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ON THE ASCENT-DESCENT SPECTRUM

NASSIM ATHMOUNI, MONDHER DAMAK, AND CHIRAZ JENDOUBI

ABsTrRACT. We establish various properties as well as diverse relations of the ascent
and descent spectra for bounded linear operators. We specially focus on the theory
of subspectrum. Furthermore, we construct a new concept of convergence for such
spectra.

BcranoBooThCs pi3HI BJACTHBOCTI CHEKTPIB MiAHOMY Ta CIIYCKY J1JIsi OOMEXKEHUX
JIHITHUX OmepaTopiB, a TAKOXK IEBHI CIiBBimHOIIEHHST Mi>kK HUMU. Mu 30ceperzKyemMocst
Ha Teopil migcrnekTpy. KpiM Toro, Mu mpornoHyeMo HOBE MOHSATTs 3012KHOCTI JJIs TaKUX
CIIEKTpiB.

1. INTRODUCTION AND MAIN RESULTS

Denote by B(X) the algebra of all bounded linear operators on an infinite-dimensional
complex Banach space X and by JF(X) the set of finite rank operators on X. For
T € B(X), we use N(T') and R(T) respectively to denote the null-space and the range
of T. The ascent of T € B(X), denoted by asc(T), is the smallest n € N satisfying
N(T") = N(T™+1). If such n does not exist then asc(T) = co. The descent of T, denoted
by dsc(T), is the smallest n € N satisfying R(T") = R(T™*1). If such n does not exist

then dsc(T") = oo. We define the generalized kernel of T by N*°(T') = U N(T™) and the

n=1

generalized range of T by R*>(T) = ﬂ R(T™). Next, we denote by Asc(B(X)) the space
n=1

of bounded operators T such that asc(T) is finite and by Dsc(B(X)) the space of bounded

operators T such that dsc(7') is finite. It is worth noting that this algebraic theory was

mostly developed by M. A. Kaashoek [17] and A.E. Taylor [24]. As an interesting result

which characterizes ascent-descent operators is the following proposition:

Proposition 1.1. [1] Let T be a linear operator on a vector space X and m be a positive
natural number. The following assertions hold true:

1) asc(T) < m < oo if and only if for every n € N, R(T™) N N(T™) = {0}.

i1) dsc(T) < m < o0 if and only if for every n € N there exists a subspace Y, C N(T™)
satisfying X =Y, & R(T™).

As shown in [25], see also [6], the previous proposition can be reformulated as follows:
Remark 1.2.

asc(T) is finite < R(T™)N N(T) = {0}, for some n > 0. (1.1)

dsc(T) is finite < R(T) + N(T") = X, for some n > 0. (1.2)

Recently, stability problems of operators under perturbation have attracted many
researchers and undergone important contributions, see for instance [2, 13, 14, 4, 6, 7,
8, 12, 15, 18, 20]. Recall that, in [10], authors have proved nice relations between the
left Browder spectrum and the left invertible spectrum (respectively, between the right
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Browder spectrum and the right invertible spectrum). Motivated by these last works, we
consider the following subsets:

Oase(T) ={A € C: T — X ¢ Asc(B(X))}-the ascent spectrum,
Oasc(T) ={A € C: T — X ¢ Dsc(B(X))}-the descent spectrum.

Focusing on the axiomatic theory of subspectrum which was introduced by Slodowski
and Zelazko [23, 27|, we first, recall the following definitions.

Definition 1.3. A subspectrum & in B(X) is a mapping which assigns to every n—tuple
(Th, ..., T,,) of mutually commuting elements of B(X) a non-empty compact subset
(Ty,...,T,) C C™ such that:

i) o(Th,....Ty) Co(Th) X ... x 0(Ty,),

ii) 6(p(Th,...,Ty)) = p(6(T1, ..., T,,)) for every commuting 77, ...,T,, € B(X) and every
polynomial mapping p = (p1,...,pm) : C* — C™.

The concept of Definition 1.3 is truly suitable since it comprises for example the left
(right) spectrum, the left (right) approximate point spectrum, the Harte (the union of the
left and right) spectrum. Despite, there are also many examples of spectrum, frequently
characterized only for single elements, which are not covered by the axiomatic theory of
Zelazko.

