 1, (-
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e A sequence class 7, is said to be linearly stable if for every v € L(E; F') it holds
(u ()72, € 7s(F)
wherever (x]) L €7s(E) and |4 : v5(E) = vs(F)| = |Jul|-

o Given sequence classes s, , - - -, Vs, s Vs, We say that v, (K) - - - v, (K) = vs(K) if
(1) ()™
(A7 A) e 7u(K) and

H /\(1 /\<")) < ﬁ

Vs ( m=1

()

whenever (/\( )> ) €7, (K),m=1,...,n.
j=

Vsm (K)

Example 1.2. Let 1 < p < co. The correspondences below are linearly stable sequence
classes:

(a) The correspondence, E — £,(E), where

B) = {5 € B Y oy P < o).

j=1

1
endowed with the norm H(xj) H (Z ||| ) !

(b) The correspondence, E — () (E), Where

() (E) = {(acj);”;l € EY, Z lo(z;)|P < oo, for all ¢ € E'},

Jj=1

endowed with the norm H(x]);il

(o)) |

= sup ‘
w,p pEBp
(c) The correspondence, E — £,(E), where

€p<E> -

‘ P

1
{(%)J | € EN; Z|<p3 z;)| < oo, for all (¢;)52, € £y, (E") w1thp+1; 1},
Jj=1

endowed with the norm H xj Hcp sup Z s (x5)]

(ps)52 1€Bew (&) j
(d) The correspondence, E ~ £;"4(E), where

f;nid( ) {(5(5])] L€ Ew Z |(Pn xj)|p < oo for all (‘Pn)n 1 € E“’( )}7

j,n=1

=

endowed with the norm ||(xj)3?‘;1||mldp sup (Z Z lon () |P>

(pn)oz IGBE“’(E’) n=1j=1
(e) The correspondence, E > £;(E), where

6(E) = { (@) € g(B) lim )7

endowed with the norm ||(xj)‘;i1||up = ||(asj);?i1||w7p.

< oo},
w,p



ABSOLUTELY SUMMING POLYNOMIALS 7

(f) The correspondence, E +— Rad(FE), where Rad(E) is the set of all almost uncondi-
tionally summable E-valued sequences, in the sense of [10, Chapter 12], endowed

. - 1 - 2 2 .
with the norm ||(2;)72: [ rad(r) = (fo HZJ‘:1 Tj(t)sz dt) , where (r;)52, are
the Rademacher functions.

In [3, 4], it has been shown that the items (a), (b), (¢) and (d) of Example 1.2 are
finitely determined sequence classes.

2. ABSOLUTELY ¥ - SUMMING POLYNOMIALS

For this study, we will consider sequence class 7s, Vs, ; ..., Vs,, t0 be finitely determined
and linearly stable, as defined in [3].

Definition 2.1. Let E and F' be Banach spaces. An m-homogeneous polynomial
P : F — F is said to be v, 5, - summing at a € F, if

(P(a+ ;) = Pa));Z, € s(F)
whenever (z;)72, € 75, (E).

The space of all m-homogeneous polynomials s, - summing at a, as denoted by
Lo (ME; F), is a linear subspace of the P (™E;F). When a = 0, we write only

Vs,s1
P,.., (ME; F). The space of all m-homogeneous polynomials s 5,-summing at every

point will be denoted by plev) (ME; F).

5,81

Example 2.2. (a) When we consider v; = £, and v;, = £, we obtain the class of

(p, q)-summing homogeneous polynomials, where an n-homogeneous polynomial is said
(p, q¢)-summing at a € E when

(P (a+ ;) = P(a));Z, € Lp(F)

whenever (z;)32, € £(E). For more details, see [14].

(b) When we consider 75 = £,() and s, = ¢,, we obtain the class of p-summing
absolutely Cohen n-homogeneous polynomials, where an n-homogeneous polynomials is
said p-summing absolutely Cohen at a € E when

(P (a+ ;) = P(a));Z, € ,(F)

whenever (z;)32, € £,(E). This class was explored in details in the thesis [7].

(c) When we consider 75 = Rad and ,, = £, we obtain the class of almost (p)-
summing n-homogeneous polynomials, where an n-homogeneous polynomials is said
almost (p)-summing at a € E when

(P (a+x;) — P(a));2, € Rad(F)
whenever (z;)%2, € £;(E). For more details about this class, see [16]. In the paper [3]

was showed that the classes Rad and £} are not finitely determined. Thus, this definition
can be applied in classes more general than those cited so far.

