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GEOMETRIC REGULARITY RESULTS ON B(’;B-MANIFOLDS,
I: AFFINE CONNECTIONS

YURI X. MARTINS AND RODNEY J. BIEZUNER

ABSTRACT. In this paper we consider existence and multiplicity results concerning
affine connections on C'*-manifolds M whose coefficients are as regular as one needs,
following the regularity theory introduced in [10]. We show that if M admits a
B’; _g-structure, then the existence of such regular connections can be established
in terms of properties of the structural presheaf B. In other words, we propose a
solution to the existence problem in this setting. With regard to the multiplicity
problem, we show that the space of regular affine connections is an affine space of the
space of regular End(T'M)-valued 1-forms, and that if two regular connections are
locally additively different, then they are actually locally different. The existence of a
topology in which the space of regular connections is a nonempty open dense subset
of the space of all regular End(7T'M)-valued 1-forms is suggested.

VY miit poboTi PO3IIAAAIOTHCS PE3YJILTATH ICHYBaHHS Ta KPATHOCTI /11 adiHHIX
3p’siznocreit na CF-MuoroBumax M, KoedillieHTH SKUX HACTIILKI PEryIIsipHi, HACKIILKI
e HeoOXiZHO, BIAIOBIHO 70 Teopil peryssipHocti, BBegenol B [10]. ITokasano, 1o
akio M noryckae Bg’ 5-CTPYKTYDY, TO icHyBaHHSI TAKUX PErYJIAPHUX 3B SI3HOCTEM
MOXKHAa BCTAHOBUTH 3 TOUKHU 30Dy BIACTUBOCTEN CTPYKTYpPHOro nepeanydka B. Inmumu
CJIOBaAMU, MY [IPOIIOHYEMO PO3B’si3aHHs IpobyieMu icHyBaHH4 B il moctanosui. CTocoBHO
npobJieMu KPaTHOCTI, MU IIOKa3yE€MO, IO MIPOCTIp PeryisipHuX 3B’s3HOCTEH € adinHnM
[IPOCTOPOM TIPOCTOPY peryisapuux 1-dopm 3i snavennavu B End(T'M), i mo saxkmo asi
peryssipHi 3B’SI3HOCTI JIOKAJILHO aJUTUBHO Pi3HI, TO BOHU HACIPaBJl € JIOKAJILHO Pi3Hi.
3amporIoOHOBAHO TOMOJIOTIIO, B fAKil MPOCTIP PEryJIsIPHUX 3B’SI3HOCTEH € HEITOPOXKHBOIO
BIIKPUTOIO IIIBHOIO IiJAMHOXKHIHOIO IIPOCTOPY BCix peryispaux End (T M)-3naannx

1-cpopm.

1. INTRODUCTION

In a naive sense, a ‘regular” mathematical object in one which is described by func-
tions. The space where these structural functions live is the “regularity” of the defined
mathematical object. Thus, n-manifolds M are “regular” because they are described by
its charts ¢; : U; — R™. Furthermore, its regularity is given by the space where the
transition functions ¢;; = ¢; o 90;1 live. Similarly, tensors T', affine connections V and
partial differential operators D in M are also “regular”’, because they are described by
their local coefficients.

In [10] the authors proposed a formalization to this general notion of “regularity” and
begin its study in the context of C*-manifolds. In particular, we considered the existence
problem of subatlases satisfying prescribed regularity conditions. In the present work we
will continue this study by considering existence and multiplicity problems for regular
affine connections on regular C*-manifolds.

Such problems are of wide interest in many areas. For instance, in gauge theory
and when one needs certain uniform bounds on the curvature, it is desirable to work
with connections V whose coefficients are not only C*~2, but actually LP-integrable or
even uniformly bounded [12, 5]. In other situations, as in the study of holomorphic
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geometry, one considers holomorphic or Hermitian connections over complex manifolds
whose coefficients are holomorphic [7, 1]. If M has a G-structure, one can also consider
G-principal connections w on the frame bundle F'M, which induce an affine connection
V. in M, whose coefficients wg(9,) = I'¢, are such that for every a, T', € C*2(U) ® g,
where (I'g)e = I'S, [8]. Interesting examples of these are the symplectic connections,
which are specially important in formal deformation quantization of symplectic manifolds
[2, 6]. As a final example, a torsion-free affine connection defines a Ls-space structure in
a smooth manifold M (in the sense of [9]) iff its coeflicients satisfy a certain system of
partial differential equations [4]. Thus, the theory of Ls-spaces is about certain regular
connections.

In the formulation of “regular” object of [10], the spaces describing the regularity are
modeled by nuclear Fréchet spaces, since their category NFre is a closed symmetric
monoidal relatively to the projective tensor project ®, and since most of the function
spaces arising from geometry belongs to NFre. Furthermore, since one such space for
every open set U C M, this leads to consider presheaves B : Open(R")°? — NFre. On
the other hand, notice that if a mathematical concept is described by C*-functions f,
then the regularity of this object is typically described not only by the space where the
functions f live, but also by the space where their derivatives 9 f, 1 < i < k, belong. Thus,
we should consider sequences of presheaves B; : Open(R")°? — NFre, with ¢ =0, ..., k.
But, for reasons which will be more clear later (see Remark 2.50), it is better to allow
sequences B; indexed in more general sets I'. These are called presheaves of I'-spaces.

Example 1.1. The prototypical example of [0, k]-presheaf, where [0, k] =0, ..., k, is the
sequence C*~% If §: T — [0, k] is any function we get the I'-presheaf C*~#(). One can
also consider the sequences L*(U), WP (U), and so on.

We would also like to sum and multiply in the regularity spaces in a distributive way.
We will consider presheaves of distributive I'-spaces, which are presheaves of I'-spaces
endowed with a distributive structure. On the other hand, recall that we will be interested
in regularity structures on C*-objects. Thus, we need some way to make sense of the
intersections Bo;)(U) N C*AO(U), where the index o is necessary to ensure that both
are presheaves of I'-spaces for the same I'. This will be done with the help of an ambient
category X with pullbacks (typically the category of I'-graded real vector spaces) and of an
ambient object X, in which both B; and C*~#(®) can be included, being the intersection
B; Nx C*=P) given by the pullbacks of the inclusions. In other words, we will need an
intersection structure between B; and C*~#()denoted by X.

With all this stuff, we define a “regular” function f : U — R, here called (B, k, «, 3)-
function in X, as a C*-function such that 0'f € By (U) Nx )y C* PO (U) for each
i. Similarly, a “regular” C*-manifold, called (B(’;,B,X)—mamfold is one whose transition
functions ¢j; are regular functions, i.e., are (B, k, o, 3)-functions in X. Finally, a “regular”
affine connection in a (B 2 5 X)-manifold M is a C* affine connection V whose coefficients
(I'y)¢, in each regular chart ¢ of M are (B, k, o/, 3')-functions in some other ambient Y.
We also say that V is an affine (ny,ﬁ,, Y)-connection in M.

In this new language, the existence and multiplicity problems for regular affine connec-
tions on regular manifolds have the following description:

e Existence. Let M be a (Bféﬁ7 X)-manifolds. Given o’ and " and Y, can we find
conditions on B, k, a and S such that M admits affine (Bz,,ﬁ,,Y)—connections?
e Multiplicity. What can be said about the dimension of the space Conn& 5 (M;Y)
of (B(’i,ﬁ,,Y)—connections in M?
We prove that arbitrarily regular connection exist in sufficiently regular manifolds.
The will be based on four steps:
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(1) existence of arbitrarily regular affine connections in each U C M (Proposition
3.1);

(2) existence of global affine connections in M whose coefficients (I',)¢, are regular,
but whose derivatives are not (Theorem 3.2);

(3) proving a Regularity Globalization Lemma, ensuring that the derivatives 9'(I',,)¢,
can be made regular (Lemma 2.4);

(4) putting together the previous steps to get a global regular connection (Theorem
3.4).

Concerning the multiplicity problem, in Proposition 4.2 we show that the space of
regular affine connections is an affine space of the space of regular End(7TM)-valued
1-forms, and in Theorem 4.6 we prove that if two regular connections are locally additively
different, then they are locally different.