Definition 1.4. [19] Let A be a Banach algebra. A non-empty subset R of A is called a
regularity if

i)ifa € Aand n € Nthena € R< a™ € R,

i) if a, b, ¢, d are mutually commuting elements of A and ac + bd = 14, then ab € R &
a € RandbeR.

Such theory was taken into account by many researchers due to its widespread concept
that generalizes spectra for single elements to spectra for n-tuple elements. We recall
that, in [9], the author introduced regularities and subspectra in a unital noncommutative
Banach algebra and showed that there is a correspondence between them similarly to the
commutative case. In [19], the authors gave the following conditions on a regularity R, to
extend spectra to subspectra:

(C1) ab€ R< a € R and b € R for all commuting elements a, b € A.

(C3) "Continuity on commuting elements", i.e: If a,, a € A, a,, converges to a and
ana = aa, for every n then A € og(a) if and only if there exists a sequence \,, € or(an)
such that A\, converges to \.

It is worth noting that the space of bounded linear operators B(X) is a particular
case of the Banach algebra A and Asc(B(X)) and Dsc(B(X)) are regularities on B(X).
For more information, see [14, 5, 20]. Throughout our work, under suitable optimal
hypothesis, we will prove that conditions (C) and (C5) are approved properties for the
ascent and descent spectra. For the condition (C), we need the following assumptions:

(Hy): ST =TS andVpe N, N((TS)P) = N(TP) @ N(SP).

(Hz): ST is with finite descent ng and N(S™) C R(T') or N(T™) C R(S5).

(H,): ST is with finite descent ng and N(S™) C R(T) and N(T™) C R(S).

Consider the following subsets:

F: = {F € B(X) such that there exists ng € N for which F™° ¢ ]—'(X)},
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R: = {)\ € C such that if S+ T — X has finite ascent then (S — ) and
(T — A) do not satisty (Hl)},
M: = {/\ € C such that if S+ T — X has finite descent then (S — A) and (T — )

do not satisfy (H;) or (H;)}

Our main results assuring condition (C7) reside in:

Theorem 1.5.~Assume that S and T be two bounded linear operators satisfying (Hi)
and that ST € F. Then,

RU04sc(S+T)\ {0} =R U (04sc(5) Uase(T)) \ {0}
In the descent case we obtained the following results:

Theorem 1.6. Assume that S and T are two bounded linear operators, satisfying (H)
and (Hy,). Then,

dsc(T) < ng and dsc(S) < ng if and only if dsc(T'S) < ng.

Corollary 1.7. If ST =TS € F then:
i)
Oasc(S +T)\ {0} C (0asc(S) Uaase(T)) \ {0}.
ii)
MU0gse(S+T)\ {0} = MU (04sc(S) Uoase(T)) \ {0}

In [19], the authors show that if R is a regularity in a Banach algebra .4 then we have,
ifa, b e A, ab=ba and a € Inv(A) then:

abe R ac Randbe R. (1.3)

In our work, dealing with ascent and descent operators as a special case of a regularity,
we prove in Lemma 2.1 and Theorem 1.6 that property (1.3) is satisfied without needing
the invertibility of any of the bounded operators T and S.

On the other hand, inspired by the continuity concept of families of magnetic pseudo-
differential operators given in [3], we create a concept of convergence of spaces to prove
condition (C2). To start off, we recall the concept of the reduced minimum modulus:

Definition 1.8. Let X be a Banach space and let T': X — X be a non zero operator.
We define the reduced minimum modulus of T' by

~(T) := inf{||Tz|; z € X,dist(x, N(T)) = 1}.
Formally, we set v(0) = oo.
Our main result in this context follow on:
Theorem 1.9. Let (T),)nen be a sequence of bounded linear operators convergent to T in

the operator morm.

(1) If (An)n is a sequence convergent to A € 045.(T) when T — X has a closed range
and for all x in N(T — N), dist(x, N(T,, — A\n)) is reached from some rank, then
An € Oase(Ty) from some rank.

(2) Assume that for everyn € N, A, € 04s5c(Ty) and limsupy(T,, — \,) > 0. If (An)n
converges to X then \ € gqs.(T).
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(3) Let (An)n be a sequence converge to X € agse(T). If imsup (T, — Ay) > 0, then
An € 04se(Ty) from some rank.
(4) Assume that for every n € N, A\, € 04se(Tn). If An converges to A, then \ €

Odsc (T) .

