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UNITARY REPRESENTATIONS
OF POINCARE GROUP P(1,n) IN SO(1,n)-BASIS

OLHA OSTROVSKA AND IVAN I. YURYK

ABSTRACT. This paper concerns the problem of reduction of unitary irreducible
representations of the Poincaré group P(1,n) with respect to representations of its
subgroup SO(1,n). Based on a generalization of the Wigner—Eckart theorem, we
obtain matrix elements of the shift operators in the SO(1, n)-basis.

Pobora npucssiuena rpobiieMi peyKiil yHITApHUX HE3BIAHUX HPEICTAaBIEHb I'DYIIH

teopemu Birnepa-Exkapra orpuMano marpuuHi esiemenTa oneparopis 3cyBy B SO(1,n)-
6aswuci.

INTRODUCTION

The problem of decomposition of an irreducible representation of a group G into
irreducible components of its restriction on a closed subgroup H is of great importance
in the representation theory. Though, nowadays it is still far from complete solution.
There was almost no general result (excluding the case when G is a compact group [19)]).
However, in view of a great significance of this problem to the elementary particle theory,
in recent decades a number of papers appeared, where certain particular cases of groups
and representations are considered.

In [3] the problem of decomposition of unitary irreducible representations of the groups
P(1,4), P(1,6), P(1,n), which are important for physical applications, with respect to
the representations of Poincaré group was solved.

In the present paper we reduce (decompose) a representations of these groups with
respect to representations of their maximal semisimple subgroups (i.e. perform the
reduction P(1,n) D SOy(1,n) D SOg(n) D --- D SO(2)).

In the case n = 3 this problem was considered in [1, 12]. In [1] the matrix elements of
the shifts generators in the Lorentz basis were constructed. But this derivation is formal,
and in [12] only the case of representations of zero mass was presented.

Section 1 provides some necessary information on the group P(1,n) and a classification
of its unitary irreducible representations.

In Section 2 a classification of irreducible (in particular, unitary) representations of
the group SOg(1,n) is presented based on [7, 14, 16, 4, 18|.

Section 3 concerns with the problem of decomposition of unitary irreducible represen-
tations of the group P(1,n) of the class I* with respect to the subgroup SOg(1,7).

In the last section, we use a generalization of the Wigner-Eckart theorem for the case
of non-compact groups [11] to obtain formulas for the actions of the generators of shifts
P, in the SO(1,n)-basis.

1. POINCARE GROUP AND ITS REPRESENTATIONS
Let X be a (1 4+ n)-dimensional pseudo-Euclidean vector space with elements z =

(xo,21,...,%,) and the metric gog = —d11 = -+ = —gnn = 1. We refer to the set of linear
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transformations

xN:xL:XZQUV—i—aN, acX, wv=20,1,2,...,n,

that preserve the quadratic form (z—y)? = g"”(z, —y,)(z, —y.) as generalized (complete)
Poincaré group and denote it by P(1,n). Therefore, the matrix A satisfies the condition
AZ[\ = g, where A7 is the transposed matrix. The group P(1,n) also contains inversions I 1
of space X,

—Ty, /.L:O, 2
L, = 2=1  [I,I]=0.
! {xy, [ # v, : oo o]

Due to this fact, the group 15(1, n) has the subgroup of reflections,
R.(1,n) = {Io, 14,10, 14,1}, a=1,2,...,n.

This subgroup is obviously the maximal discrete divisor in 13(1, n).
Factorizing P(1,n) by R,(1,n) one obtains the proper orthochronous group P(1,n),
which is the semidirect product of the form

P(1,n) = SOo(1,n) ® T(1,n),

where T(1,n) is a (1 + n)-parameter abelian group, and SOg(1,n) is the identity of the
group of real homogenous linear transformations of the variables 1, o, . .., z,, preserving
the quadratic form 22 — 23 — - -+ — 2. Moreover, this is the regular semidirect product
[13], and, for this reason, the general theory of irreducible unitary representations of the
group P(1,n) can be constructed using the method of induced representations.

Let U be a unitary irreducible representation of the group P(1,n), and P,, J,, its
generators. Since the generators of shifts P, commute, there exists a basis in the space
7 such that all P, are simultaneously diagonal. Let p = (po, p1,...,pn) be the set of all
possible eigenvalues of the operators Py, P, ..., P,, and we think of the real numbers
Do, P1,- - -, Pn as of the components of a vector in a (1 + n)-dimensional subspace. This
subspace (p-space) is obviously pseudo-Euclidean with the metric p2 — p? — -+ — p2.

Definition 1.1. The set ¢ of all possible p-vectors, the components of these vectors
being the eigenvalues of the generators P, is called the orbit of the representation ¢/, and
p=(po,P1,---,Pn) € 0 is a spectral vector of the representation U.