By using the Polarization Formula [10, Corollary 1.6] we can easily prove the following
result:

Proposition 2.3. P € ’Pﬁfi)l (ME; F) if, and only if, P is Vs,s, -SUMMING in every point
(a1,...,am) € E x " x E, according to 19, Definition 3].

The following lemma, whose proof can be obtained by using Proposition 2.3 and |2,
Lemma 2], it is essential for the proof of the main result of this section.
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Lemma 2.4. If P € 735??1 (ME;F) and a € E, then there is a constant Cy > 0, such
that
me+xj ]‘ < Ca,

<1.
Vsy (E)

for all (xj) 1 €75 (E) and H ;)50 i1

The next result is a characterization by inequality of the operators in 737‘:” (ME; F).

The same is very important because from it we can extract a norm that makes 7)76”) (™E; F)
a Banach space. The proof was inspired on [1] and [14].

Theorem 2.5. Let P € P(ME; F). The following assertions are equivalents:

(a) PP ("B F);
(b) There is C > 0 satisfying

|PO+ap POz < (||b|+H 2); 1H%1(E))m (2.1)

forallb e E and (mj) L€ (E).
(¢) Thereis C >0 satzsfymg

P(b «beiH <c (i H4[H
e - o, <o (e,
forallm € N and x1,--+ ,x,,b € E.

Proof. (b) = (c) is immediate. Using the fact that the sequence classes considered are
finitely determined, it follows that (¢) = (a).
Therefore, it remains to prove that (a) = (b).

Let G = E x 7, (E). For each P € P(fi)l (ME; F), set the following application
Me,y (P) 2 G — 75(F)
given by
Mo, (P) ((b:(@)32,) ) = (P +25) = PO)T,
..., (P) is an m-homogeneous polynomial. Indeed, for each

ev

Te H (Ela"'vEn;F)7

we can consider the continuous m-linear operator,
O(T): Gy X -+ X Gy = vs(F)
where G; = E; X v5,(F;), it =1,...,m, given by

@@%m((ﬁjfmﬂm(mml)

— (T (al + x§1) , A + x(m)) T(ai,... 7am))

j=1
For more details, see demonstration of [19, Theorem 2]. In this way,
ey (P) (0. @)32,) ) = (Pl + )™ = PO)™) = @(P) (b, (2)32,))
To show that 7,, . (P) is continuous, we will consider, for all k¥ € N and (xj);il €
vs; (F), the set

Fk’(xj)]ai1 = {b ekE:

Mooy (P) ((b ;)52 1)>H%(F) = k}
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Note that the set Fj ()= is closed for all b € E and (mj);il € B,, (r)- Indeed, for each
n €N, let

Fky(l’j)_?:l - {b cE: ans’“ (P) ((b’ (xj)?:1)) vs(F) = k} -
So,
Fk),(wj);il = ﬂ Fk,(acj);;l' (22)
neN

For each (Ij);i1 € B,, (m), and fixed k € N, we can define

Dy F— [0, OO)
given by
Dub) = ||(P(b+2)) = PO, |-
k(b) = [(PO+25) = PO i || 1
It following the same ideas as [19, Theorem 2|, we can see that Dy is a continuous

application. So, each Fky(wj);;:l is closed because

Fe ey, = D ([0, k)).
Therefore, from (2.2) it follows that Fie (2;)2, 1s closed because it is the intersection of

closed sets.
Let

B = N Fr ().,

(5)521 €85y ()

By the Lemma (2.4) it follows that
E=J F..

kEN
Using the Baire Category Theorem, we know that there is a constant kg € N such that
Fy,, has an interior point. Let b be in the interior of Fy,. Thus there is 0 < € < 1 such
< ko (2.3)

that
Mooy (P) (c’ (xj)j=1)Hvs(F> B

whenever [lc —b|| < e and (z;)72, € B, (g). Note that, if
(= iz <<

v<eande-°iH <e<l1.
o el

we have that

So, by (2.3) it follows that
[0 () (040, )32

Therefore, n,, . (P) is bounded in the open ball of radius € centered at

(ba (O);il) € G7
and we conclude that 7,, . (P) is continuous. Therefore,

wF) Hn””l P) ((b (”’j)iJ) v+(F)
< [lmy..., (P (||b|| + H(:cj);?’;HWE)) L 29

< kyg.
nys(F) ="

|Po+2) - PONE,
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By straightforward computations, we can get the following result.