Theorem 1.9 is based on the fact that the limit operator T has a closed range. We do
not need neither the commutativity of the operators (7),), nor the fact that 7, has a
closed range for every n € N. It suffices that the range of (T3,),, is closed from some p € N.
Note that in the case of Hilbert space, the distance hypothesis in 1) is always satisfied.

Finally, we illustrate our theoretical results by an application. It might be said that our
approach throughout this paper is purely algebraic. This is different from the approaches
used in [16], which is based on the use of analytic functions and the SVEP condition.
Note that, The paper is structured as follows: the next section is devoted to proving our
main results (Theorem 1.5, Theorem 1.6, Corollary 1.7 and Theorem 1.9), In the third
section, we give some properties of corresponding spectra. In the last section, we provide
an application.

2. PROOFS OF MAIN RESULTS

2.1. Results assuring condition C].

2.1.1. Theorem 1.5. First, we demonstrate the following lemmas.

Lemma 2.1. Let T and S be two bounded linear operators satisfying (H1). Then, T and
S have finite ascents if and only if T'S has a finite ascent.

Proof. Let T and S be respectively with finite ascents. Then, there exists ng € N such
that for all p > ng, we have:

TPyx =0 =1T"x =0,
and
SPr =0 = S"zx=0.

On the other hand, we have (T'S)Px =0 = TP(SPz) =0 = T"(5Px) =0 = SP(T"z) =
0= S"(T"x)=0= (TS)"™x = 0. This gives that TS is with finite ascent.

Concerning the inverse assertion, we have T'S is with finite ascent means that there
exists ng € N such that for all p > ng, we have:

x € N((TS)P) =z € N(TS)™). (2.4)
Now, without loss of generality, let € N(SP) such that p > ng and let us show that
x € N(5™). In fact, x € N(SP) implies that € N((ST)P). In view of (2.4), it yields
that z € N((ST)™). Thus, by (Hi), there exists 1 € N(5™) and zo € N(T™) such
that © = x1 + 2. Since N(SP) C N(SP*1) and N(TP) C N(TP*1) for all p € N then
x1 € N(SP) and zo € N(TP). Furthermore, as N (SP) is a vector subspace and x5 = —x1,
it yields that zo € N(SP) N N(T?). By assumption (H;), we obtain 23 = 0. Hence,
x =21 € N(S™). This proves that S has a finite ascent. O

Lemma 2.2. Let S and T be two bounded operators satisfying ST =TS € F then:

UaSC(S + T) \ {O} - (UaSC(S) u O'aSC(T)) \ {0}
Proof. Let A # 0 and A € pase(S) N pasc(T), then:

(S—A) € Ase(B(X)),
and
(T—X) € Asc(B(X)).
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Since ST =TS, then

(S=NT-=XN=(T-=N(S-XN).
By the direct assertion of Lemma 2.1 which is true for any two commutative operators,
we obtain that

(S = XN(T — \) € Asc(B(X)).
As,
(S=MNT —-XN)=8T-\NS+T-M\), (2.5)

it yields that,

ST —ANS+T—-)\) € Asc(B(X)). (2.6)
Since,

ST(S+T -\ =(S+T—X\ST and ST € F,

we obtain by [18, Theorem 2.2], in view of (2.6), that (S + T — \) € Asc(B(X)).
Consequently,

Tasc(S +T)\ {0} C (0asc(S) Uaasc(T)) \ {0} (2.7)
O

Proof of Theorem 1.5. The direct inclusion follows from Lemma 2.2.
To prove the reciprocal inclusion, let A € (04sc(S) U 0asc(T)) \ {0} and assume that
A ¢ 0ase(S+T)\{0} and A ¢ R. Then, S+T — )\ € Asc(B(X)) and (S —\) and (T — \)
satisfy (H;). Since, ST = T'S € F, then by [18, Theorem 2.2], we obtain in view of (2.5)
that:

(S=XNT =X =(T-X(S—-X\) € Asc(B(X)).
As (S — A) and (T — ) satisfy (Hy), it follows from Lemma 2.1 that (S — A) and (T — \)
have finite ascents, which is absurd. This proves the second inclusion. O

2.1.2. Theorem 1.6. In order to prove Theorem 1.6, we first prove some auxiliary results.
Lemma 2.3. Let T and S be two bounded linear operators such that TS = ST. Then,
T and S have finite descents = TS has a finite descent.

Proof. Let T and S be respectively with finite descents. Then there exists ng € N such
that for all p > ng we have

TP(X) = TrH(X),
and
SP(X) = SPHi(X).