The paper is organized as follows. In Section 2 we present the needed background for
our main results. In parts, it contain concepts introduced in [10], but now described in a
more concrete way. Subsection 2.9 and Subsection 2.9 are fully new in content if compared
to [10]. In particular, in Subsection 2.9 the Regularity Globalization Lemma is stated
and proved. Section 3 deals with the existence problem and the four steps described
above. Section 4 is about the multiplicity problem. The paper ends with an informal
discussion of why we should believe that there exists a topology in which Conn’;,’ B (M;Y)
is a nonempty open dense subset of the space of tuples of (B, k,a’, 3')-functions in Y.

e Convention: remarks concerning notations and assumptions will be presented
using a bullet.

2. BACKGROUND

In this section we will present all that is necessary to formally state and prove the
existence and multiplicity results described in the introduction. We begin by recalling in
detail the definitions and results from [10] that will be needed in the next sections, which
are basically the notion of Bg g-manifold and the underlying concepts.

e Notations. In the following I' denotes an arbitrary set, regarded as a set of
indexes. Given k,l > 0 with k <, [k,] will denote the integer closed interval
from k£ to [. NFre will denote the category of nuclear Fréchet spaces with
continuous linear maps, and ® is the projective tensor product, which makes
NFre a symmetric monoidal category [11].

2.1. I'-Spaces. In this section we will recall what are distributive I'-spaces. For a
complete exposition, see Section 2 of [10].

Definition 2.1. A T'-space is a family B = (B;);er of nuclear Fréchet spaces. A morphism
f : B = B’ between two I'-spaces B and B’ is a family f; : B; — B} of morphisms in
NFre, with i € I'. Composition and identities are defined componentwise, so that we
have a category NFrer.

Example 2.2. The fundamental examples are the [0, k]-spaces given by B; = C*(M;R™),
where M is a C*-manifold, with the standard family of semi-norms

1l =" Sp sup 0" f; ()] (2.1)
i

pl=rxzeK;

with 0 < r < ¢ and (K)) some nice sequence of compact sets of M. More generally, given
a set I' and a function 8 : T — [0, k], we can define the I'-space B; = Crk=BO (M, R™).

Example 2.3. Similarly, we can consider in C’k*ﬂ(i)(U ;R) other Banach norms, as
LP-norms or Sobolev norms.
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Example 2.4. More generally, any sequence of Banach spaces defines a I'-space, where
I" is the set in which the sequence is indexed.

Example 2.5. Given a I'-space B and a function a : IV — I" we define a new I''-space
B, by reindexing B, i.e., (Ba)i = Ba()-

Definition 2.6. A distributive structure in a I'-space B consists of:
(1) maps €,6 : ' x ' = T}
(2) continuous linear maps *;; : B; ® Bj — Be(; ;) and +4; : B; ® Bj — By ;), for
every i, € I’
such that the following compatibility equations are satisfied for every x € B;, y € B; and
2 € By, and every 4,5,k € T' (notice that the first two equations, which describe left and
right distributivity, respectively, makes sense only because of the last two).

TGy (U ik z) = (T xijy) + (@ % 2)
(445 y) *s )k 2 = (% 2) + (Y *jk 2)
€(i,6(4,k)) = d(e(i,7),e(i, k))

€(d(4,5), k) 6(e(i, k), (4, k)).
We also require that +;; coincides with the sum +; in B;.

Definition 2.7. A distributive I'-space is a I'-space B endowed with distributive structure
(e,8,4,%). A morphism between distributive I'-spaces (B, ¢, d,+,*) and (B’,€,d',+, %)
is a pair (f, ), where p: T' — T is a function and f = (f;)ier is a family of continuous
linear maps f; : B; — B;(i) such that the following equations are satisfied (notice again
that the first two equations, which describe left and right distributivity, respectively,
makes sense only because of the last two):

f(@ i 9) F@) %0 iy F0)
fe+iy) = @) +5 60 F©)
p(e(i,g)) = € (u(@), n(4))

p(0(i, 7)) = (), n))-

Example 2.8. With pointwise sum and multiplication, the T-spaces C*~#) (M ;R) are
distributive for 6(i,j) = k — max(5(¢), 8(j)) = €(i,5). Holder’s inequality implies that
the Zxo-spaces L{(U) also are distributive, with §(4,5) = min(i, j) and €(i,j) =i j =
(i-7)/(i+7), now viewed as a I'-space for I' C Z>¢ being the set of all ¢, j > 0 such that i*j
is an integer. From Yong’s inequality one can considers a different distributive structure in
Li(R™) given by convolution product and such that e(i, j) = r(i,§) = (i-5) /(i +j — (i-)),
where now I' C Zx( is such that (7, j) is an integer.

Definition 2.9. Let B and B’ be a I'-space and a I'-space, respectively. The external
tensor product between them is the I x I'"-space B ® B’ such that (B ® B'); ; = B; ® B,

Remark 2.10. A distributive I'-space (B, €, d, +, *) induces two (I" x I')-spaces B, and
Bs, defined by (Bc)ij = B.(; ;) and (Bs)i; = Bs(;,j)- The family of maps *;; and +;;
defining a distributive I'-structure are actually morphisms of I' x I'-spaces * : BQ B = B,
and +: B® B = Bs.

2.2. Abstract Intersections. We now recall abstract intersection structures between
presheaves of distributive I'-spaces. For a complete exposition, see Section 2 of [10].

As a motivation, recall that the intersection A N B of vector subspaces A, B C X of
a fixed vector space X can be viewed as the pullback between the inclusions A «— X
and B — X. However, if A and B are arbitrary vector spaces, the “abstract intersection”
A C B is a priori not well-defined. In order to define it we first consider an ambient space
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X in which both can be embedded and one fixes embeddings o : A <— X and 8 : B — X.
The abstract intersection between A and B inside X, relative to the fixed embeddings «
and 3, is then defined as the pullback pb(«, 3) between o and f.

Notice that if the category C in which the objects A and B live does not have pullbacks,
then the above notion of abstract intersection may not exist for certain triples (X, «, 8).
In these cases we first need to regard both A and B as objects of another category X with
pullbacks. Thus, we take a faithful functor v : A — X, a fixed ambient object X € X and
fixed monomorphisms a : yo(A4) — X and a : y(4) — X «a:y(B) — X. The abstract
intersection can then be defined as the pullback pb(«, 8) between « and §, but now it
depends additionally on the faithful functor . Furthermore, a priori it exists only as an
object of X, which is why we call it “abstract”.

Definition 2.11. A I'-ambient is a tuple X = (X,~v,7x), where X is a category with
pullbacks and v and ~s, are faithful functors v : NFrer — X and vy : NFrerxr — X.
We say that a I'-ambient X has null objects if the ambient category X has a null object 0.

Example 2.12. As discussed in [10], the typical example of I'-ambient is such that X is
the category Vecr rxr of I' x I'-graded real vector spaces, vs; : NFreryr — Vecr rxr
is the forgetful functor and v : NFrer — Vecg rxr is the composition of I's; with the
inclusion NFrer — NFreryr given by «(B); ; = B; © 0.

Example 2.13. More generally, it is interesting to consider the class of vector I'-ambients
[10]. These are such that X = Vecg rxr, 7 creates null objects and v = 5 o F', where
F' is another functor that creates null objects.

Definition 2.14. Let B, B’ be two I'-spaces and let X = (X,,~vs) be a I'-ambient. An
intersection structure between B and B’ in (X, ~,~x) is given by an object X € X and
monomorphisms 2 : y(B) < X and ¢/ : y(B’) — X. We write X in order to denote
(X,1,7') and we say that X is the ambient object of X.

Notice that in the definition above the functor s, which is part of the I'-ambient, was
not used yet. It will be used when taking distributive structures into account.

Definition 2.15. Let (B,¢,0,+,*) and (B’,€/,d,+',+’) be distributive I'-spaces. An
intersection structure between them, denoted by X, consists of!

(1) a I'-ambient X = (X, ~,v%);

(2) an intersection structure Xy = (X,¢,7') between B and B’;

(3) an intersection structure X, = (X, 74, Ji.) between B, and B.,;
(4) an intersection structure Xy = (X, 4,7, ) between Bs and Bj,.

The abstract intersection between (B, €, d,+, ) and (B’,€/,d§,+',«') in X, relatively to
X, is:

(1) the abstract intersection pb(X,z,1; X, Xo) between B and B’;

(2) the abstract intersection pb(X,, 7«, 75; X, X,) between B, and B ;
(3) the abstract intersection pb(X, 74,7 ; X, Xy ) between Bs and Bj,;

(4) the additional pullbacks between s ()0 7, and vs(*') 0 7., and between vs(+) 074
and ys(4+') o 7y, as below?, describing the abstract intersections between the
multiplications * and *’, and the sums + and 4+, respectively?, in X and relatively
to X.

