
Methods of Functional Analysis and Topology
Vol. 27 (2021), no. 2, pp. 151–156
https://doi.org/10.31392/MFAT-npu26_2.2021.04

A REMARK ON THE RANGE CLOSURES
OF AN ELEMENTARY OPERATOR

YOUSSEF BOUHAFSI, MOHAMED ECH-CHAD, AND MOHAMED MISSOURI

Abstract. Let L(H) denote the algebra of operators on a complex infinite di-
mensional Hilbert space H into itself. For A,B \in L(H), the elementary operator
\tau A,B \in L(L(H)) is defined by \tau A,B(X) = AXB  - X. An operator A \in L(H) is
said to be generalized quasi-adjoint if ATA = T implies A\ast TA\ast = T for every
T \in C1(H) (trace class operators). In this paper, we give an extension of generalized
quasi-adjoint operators. We consider the class of pairs of operators A,B \in L(H)

such that R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

, where R(\tau A,B)
W\ast 

denotes the ultra-weak
closure of the range R(\tau A,B) of \tau A,B . Such pairs of operators are called generalized
quasi-adjoint. We establish some basic properties of those pairs of operators.

Нехай L(H) – алгебра операторiв у комплексному нескiнченновимiрному
гiльбертовому просторi H. Для A,B \in L(H), елементарний оператор \tau A,B \in 
L(L(H)) визначається як \tau A,B(X) = AXB  - X. Кажуть, що оператор A \in L(H)

є узагальненим квазiспряженим, якщо з ATA = T випливає, що A\ast TA\ast = T для
кожного T \in C1(H) (клас ядерних операторiв). У статтi дається розширення
класу узагальнених квазiспряжених операторiв. Розглядається клас пар опера-

торiв A,B \in L(H), таких, що R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

, де через R(\tau A,B)
W\ast 

позначене ультраслабке замикання областi значень R(\tau A,B) of \tau A,B . Такi пари
операторiв звуться узагальненими квазiспряженими. Встановленi основнi власти-
востi таких пар операторiв.

1. Introduction

Let H be a separable infinite dimensional complex Hilbert space and let L(H) denote the
algebra of all bounded linear operators acting on H into itself.

For n \geq 1, let A = (A1, \cdot \cdot \cdot , An) and B = (B1, \cdot \cdot \cdot , Bn) be n-tuples of operators in
L(H). The corresponding the elementary operator RA,B is the operator

RA,B : L(H)  - \rightarrow L(H)

X \mapsto  - \rightarrow RA,B(X) = \Sigma n
i=1AiXBi.

Let A and B be operators in L(H), the most important special examples of elementary
operators are the left and right multiplications LA : X \mapsto  - \rightarrow AX and RB : X \mapsto  - \rightarrow XB, the
generalized derivation \delta A,B : X \mapsto  - \rightarrow AX  - XB, the elementary multiplication operator
SA,B : X \mapsto  - \rightarrow AXB and the elementary operator \tau A,B : X \mapsto  - \rightarrow AXB  - X, we simply
write \tau A for \tau A,A.

Given two n-tuples A = (A1, \cdot \cdot \cdot , An) and B = (B1, \cdot \cdot \cdot , Bn) of bounded linear
operators on H, the elementary operator RA,B has the form:

RA,B = \Sigma n
i=1SAi,Bi

= \Sigma n
i=1LAi

RBi
.

The elementary operators on L(H) are thus elements of the subalgebras of L(L(H))
generated by the left and the right multiplications LU and RV with arbitrary U, V \in L(H).
Elementary operators were introduced by Lumer and Rosenblum [12], who emphasized
spectral properties and applications to systems of operator equations.
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The elementary operator RA,B has been studied extensively, and many of its spectral,
algebraic, metric and structural properties are known ([5, 6, 7, 10, 11, 13, 14, 15, 17, 18]).
But several problems concerning the range of RA,B remains also open ([1, 4, 8, 9, 19]).

An operator A \in L(H) is called quasi-adjoint if the norm closure of the range R(\tau A)
of \tau A is closed under taking the adjoint, i.e,

R(\tau A) = R(\tau A\ast ).