Furthermore, we have
(ST)P(X) = SPTP(X) = SPTPT(X) = SPHITPHY(X) = (ST)PH(X).
Consequently, ST has a finite descent. O

Lemma 2.4. Let T and S be two bounded linear operators.
1) If T and S satisfy (Hy) and (Hg), then, T or S has a finite descent.
2) If T and S satisfy (Hy) and (Hy), then, T and S have finite descents.

Proof. Since dsc(T'S) = ng is finite, we obtain by Proposition 1.1 that for every z € X
there exists w € R(T'S) and xzo € N((T'S)™) satisfying:

r=w + T2.

In other words, there exists 1 € X such that w = T'Szq and T™°S™xy = 0. By (H;),
there exists 25 € N(S™) and 23 € N(T™) satisfying:

z = (TS)x1 +ah + 2.
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1) If T and S satisty (Hs), without loss of generality, we assume that N(5™) C R(T).
Hence, there exists yo € X such that 24, = Tys. Put y; := Sz, it follows that

x =Ty, +y2) + 5.
The result follows from Remark 1.2, (1.2).
2) If T and S satisfy (H,), then there exists y» € X such that 25, = Tys. Put y; := Sy,
it implies that
x =Ty, +y2) + 5.
and there is also zo € X such that z§ = Szy. Set z1 := Ty, it yields that
z = S(z1 + 22) + 5.
Then, from Remark 1.2, (1.2), S and T have finite descents. O

Proof of Theorem 1.6. The direct sense, it follows from Lemma 2.3.
The reciprocal sense, it is obtained from Lemma 2.4, 2). O

Proof of Corollary 1.7: 1) Let A # 0 and A € pgsc(S) N pase(T), then:

(S—A) € Dse(B(X)),
and
(T —\) € Dsc(B(X)).

Since ST =TS, then

(S=NT-=XN=(T-=N(S—-XN).
Using Lemma 2.3, we obtain

(S =X (T — \) € Dse(B(X)).
Since,
S=NT—-N=ST-\XS+T-N), (2.8)

we have,

ST —XS+T —\) € Dse(B(X)). (2.9)
Remark that,

ST(S+T -\ =(S+T—\NST and ST e F.

It follows by [6, Theorem 3.1] and (2.9) that (S+ T — A) € Dsc(B(X)). Hence,

Oasc(S +T)\ {0} C (04sc(S) Uoasc(T)) \ {0}. (2.10)
ii) According to i), we have:
MU0G4se(S+T)\ {0} S MU (04sc(S) Uoase(T)) \ {0}. (2.11)

Now, concerning the inverse inclusion, let A € (0qsc(S) U oasc(T)) \ {0} and assume that
A 04sc(S+T)\ {0} and A ¢ M. Then, S+ T — X € Dsc(B(X)). Since ST =TS € F,
then by [6, Theorem 3.1] and (2.8), we obtain

(S = N)(T = X) = (T — \)(S — \) € Dsc(B(X)).

Using the fact that (S+ T — \) € Dse(B(X)) and A ¢ M, it follows that (S — A) and
(T —\) satisfy (H,) and (H,). Hence, by Theorem 1.6, we obtain dsc(S—\) and dsc(T—\)
are finite, which is absurd. Thus,

MU (04sc(S) Ugse(T)) \ {0} S MUouse(S+T)\ {0} (2.12)
The result follows from (2.11) and (2.12). O
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2.2. Results assuring condition (Cs). We, first give the following concept of conver-
gence of spaces.

Definition 2.5. Let (E, ), be a sequence of normed subspaces of X.

i) We say that (F, ), upper-converges to a vector space F, and we write u —lim, o Fy, =
E, if x is an adherent point of a sequence (z,,), C X such that x,, € E,, from some rank
implies that = € E.

ii) We say that (E,,), lower-converges to a vector space E, and we write [—lim,,_,, F,, = E,
if « belongs to E implies that x is an adherent point of a sequence (z,,), C X such that
r, € E, from some rank.

Let X be a Banach space and let Y, Z be subspaces of X and define

§Y,Z):= sup dist(z,Z).
zeY||z|| <1

The gap 0(Y, Z) is defined by 8(Y, Z) = max(§(Y, Z),5(Z,Y)).