IRecall the definitions of B¢ and Bs in Remark 2.10.

2We presented only the first of these pullbacks, since the second one is fully analogous.

3Recall from Remark 2.10 that * and + can be viewed as morphisms defined on external tensor
products.
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pb(7s(*) © 24, 75 (*) 0 1) =(B' @ B') (2.2)

¥=(B® B) Y52 (Be)——— X,

¥ () I
e The abstract intersections between * and *’, and between + and +’, as above,
will be denoted simply by pb(x,*’; X, X,) and pb(+, +'; X', X, ), respectively.

Example 2.16. The abstract intersection usually depends strongly on the ambient object
X. E.g, in the T'-ambient of Example 2.12, if X = v(B)@®~(B’), then pb(X,,; X, X) ~ 0
independently of 2 and +. On the other hand, if X = span(y(B)U~(B’)), then the abstract
intersection is a nontrivial graded vector space if B; N B; is nontrivial for some i € T'. See
Examples 12-13 of [10].

Remark 2.17. In typical examples, if there is some ¢ € I" such that B; or B} is a
nontrivial vector space, then the abstract intersection between B and B’ is nontrivial too.
This depends on how we “concretify” the abstract intersections: see Lemma 2.2.

2.3. Concretization. Here we will recall the concretization procedures for abstract
intersection structures. See Section 2 of [10].

In the last section we described how we can intersect two objects A, B € C in a
category without pullbacks by means of considering spans in an ambient category X with
pullbacks via a faithful functor v : C — X. The resulting abstract intersection, however,
exists a priori only in X, but in many situations we actually need to work with it in C.
Thus we need some “concretization” procedure. An obvious approach would be to require
that v : C — X reflects pullbacks, but this would assume that C has pullbacks, which
is precisely what we are avoiding. One could also assume the presence of an opposite
directed functor F': X — C which preserves pullbacks, but again this assumes that C has
pullbacks. A final obvious attempt would be consider only flat functors v : C — X, but
this is too restrictive for our purposes. The exact condition that we need is the following®*:

Definition 2.18. Let v : C — X be a faithful functor and X € X. A concreteness
structure for v in X is given by a set W, (A4; X) of morphisms v(A) — X for each A € C.
Let

Wy (X) = | J W,(4;X).
AeC

We say ~y satisfies the concreteness property in the concreteness structure W, (X) if for
every pair f:y(A) = X and f': y(B) — X in W, (X) there exist:

(1) an object ANx B € C and an isomorphism u : (A Nx  B) ~ pb(f, f');
(2) morphisms 6, : ANx B — Aand 6,: ANx, B — B,

4One can actually work in a more general setting, as those discussed in [10]. However, the present
conditions are sufficient for essentially everything, including our main results.
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such that the diagram below commutes.

(A Nx,y B)

\*

pb(f, f') —— (B)

ml lf/

X

(2.3)

v(01)

Remark 2.19. The cospan in C defined by (61,602) is called concrete cospan of the
span (f, f’). Thus, the concreteness property allow us to replace a span in X by a not
necessarily universal cospan (i.e., not necessarily a limit) in C.

Lemma 2.1. If v satisfies the concreteness property in Wo(X) and if f and f' are
monomorphisms, then the corresponding 61 and 02 are too.

Proof. By the commutativity of the diagram above, we have v(6;) = m; o u, with i = 1, 2.
Since f and f’ are monomorphisms, it follows that m; are monomorphisms too. Thus,
~(0;) also are. Since 7 is faithful, it reflect monomorphisms. O

We can now put the previous discussion in our context.

Definition 2.20. Let X = (X,~v,7vs) be a I-ambient and let X € X. Define

(1) W,(B;X) as the collection of all monomorphisms ¢ : v(B) — X, where B €
NFrer, and W, (X) as the union of all of them;

(2) W,y (B;X) as the collection of all morphisms f : v5(B) — X, for B € NFrerxr
which are of the form f =10 g, where v : y2(B’) < X is a monomorphism and
g :7=(B) = y=(B’) is an arbitrary morphism. Let W, (X) be the union of all
of them.

We say that X' is y-concrete (resp. ys-concrete) in X if the functor v (resp. 7x) satisfies
the concreteness property in W, (X) (resp. W, (X)). We say that X' is concrete if it is
both «y-concrete and ys-concrete.

Remark 2.21. The class W, (B; X) contains morphisms of the form f =10 g (instead
of only monomorphism) precisely because we will need to concrectify diagrams like (2.2),
where g = ys(x). Notice that if g was assumed to be a monomorphism, then by the
arguments of Lemma 2.1, the multiplication % : B® B — B would be a monomorphism
too, which is not true in full generality.

Definition 2.22. Let X = (X, X,1,7) be an intersection structure between two fixed
I'-spaces B and B’. We say that it is y-concrete® (resp. 7g-concrete or concrete) if
I-ambient X is y-concrete (resp. ys-concrete or concrete) in X.

Definition 2.23. Consider, now, an intersection structure X = (X, X, X, X ) between
two distributive T'-spaces (B, €, d,*,+) and (B’,€,d, ', +'). We say that X is concrete
if X¢ is y-concrete and X, and X are vys-concrete. The concrete intersection between
B and B’ in X is given by the concrete cospans of the spans® (2,7), (J«,7.), (9457940),
(9« 0vs(%), 25 oys(*")) and (34 o ys(+), 5 o y=(+')). The vertices of these cospans will
be respectively denoted by B Nx - B, B. Nx, e Bers Bs Nx vs Bsry * Nx, s * and
+Nx, s+

5In [10] this corresponds to the notion of proper intersection structure.
6Take a look at diagrams (2.2) and (2.3), and at Remark 2.21.
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Remark 2.24. Notice that if an abstract intersection between I'-spaces B and B’ is
concrete, then it can itself be regarded as a I'-space. However, if an abstract intersection
between distributive I'-space is concrete, then it is not necessarily a distributive I'-space;
it is only a I' x I'-space with further stuff. This is enough for our purposes.

We close with a useful lemma which shows that for concrete vector ambients, concrete
intersections of nontrivial distributive I'-spaces are nontrivial too.

Lemma 2.2. Let X be a concrete intersection structure between distributive I'-spaces
(B,€,0,%,+) and (B',€',d',+',+), whose underlying T'-ambient X is vectorial. If there
exist 1,7 € I' such that B; or B;. are nontrivial, then X is nontrivial too.

Proof. See Proposition 1, page 10, of [10]. O

2.4. Extension to Sheaves. In the last sections we discussed that in order to formulate
a notion of “regularity” on a C*-manifold M we have to consider nontrivial intersections
between the existing C* regularity and the additional one. Notice, on the other hand, that
by the very notion of regularity, they are local properties. This means that a manifold M
is “regular” when the regularity is satisfied on the local pieces U; C M in such a way that
coherence conditions hold at the intersections U,y = Ug N Uy . Thus, we do not need
a global T-space B(M), but actually one B(p;(Us)) for each local chart ¢4 : Uy — R™.
Therefore, we have to work with presheaves B : Open(R™)°? — NFrer of I'-spaces.

Example 2.25. The examples of I'-spaces in Example 2.2 and Example 2.5 extends,
naturally, to presheaves of T'-spaces. E.g, given m,k and 8 : T' — [0, k], we have the
presheaf U — (C*F=80)(U)),. Tt will be denoted by C*~F. or simply C*=# if m = 1. If,
in addition, I' = [0, k] and 3 = id it will be denoted by C*~.

Example 2.26. Let B be a presheaf of I'-spaces. Then every function « : IV — T" defines
a new presheaf of I''-spaces By, by (Bo)(U) = B(U),.

Notice that all the discussion above can be internalized in the presheaf category of
presheaves in R™ by means of just taking a parametrization of definitions and results in
terms of opens sets of R™. Thus, we can talk about presheaves of distributive I'-spaces,
presheaves of intersection structures between presheaves of distributive I'-spaces, and
so on. We refer the reader to Section 3 of [10] for more details to this extension to the
presheaf setting.