From the general theory we know that the orbit of every irreducible representation of the
group P(1,n) constitutes, in the p-space, a hyperplane that is homogenous and invariant
with respect to all transformations from the group SOq(1,n). Moreover, there exists an
irreducible representation of the group U the orbit of which coincides with the group
SOg(1,n) that is an invariant and homogeneous hyperplane in a (1 + n)-dimensional
pseudo-Euclidean space.

This means that the orbit ¢ of any unitary irreducible representation can be uniquely
determined by a single p-vector. We denote such vector by p°, and call it a determining
vector of the representation. Every vector p € o can be expressed by the formula
p = L(p,p°)p°, where L(p,p°) € SOq(1,n). If we restrict the matrix L(p,p°) by the
condition lim, 0 L(p®,p) = limyo_,, L(p,p"), then it is uniquely determined by the
vectors p and p°. In the case n = 3 this matrix is called the Wigner rotation matriz.

Definition 1.2. If every element of a subgroup R, C SO(1,n) preserves the vector p,
then this subgroup is called the stationary (small) subgroup of the vector p.

Stationary subgroups of vectors belonging to the same orbit are isomorphic.
Let D be an irreducible representation of a stationary subgroup R,,. Let H be the
space of square-integrable functions ¢(p,«), p € op,, and & = (a1, a9, ...) be sets of
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numbers that enumerate the basis vectors of the space of the representation D. Define
the operators U(a, A) by

(U(a, A)(,O)(p, Oé) = exp i<a7p> Z IDOéﬁ(TPD (p7 A))SO(A_IZ% 6)7 (11)
B

where D,(7,0) are the matrix elements of the operators 7,0(p, A) € Ryo of the represen-
tation D that satisfy the condition

rpo(p, A) = L7 (p,p") A L(A™'p, ). (1.2)
The inner product in ‘H can be defined by

(p1,¢2) =/Zsﬂ’{(p, @) Aagpa(p, B)du(p),
[eg Q)B

where A, are components of a Rjo-invariant metric tensor A = {A,g} in the subspace
of the representation D, u(p) is a SOg(1, n)-invariant measure on o.

Formula (1.1) defines a unitary irreducible representation of the group P(1,n) if and
only if D is unitary and irreducible.

Results obtained by Mackey [13] involve that any unitary irreducible representation
of the group P(1,n) is uniquely determined by its determining vector and the unitary
irreducible representation of the corresponding stationary subgroup, and has the form
(1.1).

Therefore, a classification of irreducible unitary representations of the group P(1,n)
can be obtained by using a classification of SOg(1, n)-invariant orbits.

Table 1 presents all six classes of representations of P(1,n), the eigenvalues of the
invariants p? = g"" P, P,, sign Py, the determining vectors of the representations and
stationary subgroups. The representations of the classes IT and IIT are isomorphic to
those of the classes I~ and 11—, respectively. The operator sign Py is invariant only for
the representations OIi and O}I.

TABLE 1. Classes of representations of P(1,n)

Class | Notation | p? | sign Py | Form of vector po Orbit St. subgroup
I+ of 22 1 (5,0,...,0), >0 (p, p) = > SO(n)
I~ o7 22 -1 (5,0,...,0), <0 (p,p) = 3> SO(n)
It o}, 0 1 (1,0,...,1) (p,p) =0,po >0| E(n-1)
I7- O;; 0 -1 (-1,0,...,1) (p,p) =0,p0 <0 E(n—1)
IIT Orrr —? - (0,...,0,3), >0 (p,p) = — > SOp(1,n —1)
v Orv 0 - (0,0,...,0) P, =0 SOo(1,n)

The group P(1,n) is tame [9], i.e. every its unitary representation can be uniquely
decomposed into a direct integral of irreducible ones.

As it was established before, the group P(1,n) has four different subgroups, which can
be used to construct irreducible representations, namely SO(n), E(n — 1), SO¢(1,n — 1),
and SOg(1,n). In the first case this group is compact and tame in view of the Peter—Weyl
theorem. In the second case it is a regular semidirect product of an abelian and a compact
groups, hence it is tame too. In the other two cases we face a connected semisimple
group, and, in accordance with the Harish-Chandra theorem, it is tame. Since the regular
semidirect product is a tame group if and only if all stationary subgroups are tame, we
conclude that P(1,n) is a tame group.
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Now we find the generators P, and J,, of the representations that are induced from
the group SO(n), i.e. the representations of the class I*. In what follows we are interested
only in these representations. The operators P, and J,, generate the Lie algebra of the
group P(1,n) and satisfy the conditions

