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ON SOME NUMERICAL RADIUS INEQUALITIES
FOR HILBERT SPACE OPERATORS

MAHDI GHASVAREH AND MOHSEN ERFANIAN OMIDVAR

ABsTrACT. This article is devoted to studying some new numerical radius inequalities
for Hilbert space operators. Our analysis enables us to improve an earlier bound for
numerical radius due to Kittaneh. It is shown, among other, that if A € B(H), then
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1. INTRODUCTION

Let B (H) denote the C* -algebra of all bounded linear operators on a complex Hilbert
space H with inner product (-,-). For A € B(H), let w (A) and ||A|| denote the numerical

radius and the operator norm of A, respectively. Recall that w (A) = sup |(Az,z)|. It
flzll=1

is well-known that w (-) defines a norm on B (#), which is equivalent to the operator
norm ||-||. In fact, for every A € B(H),

S114ll < w(4) < 1Al (11)

Also, it is a basic fact that w(-) defines a norm on B () which satisfies the power
inequality
w(A™) <w"(A)
foralln=1,2,....
In [2], Kittaneh gave the following estimate of the numerical radius which refines the
second inequality in (1.1): For every A,

1 *
w(4) < 5 Al + 1A% (1.2)
The following estimate of the numerical radius has been given in [4]:
1 1
7 1P 140 < w2 ) < 5 |14+ 1402 (L3)
The first inequality in (1.3) also refines the first inequality in (1.1). This can be seen by
using the fact that for any positive operator A, B € B(H),
max (|| A[|,[|B]) < [|A+ BJ|.
Actually,
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For other properties of the numerical radius and related inequalities, the reader may
consult [6, 7, 5]. In this article, we give several refinements of numerical radius inequalities.
Our results mainly improve the inequalities in [4].

2. MAIN RESULTS
Lemma 2.1. Let A € B(H). Then

1
SlA£ AT Sw(4).

Proof. Since A + A* is normal, we have
|[A+ A% =w (A + A7)
<w(A)+w(AY)

=2w(A).
Therefore,
SlA+ A <w(4). (2.4)
Now, by replacing A by A in (2.4), we reach the desired result. O

Theorem 2.2. Let A € B(H). Then
1 1
2l 142 < 5 (la+ 4P + 14 - aP) <02 (4).
4 8
Proof. For any A, B € B(H), we have the following parallelogramm law
A+ Bl +14- Bl =2 (1A +|BF),

equivalently
A+B[> |A-B|” |AP+|B)
2 2 B 2 '
Therefore, by the triangle inequality for the usual operator norm and Lemma 2.1, we have
L2 of| _ L|[AP + 147
Ll 4o = 2
148+ 14 = 5 =
Cr|[|A+ A A AP
2 2 2
T[[A+A ] 1]4-Ar)
< + =
-2 2 2 2
471A+A*2+1A—A*2
2 2 2 2
<w?(A).

We remark here that if T € B (#), and if f is a non-negative increasing function on [0, 0o),
then || f (|T))|| = f (IT]]). In particular, |||T|"|| = |T||" for every r > 0. This completes
the proof of the theorem. O

We present a refinement of the first inequality from (1.3). To this end, we need the
following lemma, which can found in [1].

Lemma 2.3. Let A, B € B(H). Then
|A+ B| < /||A*A + B*B|| + 2w(B* A).

By the above lemma, we can improve the first inequality in (1.3).
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Theorem 2.4. Let A € B(H). Then

i H|A\2 + \A*|2H < ;\/w (4) + éw ((A* ~ AP (A + A)Q) < w?(A). (2.5)

Proof. Let A = B + iC be the Cartesian decomposition of A. Then B and C are
self-adjoint operators. One can easily check that

|A]? + |A*]> B+ C?

2.6
; . (26)
and
|(Az,z)|* = (Bz,z)* + (Cx, z)° (2.7)
for any unit vector x € H. Of course, the relation (2.7) implies
(Bz, ) (resp. <C’x7x>2) < [(Az, ).
Now, by taking supremum over z € H with ||z| = 1, we get
IBI? (resp. 1) < w? (A). (2.8)
Whence,

Lar e = S+ el by o)

< %\/||B4 + C4|| + 2w (C?2B2?) (by Lemma 2.3)

1
< SVIBIT+]CII* + 2w (C2B?)

IN

%\/w (A) 20 (C?B?)  (by (2.8))

IN

1
5\/2w4 (A)+2||C?B?|| (by the second inequality in (1.1))

IN

1
SV/2 (4) + 21 BIPIC?

(by the submultiplicativity of the usual operator norm)

<w?(4) (by (2.8))
ie.,
i H\A|2 + |A*|2H < %\/w (A) + 2w (C2B2) < w? (A).
Since
w(C*B?) = Lo ((A* — A (A" + A)2>
16
we get the desired result (2.5). O

Remark 2.5. Notice that if A is a self-adjoint operator, then Theorem 2.2 implies

1 2 2
LlAl? <Al
while from Theorem 2.4 we infer that
1 2 V2 2 2
2141 < S241 < 42

Hence, in this case, Theorem 2.4 is better than Theorem 2.2.

The next lemma can be found in [3].
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Lemma 2.6. If A and B are positive operators in B(H), then

|A = Bl < max{|[A], || Bl|} — min{m (4) ,m (B)},
where m (A) = inf {{Az,z) : = € H, || =1}.
Theorem 2.7. Let A € B(H). Then

W?(4) < 5 [[1ar + 1472 = (0141 - 1a7)?)]