Remark 2.27. To maintain compatibility with notations of [10], throughout this paper
a presheaf of intersection structures between presheaves of distributive I'-spaces B and
B’ will be called an intersection structure presheaf (ISP). Furthermore, it will be denoted
simply by X = (X, X), where X = (X,7,~vx) is the I-ambient and X : Op(R")°? —
NFrer is the presheaf of ambient I'-spaces.

2.5. Bk s-Presheaves. In order to prove the existence of a geometric object on a smooth
manlfold one typically first proves local existence and then uses a partition of unity to
globalize the construction. To extend the use of partition functions to the present regular
setting we will work with presheaves of I'-spaces which are ny, g-presheaves. See Section
3 of [10] for more details.
e In the following: CF(U) C C*(M) denotes the space of C*-bump functions with
the Fréchet structure induced by the seminorms (2.1).

Definition 2.28. We say that a set of indexes IV has degree r for some 0 < r < k if it
contains the interval [0, r].

e In the following we will write I',. to denote a generic set with degree r, while I'
will remain an arbitrary set.
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Definition 2.29. Let B = (B;);cr be a presheaf of I'-spaces and let o : TV — T and
B : T/ — [0, k] be functions. We say that the tuple (B, a, 8, k) has degree r if the domain
IV of the functions « and 8 has degree r, i.e., if they are defined in some T',..

Definition 2.30. Let (B, a, §, k) be a tuple as above. Let X = (X, X) be a concrete ISP
between B, and C*~F. We say that (B, k,a,3) is a BE z-presheaf in X if it has degree k
and for every open set U C R™ and every il there exists the dotted arrow %y ; making
commutative the diagram below, where 65 ;7 is part of the concrete cospan”.

‘U,

CH(U) @ Ck=PO(U) Cr=BO(U) (2.4)

1y ®02,U 02U

CH(U) © Bawy(U) Nx(vy C¥P(U) —o.> Ba(y(U) Nx(v) CrHr(U)

Intuitively, a B’Oi’ g-presheaf is a presheaf of I'-spaces B (U), which, when regarded as a

presheaf B, of I'y-spaces via a, has an intersection space with C*~#(U) that is closed
under multiplication of C*-bump functions.

Example 2.31. For every k, 3, a the presheaf of C*~% is a B’gﬁ—presheaf in the ISP
which is objectwise the standard vectorial intersection structure of Example 2.13.

Example 2.32. Similarly, the presheaves Lo (U); = L@ (U) with the distributive
structure given by pointwise sum and multiplication, is a nice Bg’a—presheaf in the
standard ISP, for A(U) = Cy°(U). An analogous conclusion is valid if we replace
pointwise multiplication with convolution product.

We close this section with two remarks concerning Definition 2.30.

(1) It has a generalization where one requires invariance under multiplication only
by a subvector space A(U) C C*(U) with a nuclear Fréchet structure. In this
case, for instance, in Example 2.32 we would get a different Bg g-structure in L,
taking A(U) = S(U) as the Schwartz space. Following [10], a nice B(’i’ﬁ—presheaf
should be one such that A(U) nontrivially intersects C¥(U). In the following,
however, we will work only with A(U) = CF(U), so that every B(’; g-presheaf will
be nice.

(2) Following the conventions of [10] a Bk g-presheaf in X whose presheaves of
intersection spaces B, Nx C*~# are nontr1v1al is called a C’k ﬁ—presheaf In this
paper we will not work directly with them. However, from Lemma 2.2, for
vectorial ISP X, if B, is nontrivial (i.e., if for every U C R"™ there is iy € T
such that By, )(U) # 0), then every Biﬁ—presheaf inXis a C’i”ﬁ-presheaf. In
particular, the B’Oi _s-presheaves of Examples 2.31-2 are C’ft _g-presheaves.

2.6. Bk p-Functions. As discussed in the introduction, in order to formalize the notion
of rcgularlty on manifolds we have to demand conditions not only on the transition
functions %, : ps(Uss') = R, with a =1, ..., n, but also on their derivatives 0*¢?% ., with
pw=1,...k where ggs = @y 0 p;1. In our context this is described as follows. See
Section 5 of [10] for a complete exposition.

Definition 2.33. Let (B, k,«a,3) be a Bzﬁ—presheaf in a concrete ISP X. Let U C R"
be an open set and let f : U — R be a real C*-function. Let S C [0, k] C I'x be a subset®.
We say that f is a (B§’5|S)—functz’0n (or (B, k,a, B|S)-function) in X if for every i € S

Twhich therefore is a monomorphism due to Lemma 2.1.
8Here is where we are using that a Bg ﬁ-presheaf has degree k.
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we have 0'f € By (U) Nx @y C¥ PO (U). A vectorial function f: U — R™, with m > 1
is a (B(’;,B|S)—function in X if its coordinate functions f¢: U — R, with a = 1, ..., m, are.

Thus, for instance, if ' = [0,k] = 'y, and a(i) =i = (i), then f is a (B, k, «, 5|S)-
function in X precisely if 9* f belongs to B;(U) Nx (U)C*~*(U). This means that the set
S and the functions « and 5 determine how the derivatives O f of f lose regularity when
W increases.

2.7. B(]; s~Manifolds. We are now ready to define what is a Bg g-manifold. See Section
5 of [10].
Definition 2.34. A C*-manifold is a paracompact Hausdorff topological space M

endowed with a maximal atlas A with charts ¢, : Us — R”, whose transition functions
srs = P 0051 1 0 (User) = R™ are C*, where Uy = U, N Uy

Definition 2.35. Let (M,.A) be a C¥-manifold. A subatlas A" C A is closed under
restrictions if restrictions of charts in A’ to smaller open sets remains in A’. More
precisely, if (o,U) € A" and V C U, then (¢|y,V) € A'.

Definition 2.36. Let (B, k,«, 3) be a B(’;ﬁ-presheaf in a concrete ISP X. A (Bf;”ﬁ,X)—
structure in a C*-manifold (M, A) is a subatlas B’;’ 5(X) closed under restrictions whose

transition functions g are (B, k, «, §)-functions in X. Explicitly, this means that if
s € 8275 (X), then for each other ¢y € B(’iﬁ (X) such that Uss # @, we have

aispgs’ € Ba(i) (@S(USS’)) mX(LPs(USS/)) Ck_ﬁ(i)(@s(Uss’))
for every i € [0,k] C T'y.

Definition 2.37. A (Bgﬁ,X)—manifold is a C* manifold endowed with a (BQ)B,X)—
structure.

In [10] the authors define morphisms between two (BE ;,X)-manifolds as C*-maps
whose local representation by charts in the corresponding (B 2 > X)-structures are (B, k, a, 3)-
functions in X. Here we will need only the particular case between C*-manifolds.

Definition 2.38. Let (M, A) and (M’, A’) be Ck-manifolds, let X a concrete ISP,
(B, k,a, ) a Bﬁﬁ—presheaf in Xand S C [0,k] C Ty asubset. A (B, k,«a, B|S)-morphism,
(B, k, «, B|S)-function or (B§VB|S)—m0rphism between M and M’ is a C*-function f :
M — M’ such that for every ¢ € A and ¢’ € A’ the corresponding C*-function ¢’o fop™!
is actually a (B§,5|S)—function in X. If S = [0, k] we say simply that f is a B(’i)ﬁ—morphism.

Remark 2.39. From the examples above it is clear that a C*-manifold does not necessarily
admits any (B§ 5,X)—structure. Thus, there are obstructions which typically can be
characterized as topological or geometric obstructions on the underlying C*-structure. A
complete characterization of these obstructions was not found yet. On the other hand, in
[10] the authors give sufficient conditions on B, a, 3, k and on the underlying C*-structure
ensuring the existence of B(’iﬂ—structures, specially in the case where (B, k,a, ) is a
C 2 s-presheaf.

2.8. Affine Biﬁ-Connections. We now introduce the objects of study in this paper:
affine V connections on C*-manifolds M whose local coefficients I'¢, satisfies additional
regularity conditions, possibly depending on some regularity on the underlying manifold M.
In other words, we will consider “regular” affine connections on (B’Oi 5, X)-manifolds. The
obvious idea would then to be take affine connections whose coefficients (I',)S, : p(U) = R
in each (¢,U) € BY, 5(X) are BY s-functions. This, however, is too restrictive to the global
existence of such objects due to two reasons.
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(1) The regularity rate decay of the derivatives OM'T'S,, when p grows, is typically
different of that 0"¢§; of the transition functions ¢3;. This leads us instead to
consider affine connections whose coefficients are (B, g|9)-functions, where o, 5’
are functions typically different from «, 8 in shape and/or in domain/codomain.
For instance, ¢f; are C*, while I'¢; is C*=2. Thus, if 3(i) = i, then 8’ must be
B'(i) = i + 2. Equivalently, we can regard 8’ as defined in [2, k] instead of in [0, k]
and take §'(i) = i.