To prove Theorem 1.9, the main result of this subsection we need to prove next lemmas:

Lemma 2.6. i) Let (E,), be a sequence of normed subspaces of a Banach space X,
upper-convergent to a normed vector space E. Then 6(E,, E) converges to 0.

ii) Let (Ey)n be a sequence of normed subspaces of a Banach space X, lower-convergent
to a normed vector space E. Then §(E, E,) converges to 0.

i11) Let (Ey,)n be a sequence of Banach subspaces, upper-convergent to {0}. Then E,, = {0}
from some rank.

iv) Let (En)n be a sequence of Banach subspaces, lower-convergent to X. Then E, = X
from some rank.

Proof. Tt is easy to prove i) and ii). Concerning iii) and iv), it suffices to use i), ii) as
well as Theorem 17 page 102 in [21]. O

Lemma 2.7. Let (T},)n be a sequence of bounded linear operators convergent to T in the
operator norm. Then, (N(Ty)), upper-converges to N(T).

Proof. Let (x,), C X such that z,, € N(T},) from some rank. Next, we prove that for
every adherent point = of (z,),, we have x € N(T). Indeed, for every n € N

”TZH = ||TJZ +Txy —Txy + Thx, — Tnmn”
< NT(lle = zpll + (T = T)znll + [ Toznl- (2.13)

Since x,, € N(T},) from some rank ng € N, then ||T,z,| = 0, for all n > ng. Let € > 0,
for all N € N there exists n > N, such that ||z, — z|| < . Besides, there is n; € N
such that for every n > nj, we have ||(T' — T,,)z|| < € for all z € X. Thus, we obtain by
(2.13) that for all Ny = sup(ng,n;) there exists n > Ny satisfying ||Tz| < (]|T]| + 1)e.
Consequently, € N(T). O

Lemma 2.8. Let (T},), be a sequence of bounded linear operators convergent to T in the
operator norm. Assume that T has a closed range and for all x in N(T), dist(z, N(T},))
is reached from some rank, then (N(Ty)), lower-converges to N(T).

Proof. By Lemma 2.6 i) and Lemma 2.7, §(N(T},), N(T)) tends to 0 as n — oo. Using
Theorem 17 page 102 in [21], we have that if T is with closed range then §(N(T), N(T;,))
tends to 0 as n — oo. This implies that

sup inf ||z — y|| tends to 0 as n — oo,
TEN(T), ||=||<1YEN(Tn)
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which implies that
Ve e N(T), ||| <1, inf ||z —y]| tends to 0 as n — oc.
yEN(Tn)

That is, for all z € N(T) and ||z|| < 1, there exists ng € N such that for all n > ng there

is yn, € N(T),) satisfying ||z — y,|| = inf |z —y]. O
yeN(Tn)

Lemma 2.9. Let (T},), be a sequence of bounded linear operators convergent to T in
the operator norm. Assume that limsup y(T},) > 0. Then, (R(T},))n upper-converges to
R(T).

Proof. See Corollary 19 page 103 in [21]. O

Lemma 2.10. Let (T,), be a sequence of bounded linear operators convergent to T in
the operator norm. Then, (R(T,))n lower-converges to R(T).

Proof. Consider,
F = {(yn)n C X such that y, € R(T},) from some rank} .

Assume that y € R(T). We will prove that y is a limit of a sequence (y,), belonging
to F. In fact, y € R(T) means that there exists € X satisfying Tx = y. Consider the
sequence y,, = Tz, from some rank ng € N. Since T;, converges to T in the operator
norm, then for all ¢ > 0, there exists n; € N such that every n > nq, | Tz — T x| < e.
That is |y — yn|| < . Hence, (y,)n converges to y and (y,), € F. O

Proof of Theorem 1.9. 1) Let A € 045.(T"). By Proposition 1.1, this is equivalent to say
that:

For all m > 0, there exists d > m satisfying R((T — \)4) N N(T — \) # {0}.  (2.14)

Since T,, — A\, converges to T — X in the operator norm, then by Lemma 2.10 (respectively
Lemma 2.8), R(T — )4 (respectively N(T —\)) is the [ —limit of the sequence R(T,, —\,)?
(respectively N (T, — A,)). Thus, (2.14) is equivalent to say that:

[ = lim (N(Z, = A) NR((Ty — An)h)) # {0} (2.15)
From (2.15) and Lemma 2.6 ii), for every m > 0 there exists d > m satisfying:

N (T — M) N R(Ty, — Mp)?) # {0}, from some rank n € N .