Clearly, A is quasi-adjoint if and only if R(\tau A) is a self adjoint subspace of L(H). In
[2] it is proved that if A is quasi-adjoint, then the pair (A,A) satisfies the property
(FP )(\tau , C1(H)), that is, ATA = T implies A\ast TA\ast = T for every T \in C1(H) (trace
class operators). Operators A \in L(H) for which the pair (A,A) satisfies the property
(FP )(\tau , C1(H)) are termed generalized quasi-adjoint operators. Examples of generalized
quasi-adjoint operators include the normal operators and contractions.

S.Bouali and Y.Bouhafsi introduced the class of generalized quasi-adjoint operators,
and they gave some basic properties of those operators ([3]).

In this paper, we would like to explore this class of operators. We initiate the study of
a more general classes of generalized quasi-adjoint operators. The pair (A,B) of operators
A,B \in L(H) is called generalized quasi-adjoint if

R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

,

where R(\tau A,B)
W\ast 

is the ultra-weak closure of R(\tau A,B). We use different arguments to
generalize some results on this class of operators. We establish a characterization and some
basic properties of pairs generalized quasi-adjoint of operators A and B. We conclude
this section with some notations.

Let K(H), C1(H) and F (H) be respectively the ideal of compact operators, the ideal
of trace class operators and the ideal of finite rank on H. The trace function is defined on
C1(H) by tr(T ) =

\sum 
n(Ten, en), where (en) is any complete orthonormal sequence in H.

The weakly continuous linear functionals on L(H) are those of the form fT (X) = tr(XT ),
where T \in F (H). The ultra-weakly continuous linear functionals on L(H) are those of
the form fT (X) = tr(XT ), where T \in C1(H).

Given X \in L(H), we shall denote the kernel, the orthogonal complement of the
kernel, the closure of the range of X, the restriction of X to an invariant subspace M by
\mathrm{k}\mathrm{e}\mathrm{r}(X),\mathrm{k}\mathrm{e}\mathrm{r}\bot X, R(X) and X| M respectively. The spectrum and the point spectrum will
be denoted by \sigma (X) and \sigma p(X). Let \scrB be a Banach and let \scrS be a subspace of \scrB . By \scrB \prime 

we denote the dual of \scrB , the set

\scrS \circ = \{ f \in \scrB \prime : f(x) = 0 for every x \in \scrS \} 
denotes the annihilator of S.

2. Preliminaries

Theorem 2.1 ([16]). Let E,F be Banach spaces and let S \in L(E,F ), then

R(S\ast \ast )\circ = R(S\ast \ast )\circ \cap F \circ \oplus \mathrm{k}\mathrm{e}\mathrm{r}(S\ast ).

Let A,B \in L(H). If we consider E = F = K(H) and S = \tau A,B : K(H)  - \rightarrow K(H).
By duality we have S\ast = \tau B,A : C1(H)  - \rightarrow C1(H). Then we get the following result.

Theorem 2.2. Let A,B \in L(H), then

R(\tau A,B)
\circ = R(\tau A,B)

\circ \cap K(H)\circ \oplus \mathrm{k}\mathrm{e}\mathrm{r}(\tau B,A) \cap C1(H).

Definition 2.3. Let A \in L(H). The operator A is said to be quasi-adjoint if

R(\tau A) = R(\tau A\ast ).
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Remark 2.4. Let A \in L(H), then A is quasi-adjoint if and only if R(\tau A) is a self-adjoint
subspace of L(H). Equivalently,R(\tau A)

\circ the annihilator of R(\tau A) is a self-adjoint subspace
of L(H), in the sense that, f \in R(\tau A)

\circ implies f\ast \in R(\tau A)
\circ , where f\ast (X) = f(X\ast ) for

all X \in L(H).

Theorem 2.5 ([2]). Let A \in L(H). Then the following statements are equivalent:
(1) A is quasi-adjoint.
(2) (i) The element \pi (A) of the Calkin algebra is quasi-adjoint, and
(ii) ATA = T and T \in C1(H) implies A\ast TA\ast = T .

3. Main Results

Definition 3.1. Let A,B \in L(H). The pair (A,B) is called quasi-adjoint If

R(\tau A,B) = R(\tau A\ast ,B\ast ).