(2) The ISP appearing in the reqularity of T'S, is usually different from that describing
the regularity of ¢;;. For instance, we could consider intersections in the same
T-ambient (X,~,vs), but in different presheaves of ambient I'-spaces X and Y.

Definition 2.40. Let (B, k,«, ) bea Bgﬂ—presheaf in a concrete ISP X. Let (M, BQB(X))
be a Biﬁ-manifold in X. Let S C [0,k] C Ty be a subset and consider functions

o :Tp = Tand f : Ty — [2,k]. Let Y be a concrete ISP between B, and C*=F',
An affine (BZ,)B,|S)—connection in M, relative to Y, is an affine connections V in the
underlying C*-manifold such that for every (¢,U) € B(’j(, 5(X) the corresponding local
coefficients (I',)¢, : ¢(U) — R are (B, k, ', §'|S)-functions in Y.

2.9. Regularity Globalization Lemma. Condition 1 and the nice hypotheses on B(’i’ P
suffice to ensure existence of connections V which are locally regular in X, following the
classical construction of affine connections via partitions of unity. Condition 2 will be
used to prove global regularity. More precisely, we show that if B, admits some universal
way to connect two ISP from it to C*~#, then every affine connection V locally reqular
in a given X induces another affine connection V which is globally regular in an ISP Y
“compatible” with X. Here we introduce these notions of universality and compatibility
between two ISP.

Definition 2.41.

(1) Two ISP X and Y between presheaves of I'-spaces B and B’ are compatible if
they have the same underlying I'-ambient and strongly compatible if they also
have the same presheaf of ambient spaces X;

(2) A strongly compatible sequence of ISP (or scISP, for short) between sequences
B = (B;) and B = (Bj]) of presheaves of I'-spaces is a sequence X = (X;) such
that X; and X; are strongly compatible for every i, j;

(3) Two sequences X = (X;) and Y = (Y;) of ISP between B = (B;) and B’ = (B))
are compatible if X; and Y; are compatible for every 1.

Definition 2.42. Let B and B’ be two presheaves of I'-spaces and of I'-spaces, respec-
tively. Let I'y, be a set of degree k. A T'y-connective structure between B and B’ is given
by:
(1) sets of functions O C Mor(T',T") and O C Mor(T'y,IV);
(2) functions Dy and Dg assigning to each pairs 6,0’ € O and 9,9 € Q correspond-
ing morphisms Dy (6, 6’) : By = By and Dg(9,?) : By = B}, which satisfy the
composite laws

D(’)(Ha 0//) = DO(alv 9//) © D(’)(aa 9/)7

meaning that the following triangles are commutative:

Do (6,6 Do (9,9
S \H/DO(H,ae”) Dg(ﬂl’ﬁ//)ﬂ/ .
Do (0,0 o(9,9")

Bo’l B,,g//
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(3) for every (6,9) € OxQ a concrete ISP X y between By and B}, whose correspond-
ing sequence X = (Xp ) is strongly compatible. Let X denote the underlying
presheaf of ambient spaces;

(4) for every other scISP Y = (Yg,) between B and B’, indexed in O x Q and
compatible with X = (Xg »), a morphism D(X;Y) : X = Y of presheaves, where
Y is the presheaf of ambient spaces of each Y;, such that the diagram below
commutes for every 6,6’,9,1’.

(Bo Nx,y BY) ; B (2.6)
\\Q 99
S Do(9,9)
T
(Bg/ Ny B:gl) —— B{g/
\H/ 1,19/ To
Do (6,6’
By 0(0,0") By — Y
D(X;Y)
70 X

Remark 2.43. By the universality of pullbacks, there exists the dotted arrow «Eg,’%, in
diagram (2.6). Furthermore, the composition laws (2.5) and the uniqueness of pullbacks
imply a composition law for those dotted arrows:
0,9 _ +0"9 0,9
691/’,'9// - 9//}19// O 0/,,‘9/'
Definition 2.44. We say that the sequence X = (Xp ) is the base scISP of the I'y-
connective structure.

e In the following we will say “consider a I'y-connective structure between B and
B’ in the scISP X”, meaning that X is the base scISP of the refereed connective
structure.

In the case where B and B’ are presheaves of distributive I'-spaces and I''-spaces, we
need to require that the connection between them preserves sum and multiplication.

Definition 2.45. Let B and B’ be presheaves of distributive I'-spaces and I’-spaces,
respectively. A I'y-connective structure between B and B’ in X = (Xy y) is distribu-
tive if for every 6,0’ € O and every ¢,9 € Q there are objective monomorphisms
(vx)o,0 + Beo,y = Be(or,ory and (v,)o,0 Bé’(ﬂﬂ) = Bé’(ﬁ’ﬁ’) making commutative
the diagram below, and also objectwise monomorphisms (v4)g,er : Bs,0) = Bsor,0)
and (v, )9, : Bg,(ﬁﬂg) = Bg,(ﬁ/ﬁ/) making commutative the analogous diagram for the
additive structures.

B9 <— B}, ® Bjy <= (By Nx B})) ® (By Nx Bjy) == By ® By =——=> B9 p)

(’Yil)v,v’ﬂ/ 53}?919/ ®£z}%lﬂ H(’Y*)e,e’

Bl yr.91 <<= Bjy ® By <—= (Bo Ny Bj) @ (By Ny Bjy) == By @ By —=> Be(o',)

Let us now return to our context of B(’i g-presheaves. First, a notation:

e given a set 'y of degree k, a function 5y : I'y — [2,k] and j € Ty, let [5o; ]k
denote the subset of all ¢ € [0,k] C T'y, such that 0 < By(j) —i < k, i.e., the
interval [0,k — Bo(4)].
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e Thus, by restriction each presheaf B of I'-spaces and the presheaf’ C*~ of [0, k]
can both be regarded as presheaves of [Sy; j]x-spaces.

Definition 2.46. Let X be a concrete ISP and let (B, k, a, 8) be a Bi,ﬁ—presheaf in X.
Given functions o : I'y — I' and By : 'y, — [2, k], for each j € T}, regard B and (C*~%);
as presheaves of [8y; j|x-spaces. A («, fo;j)-connection in B is a connection between B
and C*— in some scISP X, such that:

(1) a,a0€ O, 8,50 € Qand X, 5 =X;

(2) ap; € O and By ; € Q, where ag (i) = ao(j) is the constant function and
B.;(@) = Bo(j) — i is the shifting function;

(3) if ¥Q is any function bounded from above by Sy, i.e., if 9(i) < Bo(i), then the
morphism Dg (B, ¥) : C"~Po = C*=? is the canonical inclusion.

Definition 2.47. A (ag, 5o, j)-connection in B is distributive if it is a distributive
connection between B and C*~ in the sense of Definition 2.45.

The globalization of the local regularity of an affine connection in a (Bfé 8 X)-manifold
will depends on the existence of a distributive (aq, f8o; j)-connection in B. Furthermore,
the extended regular will have local coefficients which are (B, 6,4, Y|S)-functions for
functions (0,9) € O x Q which are “ordinary” and for a set .S which is of a very special
shape, in the the following sense.

Definition 2.48. An additive structure in a set I'y, of degree k consists of

(1) a set I'y;, of degree 2k containing I'x;
(2) amap + : 'y x Ty — Dy extending sum of nonnegative integers, i.e., such that
if 2,1 € [0,k], then 2+ = 2 + .

An additive set of degree k is a set of degree k where an additive structure where fixed.

e To make notations simpler, in the following we will write z + [ instead of z+I
even if z,[ are arbitrary elements of ['y.

e Let (I'y,+) be an additive set of degree k and Sy : T'x, — [2, k] be a map. Given
2 € [Bo; Jlk, let Tk [z] C Ty be the set of every | € Ty, such that z + 1 € [Bo; j]k-

Lemma 2.3. In the same notations above, for every z € [Bo; j]r we have
I‘k[z] C (l“k—l"kﬂ[ﬁo(])—z—kl,oo)) (27)
Proof. Straightforward: just a simple inequalities study. O

Example 2.49. In particular, if I'y, = [0, k], then I'y[2] C [0, Bo(j) — 2]. More specifically,
if z =0, then T'x[z] = [Bo; j]k, while if z = k — Bo(j), then T'x[z] = 0.