Therefore, according to Proposition 1.1, A,, € 04sc(T3), from some rank.

2) Let Ay, € 04sc(Ty). This means, in view of Proposition 1.1, that from some rank n € N,
for all m > 0, there exists d > m satistying R((T, — An)®) NN (T, — An) # {0}, (2.16)

Since (T, — A\n)n converges to (T' — A) in the operator norm, then by Lemma 2.7 and
Lemma 2.9, N (T, — \,) upper-converges to N (T — \) and R(T},, — A\, )% upper-converges
to R((T — \)?). Using Lemma 2.6 iii), (2.16) implies, For all m > 0 there exists d > m
satisfying:

R((T =A%) 0 N(T = ) # {0},
Consequently, by Proposition 1.1, asc(T — A) is infinite. Hence, A € o45.(T).
3) Let A € 045.(T). Using Proposition 1.1, we have:

For all m > 0, there exists d > m satisfying R(T — \) + N((T — M%) € X.  (2.17)

Since (T}, — An)n converges to (T' — X), then by Lemma 2.7 (respectively, Lemma 2.9),
N(T — N) (respectively, R(T — X)) is the u — limit of the sequence (N(T}, — Ap))n
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(respectively, (R(T, — An))n). Thus, (2.17) is equivalent to say that, for every m > 0
there exists d > m satisfying:
u— lim (R(T, — Ap) + N(T — \a)%) € X.
n— o0

Using Lemma 2.6 i) it follows:
From some rank n € N, for every m > 0, there exists d > m satisfying

R(T = An) + N((Tr, = M) € X. (2.18)
Hence, A, € 04sc(T},), from some rank.
4) Just using [6, Proposition 1.1] and [19, Proposition 1.6]. O

3. PROPERTIES OF CORRESPONDING SPECTRA

Denote by P(X) the set of all projections P € B(X) such that codimR(P) is finite. For
T € B(X) and P € P(X), the compression Tp : R(P) — R(P) is defined by Tpy = PTy,
y € R(P), i.e. Tp = PT|p(py where Tig(py : R(P) — X is the restriction of T". Clearly,
R(P) is a Banach space and Tp € B(R(P))).

Lemma 3.1. Let T € B(X) and X be a direct sum of closed subspaces X1 and Xs which
are T—invariant. If Ty = Tx, : X1 — X5 and Ty = T|x, : Xo — X3 then the following
statements hold true:

1) T has a finite ascent if and only if Th and Ty have respectively finite ascents.

1) T has a finite descent if and only if T1 and Ty have respectively finite descents.

We prove the next result analogously as in [10]:

Proposition 3.2. For T € B(X) and P € P(X), the following assertions hold:
i) If TP = PT then T € Asc(B(X)) if and only if Tp € Asc(B(X)).
i) If TP = PT then T € Dsc(B(X)) if and only if Tp € Dsc(B(X)).

Proof. i) Assume that T € B(X), P € P(X) and TP = PT. Then, X = R(P) ® N(P)
and the subspaces R(P) and N(P) are invariant by PTP € B(X). The operator PT P
has the following matrix form:

(5 ) ()~ ()

From Lemma 3.1 i) (respectively, ii)), it yields that PTP is with finite ascent (respectively,
descent) if and only if Tp is with finite ascent (respectively, descent). Since,

T =PT+ (I - P)T =PTP+ PT(I-P)+ (I - P)T,
and PT(I — P)+ (I — P)T is a finite rank operator commuting with PT P it yields by [18,

Theorem 2.2| (respectively, [6, Theorem 3.1]), that PT P is with finite ascent (respectively.
descent) if and only if T is with finite ascent (respectively. descent). O

We are now ready to express our first main result of this section.

Theorem 3.3. Let S and T be two bounded linear operators satisfying (Hy) and (Hs).
Assume codimR(S™) and codimR(T™), for some ny € N* are finite and let Mgno
(respectively. Mrpno) be the subspace of X satisfying X = R(S™) ® Mgno (respectively.
X = R(T™) ® Myno ). If we suppose that Mgno is T-invariant and Mrpno is S-invariant,
then

dsc(T) < ng and dsc(S) < ng if and only if dsc(T'S) < nyg.