Definition 3.2. Let A,B \in L(H) and \scrJ be a two-sided ideal of L(H). The pair (A,B)
is said to possess the Fuglede-Putnam property (FP )(\tau ,\scrJ ) if ATB = T and T \in \scrJ 
implies A\ast TB\ast = T . i.e. \mathrm{k}\mathrm{e}\mathrm{r}(\tau A,B | \scrJ ) \subseteq \mathrm{k}\mathrm{e}\mathrm{r}(\tau A\ast ,B\ast | \scrJ ).

Definition 3.3. Let A,B \in L(H). The pair (A,B) of operators A and B is called
generalized quasi-adjoint if:

R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

.

Theorem 3.4. Let A,B \in L(H). The pair (A,B) is generalized quasi-adjoint if and
only if (A,B) \in (FP )C1(H) and (B,A) \in (FP )C1(H).

Proof. Observe that the assertion R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

, is equivalent to

R(\tau A,B)
\circ \cap L

\prime 
(H)

W\ast 

= R(\tau A\ast ,B\ast )\circ \cap L
\prime 
(H)

W\ast 

.

It is known from Theorem 2.2. that

R(\tau A,B)
\circ \simeq R(\tau A,B)

\circ \cap K(H)\circ \oplus \mathrm{k}\mathrm{e}\mathrm{r}(\tau B,A) \cap C1(H).

Hence, it follows that

R(\tau A,B)
\circ \cap L

\prime 
(H)

W\ast 

= \mathrm{k}\mathrm{e}\mathrm{r}(\tau B,A) \cap C1(H).

Consequently, we have R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

if and only if

\mathrm{k}\mathrm{e}\mathrm{r}(\tau B,A) \cap C1(H) = \mathrm{k}\mathrm{e}\mathrm{r}(\tau B\ast ,A\ast ) \cap C1(H).

This completes the proof. \square 

Remark 3.5. (1) Let A,B \in L(H). Then (A,B) is generalized quasi-adjoint if and only
if (A\ast , B\ast ) is generalized quasi-adjoint.
(2) (A,B) is generalized quasi-adjoint in each of the following cases:
(i). A,B are normal operators.
(ii). A,B are contractions.

Theorem 3.6. Let A,B \in L(H). If there exist \alpha , \beta \in \BbbC with \alpha \beta = 1 and nonzero vectors
f, g \in H such that:
(1) Bf = \alpha f , \| B\ast f\| \not = \| \alpha f\| and
(2) A\ast g = \beta g.
Then the pair (A,B) is not generalized quasi-adjoint.
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Proof. We must show that R(\tau A,B)
W\ast 

\not = R(\tau A\ast ,B\ast )
W\ast 

. Then, it is easy to see that

R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

if and only if for every T \in C1(H) we have

fT \in R(\tau A,B)
\circ \Leftarrow \Rightarrow fT \in R(\tau A\ast ,B\ast )\circ .

It suffices to exhibit a trace class operator T for which fT \in R(\tau A,B)
\circ but fT \not \in R(\tau A\ast ,B\ast )\circ .

Let us define the rank one operator T = f \otimes g. Hence for any operator Y in L(H), we
obtain

fT (\tau A,B(Y )) = tr[(AY B  - Y )T ]

= tr[\{ (A - \beta )Y B + \beta Y (B  - \alpha )\} T ]
= tr[(A - \beta )Y BT ] + tr[\beta Y (B  - \alpha )T ]

= < Y Bf, (A\ast  - \beta )g > + < \beta Y (B  - \alpha )f, g >

= 0.

Define an operator X \in L(H) by X = g \otimes (B  - \alpha )\ast f . Then, it follows that

fT (\tau A\ast ,B\ast (X)) = tr[(A\ast XB\ast  - X)T ]

= tr[\{ (A\ast  - \beta )XB\ast + \beta X(B\ast  - \alpha )\} T ]
= tr[(A\ast  - \beta )XB\ast T ] + tr[\beta X(B\ast  - \alpha )T ]

= tr[\{ (A\ast  - \beta )(g \otimes (B  - \alpha )\ast f)B\ast \} T ]
+tr[\{ \beta (g \otimes (B  - \alpha )\ast f)(B\ast  - \alpha )\} T ]

= \beta \| (B  - \alpha )\ast f\| 2.\| g\| 2 \not = 0.