Corollary 2.6. The infimum of the constants C' > 0 that satisfy the inequality (2.1)
defines a norm in P»(Yfz)l (ME; F), that will be denoted by w(¢V)(.).

It is not difficult to see that
Remark 2.7. 7(¢?)(P) = Hnwml (P)H

An alternative way of constructing a normed space of the polynomials associated by
(ev) ;
[Iss, is to consider the set

= {P €P;Pis Ys,s; - SumMming in every point} .

and, in this set, to use the norm inherited from the ideal of multilinear applications Hi” o
that is,
1Pllpy., = IPllgey = 7(P).
Vs,s1

RENCE]
The advantage of this approach is that it is already established in the literature (see, for
example, [2, page 46]) that this set, with this norm, is a Banach ideal of n-homogeneous
polynomials.
But then, one question arises: What is the relationship between the norms 7(¢¥)(P)
and ||P||7;,H .. 7 The answer of this question is given in the next proposition.

Propositlon 2.8. The norm W(ev)( -), defined in Corollary 2.6, satisfies the relation
7T(ev)(p> < 7(P) < Wﬂ(eu)(p)

for any P € PA(,?]S)l (ME;F).

Proof. If P € ’P(fi)l (™E; F), then, by Proposition 2.3, P is 7, s,-summing in every point.

In this way, for any (a:j);il €75, (E) and a € E, we have

[P @+ a5 - Pla);:

< (P(a+az;)™ —Pla)™)

]:1HWS(F)
<7(P) (Jal + )3

m
! ’Ysl(E)) ’
from which it follows that 7(¢*)(P) < 7¢¥(P).
For the other inequality, we will use the same tools that appear in the demonstration of
[19, Theorem 2|. Let G = E X 75, (E) be gifted with sum norm and ® : [[J" (E™; F) —

L(G, ™, G;vs(F)) be defined by

o) (o () ) (o (1))

= (T (a1+aﬁ§-1) am—i—fc( )) T(al,--wam))oo

j=1

ve(F) H

Vs,s1

In [19] it was proved that 7°*(P) = ||®(P)||. Using the Polarization Formula and
that 7,, . (P) is an m-homogeneous polymonial, defined in the proof of Theorem 2.5, we
obtain

. m™m
1B < 2., (P
Therefore, it follows from Remark 2.7 that

7@)(P) < 7% (P) < %ﬂ(“’)(P). O
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The inequality established in this proposition was already expected, since there is in
the literature a relationship between the norm of the an m-homogeneous polynomial P
and the symmetric m-linear application associate to P, by.

which was shown in [15, Theorem 2.2]. This same shows that the constant m™ /m! is the
best possible solution. For more details, see [15, example 21].
We also emphasize that the Proposition 2.3 is of great importance because through it

we have that 73(3”5)1 is a homogeneous polynomials ideal. We now need proof that this is a

normed homogeneous polynomials ideal and complete (Banach), with the norm 7(¢¥)(-).
Using standard computations, it is not difficult to show the following result.

Proposition 2.9. (a) Letidg : K — K be given by idg(x) = ™ and suppose that

You (K) 74, () < 4 (K).
Then, idx € PY™) (MK;K) and 70 (idg) = 1.

(b) The space PA(Y?US)I (ME; F) is complete under the norm 7€) (.).

Theorem 2.10. (Pa(fv) , (e”)(~)> is a Banach ideal of homogeneous polynomial between

Banach spaces.

Proof. Let u e L(G;E), Pe P(ME;F),t € L(F;H) and a € G. Given that Pn(yf?l is a
homogeneous polynomials ideal, then to Pou € P ev) (MG H). Now, if (xj) 1 €7, (G),
then it follows from the linear stability of v and 'ygl that

u(a+ ;) = P (u(a)));2

(ePentasay 1o Pent)= o < 3
H o ou( —&—x]) o ou _” H J=1 s (F)

o et M@J)) P (u(@)));2,

Vs (F)

< [t (P) (“““”)” * H(“(”Uj))?ilH%m)m
< el (ol + ] )

So, ’Pn(,':i)l satisfies the ideal property and
7 (to Pou) < |[t|x ) (P)||ul|.

Therefore, it follows from Proposition 2.9 that (Pfyev)l , 77(6”)(-)) is a homogeneous poly-

nomial ideal Banach between Banach spaces. 0

The results of this section show us several properties about the homogeneous polynomial
classes shown in Example 2.2. Among other advantages, we obtain that this class is a
Banach ideal of homogeneous polynomials. However, since Rad and ¢, are not linearly
stable, we cannot claim that the class of item (¢) of Example 2.2 satisfies the equivalence
(a) and (b) of Theorem 2.5. For more detail, see [3].