Remark 2.50 (Important Remark). Sets like I'y[z] will be the sets S in which the regular
affine connections that we will build will have coefficients as (B, k, 8, ¥|.S)-functions. Thus,
for larger T';[z] we will have more control on the regularities of higher order derivatives
of the coefficient functions. On the other hand, from Lemma 2.3 we see that when z
increases, the set I'y[z] becomes smaller. Furthermore, in Example 2.49 we saw that if
Ty, = [0, k] is the obvious set of degree k, then I'y[z] strongly depends on z. In particular,
for z = k — Bo(j) we have I'y[z] = 0 which would produce a regular affine connection with
no control on the regularity of derivatives! This is one of the main reasons for working in
the setup of general I'g-spaces: to have more control on the regularity of derivatives of
the new affine connections, specially independent on z. Indeed, notice that if I'y increases,
then the difference (2.49) becomes closer to I'y and, therefore, is independent of z.

9Recall the notation in Example 2.25.
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Example 2.51. If k = oo, then [8o; jloo = [0, 00) for every By. Thus [0,00) C I'w[2] for
every z € [Bo; j]oo = [0, 00), which follows from the fact that the additive structure of I'
is compatible with sum of integers.

Definition 2.52. Let Iy be a set of degree k, I' a set and let O C Mor(I'y;T") and
Q C Mor(I'g; [0, k]). Let X C I, a subset. We say that a sequence of pairs (0;,;);, with
0, € O and 9, € Q, is ordinary in X if each [ € X and the corresponding pair (6., 9.),
given by 6,(1) = 0;(z) and 9.(l) = ¥;(2) also belongs to O x Q. Finally, we say that
(0,9) € O x Q is ordinary in X if § = 0/, and ¥ = ', for some &, and ¥, i.e, if it is the
induced pair of a sequence of ordinary pairs in X.

We can now state and prove the fundamental step in the globalization of the regularity.

Lemma 2.4 (Regularity Globalization Lemma). Let M be a (B* > X)-manifold and
suppose that B admits a («g, Bo; j)-connection in some scISP X. Then, for every U C R™,
every z € [Bo; jlk and every scISP Y = (Yq,9) between B and C*=, compatible with X,
the elements of

Bay(y(U) Ny CF=0=2(17)

can be regarded as (B, k,8,9|T'y[z])-functions in Yg g, for every (6,9) € O x Q ordinary

Proof. Since the B and C*~ admits a I';-connective structure in some X, by definition
it follows that for every scISP Y compatible with X and every 0,6’ € O and 9, €
Q we have IIlOI‘phiSHlS fU,i : Bg(z)(U) ﬂx(U) Ckiﬁ(i) — Bg/(l)(U) ﬁy ) Ck o' (Z (U)
making commutative the diagram (2.6). Since the I'y-connective structure is actually
a (o, fo; j)-connection we have o ; € O and Sy ; € Q. Thus, for § = ag,; and
¥ = By, ; we see that for every 0 € O, ¥ € Q, and ¢ € [fo; j]i we have a morphism
from B, (j)(U) Nx @y CF=W=(U) to By ;) (U) Ny () CH=?"()(U). Notice that if f €
Bao () (U) Nx @y C*~ Fo)=i(17), then d'f € CF=Pol)=G+D(T) for every I that i +1 €
[Bo;7]x- Thus, by universality, for every such | we can regard 0'f € By (»)(U) Ny ()
Ck=9G)(U), where 8, € O and ¥, € Q. If z € [Bo; ]k, then by definition we have
z+1 € [Bo; j]k for every | € Tz ], so that the functions (1) = 6/(z) and J(I) = V()
are defined on T';[z]. Suppose that this pair (6,1) belongs to O x Q, i.e, suppose that
it is ordinary in I'y[z]. Thus, 8'f € By (U) Ny () C*=?(1(U), meaning that f can be
regarded as a (B, k, 8, 9|T'x[z])-function in Y. O

The Regularity Globalization Lemma will ensure that in each open set U C R™ the
local regularity can be globalized. The collage of these conditions when U varies will
be made gain, as expected, via partitions of unity. Since we are introducing a new
structure (connections between presheaves of I'-spaces in an scISP), we need to require
some compatibility between them, the partitions of unity and the regular charts of the
underlying regular manifold.

Definition 2.53. Let B be a Biﬁ—presheaf in a concrete ISP X. We say that a («o, Bo; J)-
connection in some scISP X is:

(1) Support preserving if for every pair (6,9) € O x Q, every scISP Y compatible
with X and every U C R", if f € B, ;)(U) Nx ) CF(U), then supp( a"’ﬁo(f)) C
supp(f)*°

10Recall that ag € O and By € Q, so that the map £20:50 above exists.
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(2) Bump preserving if for every pair (0,9) € O x Q, every scISP Y compatible with
X and every U C R", the map {;‘3’80 factors as below!!

Bayi)(U) Nx (0 C¥PO(U) <— By 1y(U) Nx ) CE(U)

an »B80 l

|
|
_ ¥
Bo@y(U) Ny 1y CK=?O(U) <——By(1y(U) Nx (1) C*(U)

(3) Unital if given f € Bay(i)(U) Nx ) CF=H@(U) and p € U such that f(p) = 1,
then ( g?ﬁ,fﬁo(f))(p) =1 for every (6,9) € O x Q and every scISP Y compatible
with X.
(4) Nice if it is support preserving, bump preserving and unital.
Next lemma shows that distributive nice (g, Bo; j)-connections preserve partitions of
unity.

Lemma 2.5. Let B be Bg g X and suppose that it admits a distributive and nice
(v, Bo; 7)-connection in some scISP X. In this case, if (Us)s is a covering of R™ and
(¥s)s is a C*-partition of unity in R™ subordinate to it, then for every (0,9) € O x Q
the corresponding sequence (& O’ﬁo (¥s))s is a partition of unity subordinate to the same
Covering.

Proof. Support preserving ensures that each f%’ﬂ °(1s) is a bump function with support
in Uy, which is C* due to the bump preserving condition. Support preserving and locally
finiteness of (1s)s imply that (£, B (1h,))s is locally finite too. Furthermore, since the
(v, Bo; 7)-connection is dlstrlbutlve and unital, we have

DG 0 0) = €57 Qo) = €0 ) = 1

so that (£, Po(apy))s is a partition of unity, as desired. O

e Let (M, A) be a C*-manifold. For every 0 < r < k, let 9" A(U) c C*"(U)
be the set of rth derivatives 0"pj; of transitions functions ¢;; = ¢; o <pi_1 by
charts ¢;, ¢; € A such that ;(U;;) = U. Note that if B C A is a subatlas, then
0"B(U) c 9" A(U) for each r.

Definition 2.54. Let (M, Bk 5(X)) be a (BQB,X) -manifold and take 0 < r < k. We
say that a (ag, Bo;j)- connectlon in B in some scISP X has degree r if for every par
(0,9) € O x Q such that i < 9(i), with 0 < ¢ < r, every scISP Y compatible with X
and every U C R", there exists the dotted arrow below (we omitted U to simplify the
notation). In other words, 590‘7 f(al%i) = 0'¢;i, for every transition function ¢;; by charts
i, P € Bgyﬁ(X), where ¢;; are transition functions of charts ¢;, ¢; € A.

(Ba(i) Nx Ck_B(i)) Nok-66) 61'B§7ﬁ(X)C—> Ba(i) MNx Ck—B@) (2.8)

|
| J{fé‘f
y

(Bogi) Nx C* D) Nimoty 82A—— By(yy Ny CF20)

11Compare with Definition 2.30. See Remark 1.
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3. EXISTENCE

We are now ready to prove the existence theorem of (Bf 5 |S)-connections in Bf ;-
manifolds in the same lines described in the introduction, now presented in a much more
precise form:

(1) Ezistence of regular locally defined connections. In Proposition 3.1 we will
show that every coordinate open set U C M of a C*-manifold admits a B(’fw, Bo”
connection for every «q, fo.