Which completes the proof. \square 

Example 3.7. Let (en)n be an orthonormal basis for H. Let H\circ = vect\{ e1, e2, e3\} and
set

B\circ =

\left(  1 1 0
0  - 1 0
0 1 1

\right)  \in L(H\circ ).

We define the operator B = B\circ \oplus I with respect to decomposition H = H\circ \oplus H\bot 
\circ and

A = e2 \otimes e2. It is easily seen that, Be1 = e1, B\ast e1 = e1 + e2, and A\ast (e2) = e2. Hence, It
follows that the pair (A,B) is not generalized quasi-adjoint.

Remark 3.8. Let A,B \in L(H), if the pair (A,B) is generalized quasi-adjoint, then for
all T \in \mathrm{k}\mathrm{e}\mathrm{r}(\tau A,B | C1(H)), R(T ) reduces A, \mathrm{k}\mathrm{e}\mathrm{r}\bot T reduces B, and the restrictions A| R(T )

and B| \mathrm{k}\mathrm{e}\mathrm{r}\bot T are unitarily equivalent to normal operators.

Proposition 3.9. Let A,B \in L(H). If A and B are generalized quasi-adjoint operators
such that 1 \not \in \sigma (A)\sigma (B), then the pair (A,B) is generalized quasi-adjoint.

Proof. Assume that A and B are generalized quasi-adjoint operators such that 1 \not \in 
\sigma (A)\sigma (B). Let T \in R(\tau A,B)

W\ast 

, then there exists a generalized sequence (X\alpha )\alpha of
elements in L(H) such that AX\alpha B  - X\alpha  - \rightarrow T . On H \oplus H, define the operators L, Y\alpha 

and S by

L =

\biggl( 
A 0
0 B

\biggr) 
, Y\alpha =

\biggl( 
0 X\alpha 

0 0

\biggr) 
and S =

\biggl( 
0 T
0 0

\biggr) 
It follows that

\tau L(Y\alpha ) =

\biggl( 
0 \tau A,B(X\alpha )
0 0

\biggr) 
 - \rightarrow 

\biggl( 
0 T
0 0

\biggr) 
= S.
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Hence, we get S \in R(\tau L)
W\ast 

. Since A and B are generalized quasi-adjoint operators
such that 1 \not \in \sigma (A)\sigma (B), then it results from Proposition 3.12 [3], that L is generalized
quasi-adjoint. Thus, there exists a generalized sequence (Z\alpha )\alpha in L(H \oplus H) for which
\tau L\ast (Z\alpha )  - \rightarrow S. An elementary calculation shows that there exists a generalized sequence
(U\alpha )\alpha in L(H), which satisfies \tau A\ast ,B\ast (U\alpha )  - \rightarrow T . Consequently, we conclude that

R(\tau A,B)
W\ast 

\subseteq R(\tau A\ast ,B\ast )
W\ast 

. Arguing as above, it is elementary to prove the reverse
inclusion. \square 

Proposition 3.10. Let A,B \in L(H). If the pair (A,B) is generalized quasi-adjoint then

A\ast R(\tau A,B) +R(\tau A,B)B
\ast \subseteq R(\tau A,B)

W\ast 

,

AR(\tau A\ast ,B\ast ) +R(\tau A\ast ,B\ast )B \subseteq R(\tau A,B)
W\ast 

.

Proof. Suppose that the pair (A,B) is generalized quasi-adjoint, then we have

R(\tau A,B)
W\ast 

= R(\tau A\ast ,B\ast )
W\ast 

.

Since
A\ast \tau A\ast ,B\ast (X) = \tau A\ast ,B\ast (A\ast X) and \tau A\ast ,B\ast (X)B\ast = \tau A\ast ,B\ast (XB\ast ),

it follows that

A\ast R(\tau A,B) \subseteq A\ast R(\tau A,B)
W\ast 

= A\ast R(\tau A\ast ,B\ast )
W\ast 

\subseteq R(\tau A\ast ,B\ast )
W\ast 

= R(\tau A,B)
W\ast 

,

R(\tau A,B)B
\ast \subseteq R(\tau A,B)

W\ast 

B\ast = R(\tau A\ast ,B\ast )
W\ast 

B\ast \subseteq R(\tau A\ast ,B\ast )
W\ast 

= R(\tau A,B)
W\ast 

.