3. COHERENCE AND COMPATIBILITY

In this section, we will study the coherence and the compatibility of the pairs formed by
the ideals of y-summing multilinear applications and y-summing homogeneous polynomials.
This concept that was introduced in the literature by Pellegrino and Ribeiro in [17], and
their definitions are presented below.
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We will consider the sequence (Uy, M k)fj:l, where each U, is a (quasi-) normed ideal of
k-homogeneous polynomials and each My is a (quasi-) normed ideal of k-linear mappings.
The parameter N can eventually be infinity.

Definition 3.1 (Compatible pair of ideals). Let U be a normed operator ideal and
N € (N—{1}) U {oo}. A sequence (U, M,,)"_,, with Uy = My = U, is compatible with

n=1°
U if there exists positive constants ag, as, a3 such that for all Banach spaces E and F,

the following conditions hold for all n € {2,--- | N} :
(CP1) If ke {1,...,n}, T € My(E,...,Ey;F)and a; € Ej; forall j € {1,...,n}\ {k},
then To, . ap_1,aps1,0van € U(ER; F) and

,,,,, ax—tsansrrnan || £ T ag, laall - lag-1ll Nlagsall - - llan]l-
(CP2) If PeU,("E;F) and a € E, then P,n-1 € U(E; F) and
1Pty < e {[|P] s 1Pl Hlal" .
CP3) Ifucel(E,; F),v; € B, forall j=1,...,n—1, then
J J
71""77171“GMH(Elw"aEn;F)
and
72 Am—1ull pg, < asllyall- - lvm—ll lully, -
(CP4) If u € U(E; F) and v € E', then 4" Yu € U, ("E; F).
(CP5) P belongs to U, ("E; F) if, and only if, P belongs to M, ("E; F).

Definition 3.2 (Coherent pair of ideals). Let U be a normed operator ideal and let
N € NU {oco}. A sequence (Uk,Mk),iV:I, with U; = My = U, is coherent if there
exist positive constants (1, 82, B3 such that for all Banach spaces F and F' the following
conditions hold for k=1,...,N —1:

(CH1) If T € Myy1(Er,...,Epq1;F)and aj € Ej for j =1,...,k+1, then
T, € My (Br,...,E;_1,Ejs1, ... Eyars F)
and
1T || o, < 81T gy, Nl
(CH2) If P € U4 (FTE; F), a € E, then P, belongs to Uy (FE; F) and

1Pall, < Bomax { [P, ., 1Pl }lall
(CH3) If T € My(E,...,Ex; F), v € B, then
’yT S Mk+1(E1, RN Ek+1; F)
and
VTl sy < BslVIIT N p -
(CH4) If P € Uy, (*E; F) and v € E', then vP € Uy ("M E; F) .
(CH5) For all k = 1,...,N, P belongs to Uy(*E;F) if, and only if, P belongs to
My (*E; F).
In this section, we will denote the Banach ; ¢, -summing m-linear operators ideal

and the Banach 75 s, -summing m-homogeneous polynomials ideal by (H?’e”; ﬂm’ev(-))
oy

and (’P;T:fs(fv);wmv(e”)(-)), respectively. The reason for this is to evidence the linear-

ity /homogeneity of the components of the ideal.
N
We will study the coherence and the compatibility of the pair (Pﬁjjﬁf”), Hm’(ev))

Tsrs1 m=1
with the ideal of all absolutely 75 s, -summing linear operators || oot
5,81
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Remark 3.3. For any Banach spaces F and F,

1l,ev
11 E:F) =P (B F) =[] (B F).
Vs,s1 Vs,s1

In the next two propositions, we will check the conditions (CH1) and (CH2) of
Definition 3.2

Proposition 3.4. For each T € HZE’GU(El, coesEmi1; F) and (a1,...,ame1) € E1 X
X Emyr,
Tou (X1 ooy ety Thotds - -y Tont1) = L(T1, oy X1, Qloy Thot1s - - - s Tt 1)
belongs to Hffn eU(El, viisBk_1,Exx1, ..o, Ea1; F) and
T Ty, ) < (T gl
Proof. Let T € H;’ztj’e”(El,...7Em+1;F) and (a1,...,ame1) € Fy X -+ X Epiy,
(LEE-n))::l € v, (Ep), forn =1,...;k—1,k+1,...,m+ 1. We will do the compu-
tations only for £k = 1. The remaining cases are similar. Thus, for each b; € F; and
(mi)] | € Vs (E4), 1=2,...,m, consider the null-sequence (xg-l))j: € s, (E1); that is,