(2) Ezistence of weakly locally regular globally defined connections. In Theorem 3.2
we will prove, using the first step and a partition of unity argument, that every
(B(I; 8> X)-manifold admits, for every given functions ayg, g, affine connections V
whose coefficients in each (¢, U) € B(’;B(X) belongs to 3.9, where af and 3] are
numbers depending on g and fy.

(3) Emistence of locally regular globally defined connections. The connections obtained
in the last step are almost locally regular because their local coefficients are not
(B, k,d, 8)-functions for certain o/, 8’, but only belong to (3.9). In order to be
(B, k,d’, B8')-functions we also need regularity on the derivative of the coefficients.
It is at this moment that Lemma 2.4 plays its role and, therefore, the moment when
we need to add their hypotheses and additional objects ((ayg, Bo; j)-connections).
This is done in Proposition 3.3.

(4) Ewzistence of globally regular globally defined connections. Finally, in Theorem
3.4 we glue the locally regular connections in each (p,U) € BQ)B(X) getting the
desired B§,7 g-connections. It is in this step that we will need to assume that the
(v, Bo; 7)-connections are compatible with partitions of unity, i.e., that they are
nice in the sense of Definition 2.53.

Proposition 3.1 (Regular Local Existence). Let (M,.A) be a C*-manifold, with k > 2,
and (¢,U) € A a chart, regarded as a C*-manifold. Let T be a set, S C [0,k] C Ty a
subset, and consider functions ag : S — T and By : S — [2,k]. Let B be a presheaf
of distributive T'-spaces. Then U admits a (B . |S)-connection V, relatively to every

ao,B0
concrete ISP between B, and C*=Po.

Proof. Recall that any family of C%-functions f¢, : R" — R defines a connection in R”
[3]. Thus, any family of C?-functions f¢, : V — R in an open set V C R" defines a
connection Vo in V. If ¢ : U — R™ is a chart in M with ¢(U) C V, pulling back V we
get a connection V,, in U whose coefficients are fS, o ¢. Consequently, if f¢, are chosen
(B, k, ag, Bo|S)-functions in X, then V,, is a (B§07BO,X|S)—Connection in U. O

o If (x,€) is the multiplicative structure of B, let

e"(l,m) =e(l,e(l,e(l, e(...e(l,m)...))).
Theorem 3.2 (Locally Weakly Regular Existence). Let X be a concrete ISP and let M be
a (B(’;B, X)-manifold, with k > 2. Let Ty be a set of degree k. Given functions o : 'y, = T’
and By : T, — [2, K], there exists an affine connection V in M whose coefficients in each
(p,U) € BQ’Q(X) belong to

Bay ((0(U") Nx(pury) CF 0 (0(U”)) (3.9)
for some nonempty open set U' C U,

ap = 6(e*(a(1), a(0)), e(a(2), a(1))), B = max(5(1), 5(2), 6o(0)) (3.10)

and (e,0) are part of the distributive structure of B.
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Proof. Let (¢s,Us)s be an open covering of M by coordinate systems in B~ 5(X) and let
Vs be an affine connection in U, with coefficients (f5)S,. Let (1) be a partition of unity
of class C*, subordinate to (s, Us), and recall that V = > 1) - V, is a globally defined
connection in M. We assert that if ¢, are in B¥ 5(X), then V is a well-defined connection
whose coefficients belong to (3.9) for certain U’. Notice that the coefficients (I')<, of V
in a fixed @, are obtained in the following way: let N(s) be the finite set of every s’ such
that Usy = U; N Uy # @. For each s’ € N(s) we can do a change of coordinates and
rewrite (fs)¢, in the coordinates ¢, as given by the functions

. 0pS 0P 0, . 0%, 0p°
vy = Y Ee TP O p ST s 3.11
(Foris o 0L, Dp? Oh (FsJimo + — pt0p; o (8-11)

l,m,o

where by abuse of notation ¢¢ = (s 0 ¢,,')¢. We then have
ab - Z 7/13 fé a (312)

s’e€N(s)

From Proposition 3.1 we can take each V, (B* oy X)-connection, so that (fs)L,,, can be
chosen (B, k, ag, Bo)-functions in X. Furthermore, since ¢, € BQ’B(X) we have

(o c (Ba(l) Nx Ck—ﬁ(l))(Us'/) and 82902’ c (Ba(2 Nx lol /3(2))(Us/,)
ael, > paoph -

where U?., = ¢y (Usy). This is well-defined since 4(2) < k. Due to the compatibility
between the additive/multiplicative structures of B, and C*~# the first and the second
terms of the right-hand slice of (3.11) belong to

(Bes(a(1),a0(0)) Nx CE7maxBM:AON) (@7e) )

and
(Be(a@a(ry) Nx CFmX @A @),
respectively, so that the left-hand side of (3.11) belongs to

(Br(es(a(1) a0 (0)),(a(2),a(1)y) Nx CFTmaxEOB@HBON) Uy ) = (By, Nx CFP0) (Unyy)),

where Uy () = Nyen(s)Uss'- Since B is a Bk g-presheaf in X, diagram (2.4) implies that
each product ¥ (fs.s)S, in the sum (3.12) belongs to the same space, so that the entire
sum also belongs to that space. Repeating the process for all coverings in Bm ﬁ( ) and
noticing that o/ and 5’ do not depend on s, s’, we get the desired result. O

Proposition 3.3 (Locally Regular Existence). In the same notations and hypotheses of
Theorem 8.2, if B admits a (o, '; j)-connection in some scISP X, where o/ : Ty, —» T
and B’ : Ty — [2,k] are functions such that o/ (j) = oy and p'(j) = By, then for every
scISP Y compatible X and every z € [5'; ]k, the elements of (3.9) can be regarded as
(B, k,0,9|Tk|2])-functions in Yg 9, for every pair (6,9) € O x Q which is ordinary in

Proof. Direct application of Lemma 2.4. O

Theorem 3.4 (Global Regular Existence). Let M be a (Bfl,ﬂ,X)-mam'fold, with k > 2,
and, as above, suppose that the structural presheaf B admits a (o, f'; j)-connection
in some scISP X, where o'(j) = «f and 5'(j) = B}. Suppose, in addition, that this
(o, 8’5 7)-connection is distributive, nice and has degree r > 2. Then, M admits a
(Bg’ﬂ,Y97§|Fk[z])—connection for every scISP Y compatible with X, every z € [3'; j]x and
every pair (0,9) ordinary in T'y[z] such that i < 9(i).
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Proof. From Theorem 3.2 there exists an affine connection V whose coefficients (3.12)
belong to (3.9). By the first part of the hypotheses we can apply Proposition 3.3, so
that for any pair (6, 9) ordinary in I'y[z], the coefficients (I's)¢, in (3.12) can be regarded
as (B, k,0,9,Yg |T'x[2])-functions. But, from the proof of Lemma 2.4 we see that this
way to regard elements of an intersection space as regular functions is made by taking
their image under 50' i . Thus, Proposition 3.3 is telling us precisely that, for every s,

the corresponding 59’19 ((Fs)ab) are (B, k,0,9,Yg |T'x[2])-functions. We will show that,
under the additional hypotheses, the collection of these when varying s also defines an
affine connection in M, which will be a (B 4, Yg.9|T[2])-connection by construction.
Notice that the expression (3.11) which describes how (I',)¢, changes when s varies
involves multiplications, sums, bump functions and derivatives of the transition functions.
But the additional hypotheses are precisely about the preservation of these data by &!
More precisely, for i < ¥(i) we have:

;o ;o 80 O™ H° 62 l O
o' B c _ o', B ()03 Lps’ ()081 , l L)05’ @s
5619 ((fs ;S)ab> - 69 ( E : 3(,01.5, 830(91 8@2 (fs )mo + % 73@‘;8@2 8@2,)

l,m,o

= X oo (55 oo (G ) (5 Yoo (1) +
l

,M,0

—1—25919( “3805)5919(5’82%)