A similar argument using A\tau A,B(X) = \tau A,B(AX) and \tau A,B(X)B = \tau A,B(XB), gives

AR(\tau A\ast ,B\ast ) +R(\tau A\ast ,B\ast )B \subseteq R(\tau A,B)
W\ast 

.

This completes the proof. \square 

Acknowledgements

The authors would like to thank the referee for his careful reading of the paper and for
helpful suggestions.

References

[1] J. Anderson, J. W. Bunce, J. A. Deddens, and J. P. Williams, c\ast -algebras and derivation ranges,
Acta Sci. Math. (Szeged) 40 (1978), no. 3-4, 211–227.

[2] S. Bouali and Y. Bouhafsi, On the range of the elementary operator x : \mapsto  - \rightarrow axa - x, Math. Proc.
Roy. Irish Acad. 108 (2008), no. A(1), 1–6, doi:http://www.jstor.org/stable/40656962.

[3] S. Bouali and Y. Bouhafsi, A remark on the range of elementary operators, Czechoslovak Math. J.
60(135) (2010), no. 4, 1065–1074, doi:https://doi.org/10.1007/s10587-010-0071-x.

[4] S. Bouali and M. Ech-chad, Generalized d-symmetric operators ii, Canad. Math. Bull. 54 (2011),
no. 1, 21–27, doi:https://doi.org/10.4153/CMB-2010-094-2.

[5] M. Brešar, L. Molnár, and P. Šemrl, Elementary operators ii, Acta Sci. Math. (Szeged) 66 (2000),
no. 3-4, 769–791.

[6] R. G. Douglas, On the operator equation s\ast xt = x and related topics, Acta. Sci. Math. (Szeged)
30 (1969), 19–32.

[7] L. Fialkow, Spectral properties of elementary operators, Acta. Sci. Math. (Szeged) 46 (1983),
no. 1-4, 269–282.

[8] L. Fialkow, The range inclusion problem for elementary operators, Mich. Math. J. 46 (1987),
no. 3, 451–459, doi:https://doi.org/10.1307/mmj/1029003624.

[9] L. Fialkow, Elementary operators and applications, Elementary operators and applications(Editor:
Matin Mathieu), Procceding of the International Workshop, World Scientific, 1992, pp. 55–113.

[10] C. K. Fong and A. R. Sourour, On the operator identity
\sum 

akxbk = 0, Canad. J. Math. 31 (1979),
no. 4, 845–857, doi:https://doi.org/10.1017/S0013091500016436.

[11] Z. G. Kai, On the operators x \mapsto  - \rightarrow ax  - xb and x \mapsto  - \rightarrow axb  - x., J. Fudan Univ. Natur. Sci. 28
(1989), no. 2, 148–156.

http://dx.doi.org/http://www.jstor.org/stable/40656962
http://dx.doi.org/https://doi.org/10.1007/s10587-010-0071-x
http://dx.doi.org/https://doi.org/10.4153/CMB-2010-094-2
http://dx.doi.org/https://doi.org/10.1307/mmj/1029003624
http://dx.doi.org/https://doi.org/10.1017/S0013091500016436


156 YOUSSEF BOUHAFSI, MOHAMED ECH-CHAD, AND MOHAMED MISSOURI

[12] G. Lumer and M. Rosenblum, Linear operator equations., Proc. Amer. Math. Soc. 10 (1959),
32–49, doi:https://doi.org/10.2307/2032884.

[13] B. Magajna, Uniform approximation by elementary operators., Proc. Edinb. Math. Soc. 52 (2009),
no. 3, 731–749, doi:https://doi.org/10.1017/S0013091507001290.

[14] B. Magajna, The norm of a symmetric elementary operator, Proc. Amer. Math. Soc. 132 (2003),
no. 6, 1747–1754, doi:https://doi.org/10.1090/S0002-9939-03-07248-4.

[15] M. Mathieu, Rings of quotients of ultraprime banach algebras with applications to elementary
operators, Proc. Centre Math. Anal. Austral. Nat. Univ., Austral. Nat. Univ., Canberra 21 (1989),
297–317.

[16] S. Mecheri, On the range of elementary operators, Integ. equ. oper. theory. 53 (2005), no. 3,
403–409, doi:https://doi.org/10.1007/s00020-004-1327-3.
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