J

xg ) =0 for every 7 € N. Then,

(Tal(bg + 2P, b+ 2D = T, (b .,bm+1)) .
J:
= (T(a1 + a: b2 +z; ) B i J:(mﬂ)) T(a1,bs, ..., bm+1)> - € vs(F).
j:
Thus, T,, € HZET(EQ, oy Emi1; F). So,

oo

H(Tal(b2+x§-2),... bmt1 Jrz(m—H)) al(b2a~~-abm+1))- 1
j:

vs (F)
m Eev 2 o " 1
< wm e | (o) + | (57)72, ) <E1>) (a4 ), 7oy (B >)'
Therefore,
T (T, ) < AL (T) . -

It follows from Proposition 3.4 the following result.

Proposition 3.5. For each P € P;ntl w)(m“E F) and a € E, so P, belongs to
7)%;” (ME,F) and
ﬂ_m,ev<Pa) < 7Tm+1’eU(P)||a||,
where
P,(z) :== P(a,z, ™, x).

The next definition contains an important property that will be used to prove (CH3)
and (CH4) of Definition 3.2.
Definition 3.6. Let E be a Banach space and v, be a sequence class. We say that the
sequence class s is K-closed when, for any (wj);); € v, (K) and (yj);”;l € vs (E), the
sequence (zj);.il € vs (EF), where z; = x;y; and

Clim|| i < H(%)Fl 7.(K) H(y] J:1H%<E>

Example 3.7. The sequence classes £,(-), £,(-), £774(-) and £2(-) are K-closed.
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Definition 3.8. Let v, and 5, be sequence classes. We say that s and +s, are finitely
coincident, when for all finite-dimensional linear space E, we have v5(E) = 7, (E) and

‘( 1= () Yoy (B)

Remark 3.9. In the next two propositions we will assume that the sequence class v, is
K-closed and v, and ~s, are finitely coincident.

= H(%)joil

Proposition 3.10. Let T € Hm’ev(El, i By F) and p € B}, s0

m+1,ev
WTEH’Y Elv"'7E7‘!L+1;F>
5,81

and
7Tm—',—l,ev ((pT) S ||90||7Tm7w (T)

Proof. We will do only the case m = 2. The other cases are analogous. Let T €

12 (B, B2y F), ¢ € E} and ( (Z))j: € v, (E;), a; € Ey, i = 1,2,3. Thus, because

Ysys1
vs is linearly stable, finitely determined, K-closed, and because v and ,, are finitely
coincident, it follows immediately that

oo

(@T <a1 + 33;1),042 + xi?),as + x?)) — S@T(al,az,ag)> - S ’ys(F)

j=
and,

[T (o #5570 07,00 427) T 0002,

<||(7 (ara)) " » (Is@(ag)lJrH(so ) %1<K>> +
1 (IS e (Iw(a3)|+H(s0 ) mm) +
n (T (xgn (2)))] . <|<p as |+H x?)))):"l >+

(o ()7
L)

ev 2)\
<m <T>a1||\(x§- ).,
o0
(x§-3)> ) > +
J ’Ysl(ES)

3 o0
el (||a3 +1(=).
=1
Vsq (E2) J

) - ||a1||a2||a3||> -
"/sl(E'i)

+IT (a1, az)|

sy (K)

el (Iasll +
'Ysl(EZ)

[l <|a3|| +
Vs1 (El)
2\
(I"] )':1
Vsl(El) J
CON
J i—1
7 ’Ysl(ES)

= lillx**(7) (H (nain q GO

1

ev D\*
+ (T)a2||‘ (= >>j:1

(.1))OO
(9:] j=1

+7(T) lax[[[laz]lll#|

e (T) ‘

)
Vsq (E3)

Consequently,
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H (CPT (CLl —+ .T_g»l), as —+ IES»Q), as -+ $§3)) — cpT(al, az, a3)>
I=Hly ()
< Jell= (@ ]] (naz«n + \ (=) ) :
i=1 I= sy (B9)

Therefore T € Hztj’ev(El, oy Bmy1; F) and
R T < [l (D).

Using the same idea of Proposition 3.10, we get the following result.
Proposition 3.11. Let P € PSZ;S“(WE,F) and ¢ € E'. Then
P € P;ﬁjtj*@”)(m“E; F)

and 5
R (0P) < [lplla™ ().