N l 0%, 0
= 2 50t gy oy (U)h) ¥ 5500 gt

where we omitted the superior indexes in the maps £ to simplify the notation and ¢, are
charts in the maximal C*-atlas A of M. Furthermore, in the first step we used (3.11)
and in the second one we used compatibility between the distributive structures of B
and C*~ and also the distributive properties of ¢ (which comes from the fact that the
(o, B'; j)-connection is supposed distributive) and the composition laws (2.5). In the
third step we used that the (o', 8’; j)-connection has degree r > 2 (here is where we need
i < 9(i)). By the same kind of arguments,

gé,;;ﬁ/((l“s)gb) = ggl;,ﬂ( Z Yo (fsris ab) (3.13)
s’€N(s)
05 097 02, !
= 5 5 a 61 ((fsl)mo)+ (314)
SGZNM v (; 99L, 06 d¢h

oL, 04
“Yggodod,) O

> G W (Te)a)in, (3.16)

s’€N(s)

where ((I's),9)S, are the coefficients of the affine connection in Uy defined by the family
of functions fgﬂ’ﬂ ((fs)L,,)- Since the (o, B'; j)-connection in B is nice and distributive it
follows from Lemma 2.5 that ( g‘ﬂ;ﬂ (15))s is a Ck-partition of unity for M. Thus, (3.16)

is a globally defined affine connection in M, which by construction is a (Bgﬁ, Yo.9Tk[2])-
connection. O
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4. MULTIPLICITY

The last result was about the existence of regular connections. In the following we will
consider the multiplicity problem. More precisely, given a Bé, g-manifold M in an ISP X,
S C Ty, functions 6 : S — ' and 9 : S — [2, k], and a concrete ISP Y compatible with X
we will study the set Conn’gﬁ(M; Y|S) of (Bé%, Yo,9|S)-connections in M.

o Let (Bend)’;,ﬁ(X) C BQ,B(X) be the collection of all charts (o, U) € B’géﬁ (X) which
trivializes the endomorphism bundle End(T'M).

Definition 4.1. Let S C Ty, 0: S =T, 9:S5 — [2,k] and Y as above. An End(T'M)-
valued (Bf,f’ﬂ, Y)-form of degree one is an End(T'M)-valued 1-form w of class C* whose

coefficients (w,)5, in every (p,U) € (Bcnd)’;)ﬁ(X) are (B, k,0,9|5)-functions in Y. Let
Qp 9(M;End(TM),Y|S) (4.17)
denote the set of all of them.

We begin with an easy fact: in the same way as the set of affine connections in a
C*-manifold is an affine space of the vector space of End(7 M)-valued 1-forms, the set of
regular affine connections on a regular manifold is an affine space of the vector space of
regular End(TM)-valued 1-forms. More precisely,

Proposition 4.2. Let M be a (BZWX)—manifold. For every S, 0, 9 and Y as above:

(1) (4.17) is a vector subspace of Q' (M;End(TM));
(2) Connlgﬂg(]\/l;mS) is an affine space of (4.17).

Proof. For the first one, recall that in a distributive I'-space B = (B;) the additive
structure +;; : B; ® Bj — Bs(; j) is such that §(i,7) = i and +;; is the sum of B;. For
the second one, if V and V are two affine C*-connections in M, then w = V — V has
coefficients in (¢,U) € (Bend)ﬁﬁ(X) given by (wy)¢, = ()¢, — (Ty)S,- Thus, again by

+ii =+, if (T'y)S, and (I'y,)S, are (B, k, 8,9, Y|S)-functions, then (w,)S, are so. O

We will now prove that (Bf,, Y|S)-connections V and V which are “locally additively
different” are actually “locally different”.

Definition 4.3. Let M be a (Bgﬂ,X)—manifold. Given S C T'g, 0, 6 and Y as above, a
3-parameter (0,9,Y|S)-family in M is just a collection (§2,)S, of (B, k,0,9|S)-functions
in Y, with a,b,¢ = 1,...,n, for each (p,U) € BQB(X)

o If (Q,)S, is a 3-parameter family, let (,)° = Zaﬁb(ﬁgp)gb(p).

Definition 4.4. Two 3-parameter (6,9, Y|S)-families (Q,)¢, and (2,)¢, are:
(1) locally additively different if for every chart (o, U) € BE 4(X) and every ¢ =1,...,n
we have (2,)° # (0,
(2) locally different if for every chart (p,U) € Bgﬁ(X) and every a,b,c = 1,....n
there exists a nonempty open set U, . C U such that (Q,)S,(p) # (24)%,(p) for
every p € Ugp.c.

Definition 4.5. Two (Bgﬂg, Y|S)-connections V and V in M are locally additively different
(resp. locally different) if the corresponding 3-parameter (6,9, Y|S)- families of their
coefficients are locally additively different (resp. locally different).

Theorem 4.6. If two 3-parameter (8,9,Y|S)- families (Q,)S, and (,)S, in a smooth
(Bgfﬂ,X)—manifold are locally additively different, then they are locally different.
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Proof. For every chart (p,U) and every ¢ = 1,..,n, let U. C U be the subset in which
(Q,)¢(p) # (y)¢(p). Since the 3-parameters are locally additively different, the subsets
U. are nonempty. On the other hand, they are the complement of the closed sets

[(Q24)¢ — (£2,)€]71(0). Thus, they are nonempty of sets. For each p € U, we then have

0 < [25(p) = ()0 < D 1(Q)(P) — ()i 0)],
a,b

implying the existence of functions a., b, : U, — [n] such that

(). mpe () (P) # (2o )a, (pp () (P)-
Regard [n] as a 0-manifold and notice that if two smooth functions f,g : V' — [n] are
transversal, then they coincide in an open set V/ C V. Since [n] is a 0-manifold, any
smooth map f : V — [n] is a submersion and therefore transversal to each other. In
particular, a. (resp. b.) is transversal to each constant map a’ € [n] (resp. b’), so that for
each a' (resp. V') there exists U,/ . C U, (resp. Uy . C U.) in which

(Qsa)g'bc(p) (p) # (ﬁtp)g’bc(lﬂ) (p) (resp. (Qsa)zc(p)b/ (p) # (ﬁso)zc(p)b’ (p))

Taking Uy /e = Uqr « N Uy . and noticing that this intersection is nonempty, the proof is
done. O

4.1. Discussion. We close with a broad discussion which we would like to see formalized
and enlarged in some future work.
o Let Cr(0,9;Y) denote the set of 3-parameter (6,9, Y)-families in some (Bgﬁ, X)-
manifold M. Let & be a nice and distributive (o, 8’; j)-connection in M with
degree r > 0.

The construction of Section 3 shows that every 3-parameter (ag, o, X)-family f =
(fo)Sy in M induces, for each ordinary pair (6,v), a corresponding (Bé“ﬂ97 Yg,9)-connection
Vg in M, whose 3-parameter family of coefficients (Fgw)gb is given by (3.16). Suppose,
for a moment, that we found a class S C C¥(ap, Bo; X) of 3-parameter (ag, Bo, X)-families
such that for every f € S the corresponding regular connection Vg has coefficients
(F£,¢)Zb € Cx(0,9;Y) which are locally additively different to each other Q, € C(6,;Y).
Thus, by Theorem 4.6 it follows that they are also locally different. In particular, every
3-parameter (0,9,Y)-family is locally additively different to some (Bgﬁ,Y)-connection
and this “difference” is measured by elements in S. This is the typical shape of denseness
theorems. More precisely, one could expect the existence of a topology in Ci(6,7;Y)
whose basic open sets are parameterized by elements of S and such that Connlg’ﬁ(M ;1Y) C
Cr(0,9;Y) is a dense subset.

Actually, the existence of S as above also implies that if f € S, then Vg 1s locally
additively different to each other V € Conn§7ﬂ(M; Y), which is the shape of an openness
theorem. Thus, we could expect that, if the topology described above exists, then
Connlg,ﬂ(M; Y) C Ci(6,9;Y) should be open and nonempty due Theorem 3.4.

Finally, looking again at the expressions (3.11) and (3.16) defining v , one concludes
that the problem of finding S consists in studying the complement in C (6, 9;Y) of the
solution spaces X¢ (¢, ), for each ¢ € Bf!”@(X) and each Q2 € Ci(0,9;Y), of the system of
nonhomogeneous equations

FE(f50,9) = ()%, where FE(f0,) = > €057 ()5, (4.18)
a,b

whose coefficients belong to the space of (B, k, 6, 9|T';[2])-functions. Since equations (4.18)
strongly depend on the (o, §'; j)-connection &, the basic strategy to find S (and then to
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get the openness and denseness results described above) would be to introduce additional
conditions in & which simplify (4.18). In other words, would be to look at (4.18) as
parameterized systems of equations in the space of all (o, §'; j)-connections.
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