Remark 3.4. The existence of Mgn, and Mypne is an immediate consequence of [21,
Lemma 2, p.156] and [22, Lemma 5.3]. The [22, Lemma 5.3| proved also that Mgn, and
Mrno have finite dimensions.
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Proof. Concerning the direct sense, it follows from Lemma 2.3.

Now, concerning the reciprocal sense, we obtain from Lemma 2.4 1) that dsc(T) < ng
or dsc(S) < ng. Without loss of generality, we assume that dsc(S) < ng. Using the fact
that T'S has a finite descent, and T'S = ST, we obtain that for all n > ng,

(TS"X = (TS)" X, S"X =85""X=_9m"X.
This means that for all n > ng,
TnS™X =7Tntignox, (3.19)

Using Remark 3.4, Mgn, has a finite dimension, the fact that Mgn, is T-invariant and
from [26, Proposition 1.1], we infer that Tjps,,., : Msno — Mgno has a finite descent. Let
Tir(smo) : R(S™) — R(S™). In view of 3.19, we have that for all n > no,

Tihgsoo) (R(S™)) = (TS™)"X = TH15M X = (T§™)" X = Tl (R(S™)),

which means that Tjr(sno) has a finite descent. Hence, using Lemma 3.1, dsc(T) is
finite. O

Before given our second main result of this section, we start by recalling an interesting
result that is useful in its proof.

Proposition 3.5. [6, Proposition 1.1] Let T' € B(X) be an operator with finite descent
d = d(T), then there exists § > 0 such that for every 0 <| A |< §:

(1) d(T —X) =0;

(2) dimN(T — X\) = dim(N(T) N R(TY)).

Proposition 3.6. [11, Proposition 2.2] Let X be a Banach space and T € B(X). We
denote by T* the adjoint of T. If codimR(T) is finite, then

(1) o(T*) = d(T);

(2) a(T) =d(T™).

Proposition 3.7. Let X be a Banach reflexive space. Let T be a bounded operator on X
with finite ascent a. We assume that one of the following properties is satisfied:

(1) dim(N(T)) is finite,

(2) codim(N(T?)) is finite.
Then, there exists § > 0 such that for every \ with 0 <| X |< d, we have T — X is injective.

Proof. 1) The hypothesis, T € B(X), gives that T* € B(X*) and (T*)* = T. Since
dimN(T) < +oo, then dimR(T*)+ < oo, in other words codimR(T*) is finite. Thanks
to the Proposition 3.6 (1), and by using the fact that T has a finite ascent, we obtain
that d(T™) = a((T%)*) = a(T) = a < +00. Now, according to Proposition 3.5, there is
0 > 0 such that for all 0 <| A |< §, T* — X\ is surjective. Consequently, by applying again
Proposition 3.6, we deduce that 7' — X is injective.

2) We recall that R(T**) C N(T%)*. By using [22, Lemma 5.3], this implies that
dimR(T**) < 400, therefore R(T**) is closed and T%* has a finite descent. Subsequently,
we infer that 7™ has also a finite descent. Applying Proposition 3.5, there is 6 > 0 such
that T — X is surjective for all 0 < A < §, we deduce that 7' — X is injective for all
0< A<, O

4. APPLICATION

Let H; and Ho be two Hilbert spaces. We consider the two 2 x 2 block operator
matrices defined on Hi X Ho by
T C
0

M:(T 0>GB(’H1><H2)andMC:< <

0 S > €B(H1XH2),
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where, T € B(H1), S € B(H2) and C € B(Hs2,H1). Observe that

I 0 T C I 0 .
o= (53T DY (1 8) mrer

We assume that S and T" have closed ranges. Since M¢ and Mo are similar, it follows
that ai(M%C) =0;,(M¢), i € {asc,dsc}.

Let 7 and S be two 2 x 2 block operator matrices defined by

0 0

0o S

T:(g g)eB(Hleg)and8:<

) € B(H1 x Ha).

It is easy to verify that hypothesis of Corollary 1.7 and Lemma 2.2 are satisfied. Conse-
quently, o; (M)\{0} C (0:(T) U 0y(S))\{0}. Using Lemma 3.1, 0y(M) = 0;(T) Uo;(S) =
0i;(T) U o;(S). By Theorem 1.9, 0desc(Mc) C 0desc(T) U 0desc(S) and by previous
proposition and [21, Proposition 1.6] we obtain o.sc(Mc¢) C Gasc(T) U Tasc(:S).
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