1
2

Proof. We can write

H |A\ + |A*

|A| |A*| PAP AP
2
1N\ 2 2 %12
Smax(” |A|—|A|) AP + 147 )
2 2
_min<m<<|A|—|A*|>2> m<Al2+|A*I2)>
2 ’ 2
AP + 147 <<|A|—A*|)2>
—m B .

2
1 *
w(4) < 5 [IJA] + A"

9

On the other hand, since

we have
AL+ AN |l 1AL+ 1A
2o < | _
w(A)K 2 2
Consequently,
2 w12 A%\ 2
o () < | AL m<<A| 2|A|) )

as desired.
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O

The following lemma, which can be found in [9, Lemma 2.3 and Proposition 2.2] is

needed to prove our last estimate for w (A).

Lemma 2.8. Let f be a non-negative increasing convez function on [0,00) and let

A, B € B(H) be positive operators. Then for any 0 < v <1,
[f (T =v)A+vB)|| < [|(1 —v) f(A)+vf(B).

(0=

Using some ideas of [8], we prove our last result.

In particular,

Theorem 2.9. Let A € B(H) and let [ be a continuous function on the interval [0, 00)
and let g be increasing and concave on [0,00), such that gof is increasing and convex on

[0,00). Then

oy < g (2LERLOT DY < Dy ap -+ £ gap.
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Proof. As mentioned above, gof is increasing and convex on [0, 00), therefore, from the
inequality (1.2),

s (5]

< ’ gof (JA]) +gof (|A*|)

2
gof (@ (4)) < ‘

gof (@ (A) < gof (HIAHIAI

H (by Lemma 2.8).

Therefore,

2

sof (4] ol (A7)

! is increasing and convex, we then have

f(w(A)) =g7" (gof (w(A)))
|

Now, since g~

g (LD oo 00
H <90f |[A) + gof (|A*]) )H

2
<Hf (JAD + 5 F{47) H (by Lemma 2.8)

S (AD + (A"

Thus,

gof (|A]) +90f(|A*|)) H

Fotan <o s < L1r A + Fal.

Corollary 2.10. Let A € B(H). Then for any r > 2,
w" (A)

1 T *|T z *| 5 r r z z
SlAr 147+ 14l 4 1 |2+I\/2(|A AT AL+ A0 ) 41

IN

1
—IIA]" + |A*"|| .
5 AL+ 1A

Proof. Define
gla)=z+ve & f(x)=2a", (r>2)
on [0,00). Thus,
gof (x) = 2" 4 x3.

One can quickly check that f, g, and gof satisfy all the assumptions in Theorem 2.7.
Since

204+ 1—+4dx +1

g (x) = 5 ,

we get the desired result. O




(1]
2]
(3]

[4

6]
(6]
7]
(8]
[l

ON SOME NUMERICAL RADIUS INEQUALITIES FOR HILBERT SPACE OPERATORS 197

REFERENCES

S. S. Dragomir, Norm and numerical radius inequalities for a product of two linear operators in
Hilbert spaces, J. Math. Inequal. 2 (2008), no. 4, 499-510, doi:10.7153/jmi-02-45.

F. Kittaneh, A numerical radius inequality and an estimate for the numerical radius of the Frobenius
companion matriz, Studia Math. 158 (2003), no. 1, 11-17, doi:10.4064/sm158-1-2.

F. Kittaneh, Norm inequalities for sums and differences of positive operators, Linear Algebra Appl.
383 (2004), 85-91, doi:10.1016/j.1aa.2003.11.023.

F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia Math. 168 (2005),
no. 1, 73-80, doi:10.4064/sm168-1-5.

H. R. Moradi and M. Sababheh, More accurate numerical radius inequalities (I), Linear Multilinear
Algebra (2019), 1-9, doi:10.1080/03081087.2019.1651815.

M. E. Omidvar and H. R. Moradi, Better bounds on the numerical radii of Hilbert space operators,
Linear Algebra Appl. 604 (2020), 265-277, doi:10.1016/j.1laa.2020.06.021.

M. E. Omidvar, H. R. Moradi, and K. Shebrawi, Sharpening some classical numerical radius
inequalities, Oper. Matrices 12 (2018), no. 2, 407-416, doi:10.7153/0am-2018-12-26.

M. Sababheh, S. Furuichi, and H. R. Moradi, A new treatment of convex functions, 2020, pp. 1-18,
arXiv:2003.10892.

S. Tafazoli, H. R. Moradi, S. Furuichi, and P. Harikrishnan, Further inequalities for the nu-
merical radius of Hilbert space operators, J. Math. Inequal. 18 (2019), no. 4, 955-967, doi:
10.7153/jmi-2019-13-68.

Mahdi Ghasvareh: mghasvareh@gmail.com
Department of Mathematics, Mashhad Branch, Islamic Azad University, Mashhad, Iran

Mohsen Erfanian Omidvar: math.erfanian@gmail.com
Department of Mathematics, Mashhad Branch, Islamic Azad University, Mashhad, Iran

Received 21/09/2020; Revised 15/03,/2021


http://dx.doi.org/10.7153/jmi-02-45
http://dx.doi.org/10.4064/sm158-1-2
http://dx.doi.org/10.1016/j.laa.2003.11.023
http://dx.doi.org/10.4064/sm168-1-5
http://dx.doi.org/10.1080/03081087.2019.1651815
http://dx.doi.org/10.1016/j.laa.2020.06.021
http://dx.doi.org/10.7153/oam-2018-12-26
http://arxiv.org/abs/2003.10892
http://dx.doi.org/10.7153/jmi-2019-13-68
http://dx.doi.org/10.7153/jmi-2019-13-68
mailto:mghasvareh@gmail.com
mailto:math.erfanian@gmail.com

	1. Introduction
	2. Main Results
	References