By Propositions 3.4, 3.5, 3.10, 3.11 and 2.3, the pair

(Premme0) (T m0))

is coherent. Since 81 = 1,82 =1 and S5 = 1, it follows by [17, Remark 3.3] that the pair
((p;’zzgf“)mm,(ev)(.)) , (Hm’e” Wmve”())) is compatible with J[, . So, we have
m=1 58

Vs,s1”
the following result.
Theorem 3.12. The sequence ((szs(fv),wm‘*‘lv(ev)(.)) ) (ny"e’:,wme”())) ) is co-

herent and compatible with [T .
5,81

It is important to point out that to obtain the proof of Proposition 2.3, 3.4 and 3.5
it is only necessary that the sequence classes be linearly stable and finitely determined.
However, to demonstrate the propositions 3.10 and 3.11, extra properties were required
for the classes involved; more specifically, the sequence classes should be finitely coincident
and the arrival sequence class should be K-closed. These conditions do not appear to be
very restrictive because the main classes of the summing ideals existing in the literature
are recovered by our work. The next section illustrates our arguments.

4. APPLICATIONS

For any Banach space E, we will denote £,(E), £,(E) and ¢;’(E) the spaces of Cohen
strongly p-summing, absolutely p-summing and weakly p-summable E-valued sequences,
respectively. In 2014 S. Karn and D. Sinha [13] introduced the space £7**(E), which
was studied in more details by G. Botelho, J. Campos and J. Santos in [4]. This paper
established the inclusions

0,(E) C 6,(E) C 7"(E) C tY(E). (4.5)

The nature of many operators in the literature is to "improve" the convergence of
series. For example, we can cite the absolutely summing operators that transform weakly
p-summable sequences into absolutely p-summable sequences. Thinking in this direction,
we can define several classes of operators that improve the convergence of the series. In
the next two examples, we will present classes that are already known and which are
particular cases of our work. In the other examples, we present a few classes of operators
that are not yet available in the literature, although they can easily be obtained through
the construction presented in this work.
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Example 4.1. (a) Let 73{; ;;’ be the space of absolutely summing n-homogeneous
m,ev

polynomials and [’ )
For more details about this classes, see [1]. It immediately follows that the pair

o
m,ev m,ev
((Pm) el ) (H(pm - ”““”"”))

m=1

be the space of absolutely summing multilinear operators.

is coherent and compatible with ], ..
(b) Let Py, be the space of the n-homogeneous polynomials Cohen strongly p-
m,ev

summing everywhere and L., » be the space of the multilinears operators Cohen
strongly p-summing everywhere. For more details about this classes, see [7, 19].

oo
It immediately follows that the pair ((szzvp, ﬂ'm’e”) , ( Cohp: ﬂ?&f&)) is
; ; P)) m=1

coherent and compatible with D,,.

Note that, the classes of multilinears operator/ homogeneous polynomials that are
defined in these two examples consider applications that transform weakly strongly p-
summable sequences in strongly p-summable sequences and strongly p-summable sequences
in Cohen strongly p-summable. However, due to the inclusions given in (4.5), we can
introduce several classes of multilinear operators and homogeneous polynomials that are
yet not found in the literature. In this way, this approach establishes an interesting result
for this classes. We can consider these examples:

Example 4.2. (a) The classes of multilinears operators and homogeneous polynomi-
als that transform mid p-summable sequences in strongly p-summable operators.
In other words, to consider v, = ¢, and v5, = E;”id. We denote these classes as
multilinear operators and homogeneous polynomials mid strongly p-summing.

(b) The classes of multilinears operators and homogeneous polynomials that transform
weakly absolutely p-summable sequences in mid p-summable operators. In other
words, to consider v, = E;’”d and 75, = £;). We denote these classes as multilinear
operators and homogeneous polynomials weakly mid p-summing.

(¢) The classes of multilinears operators and homogeneous polynomials that transform
weakly strongly p-summable and mid p-sommable sequences in Cohen strongly
p-summable operators. In other words, to consider vs = £,(-) and s, = by, ﬂg”d.

We denote these classes as multilinear operators and homogeneous polynomials
weakly Cohen p-summing and mid Cohen p-summing, respectively.

The abstract approach introduced in this paper unifies the way we treat homogeneous
polynomial classes that transform sequence spaces. Moreover, one of the advances of this
work is to have theories already well established in the literature (see Example 4.1) and
also to obtain new classes, as shown in Example 4.2.
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