[Py, P] =0,
[P Japl = i(gpabp — gusPa), (1.3)
[T Jag) = 1(guslva + Gvadus = Guadvs — GupJua)-
Parametrizing the groups SOg(1,n) and T(1,n) by the real parameters w” = —w"*
and a*, correspondingly, we can rewrite the elements (a,A) € P(1,n) as
(a,A) = exp(ia” P, + iwh” J,,,), (1.4)

where P, and J,,,, are the generators of the initial representation of the group P(1,n).
Observe, that the role of the determining vector of the representation of the class I+
is played by a time-like vector
¥ = (£2,0,...,0), x>0, € =41, (1.5)
and the stationary subgroup SO(n) is generated by the elements
T po :exp{iQ“bSab}, a,b=1,2,....n, (1.6)

where Sy, = Jap, and Q% are the parameters of the stationary subgroup. Now the
operators of the induced representation can be rewritten as

(U(a, A)p)(p) = exp {i{a,p) + Q2" (p,w)Sas fo (A" p),

where ¢(p) is a column vector with the dimension coinciding with the dimension of the
representation D, Q% (p,w) are some functions of p € o, and o is the orbit determined
by vector (1.3) and parameters w*” that fix the element A € SOg(1,n). From (1.2) and
(1.6) we get an equation for the functions Q% (p,w), namely,

L™ (p,p°) A LA "p,p°)q = exp {iQ (p,w) S}, (1.7)

where ¢ is an arbitrary vector of the p-space. Thinking of w*” and a* as infinitesimals,
we can write
(1 +ia"P, 4 iw"” Ju) = ¢(p)
. % o 9 -yab (18)
= [1+ia"P, — iw" (SW)pPaﬁ +iQ%(p,w)Sas | p(p).
P

This leads to
(Pup)(p) = Pup(p), pEoO,

() 0) = { ~(8.)3Pr s + (‘SQ“’))W_O S b (o).

dwhv

It is easy to show that
0 0 0
VPy—=i|P,— —P,— | =M,,.
(Su)p Fogp =1 < "ap, ap,) g
If the vectors p, p° belong to o, then (p,p) = 52, signp® = ¢, »? > 0 and the “Wigner

rotation” is determined by the transformation

07 %2 2 07 —%2 s 07 )
¢ L p)g = g + 209 %2;2$<;§)>,]p> w0 _ <€{2ﬁ&§f’p§>7

L7 (p,p") = L(p°, p).
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Hence, in view of the infinitesimality of the parameters, expression (1.7) can be
rewritten as

0 0
p”q) + (p,q q,6p
WD) o )
=+ (0%, q) #* + (p%,p) (1.9)
=q+ iQab(pa W)Sabtb
where d¢ = Ag — ¢. Since ¢ is an arbitrary vector, from (1.9) we have
pawab

Qb (pyw) = - L2

a

Therefore, the generators of the representations of the class I+ have the form
P,u = Pu> peo,
PbS,p (1.10)

Ja):Ma S(L7 Ja :Maa* )
t b+ Oab b €%+P0

where ¢, ¢ are determined by the vector p°, and S, are generators of the unitary
irreducible representation of the group SO(n). The operators (1.10) act on the functions
that depend on the conditions

P?p(p) = #*¢(p),

sign Pop(p) = e¢(p),

(o, ) = /cﬁ(p)so(zoﬁ(p2 —5)0(e,p")dp > 0,

1, 2>0,
@Hmuaw{
nw

0, x<0.

The form (1.10) of the generators of P(1,n) is called the canonical form, and the corre-
sponding basis is the canonical basis.

Definition 1.3. A basis of an irreducible unitary representation of the group P(1,n) that
consists of Gelfand—Tsetlin bases of subspaces that are spaces of irreducible representations
of the maximal compact subgroup SO(n), is called a SOg(1,n)-basis, if all Casimir
operators of the group SOg(1,n) are diagonal in it.

Our aim is to find an explicit form of the generators J,,, P, in a SO(1, n)-basis. We
start with studying irreducible representations of the group SOg(1, n)

2. REPRESENTATIONS OF SOy(1,n)

Let K AN be the Iwasawa decomposition of the group SO¢(1,n), where K is SO(n),
A is an abelian subgroup, N is the nilpotent subgroup, M = Z(A) = SO(n —1). A
finite-dimensional irreducible representation p of a subgroup M in the Hilbert space
H, and the complex linear form A on the homogenous linear space a = log A define, in
a usual way, a representation of the parabolic subgroup P = M AN, which induces the
representation I, of the basic (non-unitary) series of the group SO¢(1,n) in the space
M, ie. the elementary representation of the group SOgy(1,n). The space of vector
functions on K is usually used as a space H, 4.

Irreducible representations p of the subgroup M are defined by the greatest weight A,

n

with the components A,,, i1 =1,2,..., [5] 1,

-2 A, n=2p+1,

= 2 :
2.1
Ay 2 M0, 22 Ay, n = 2p. (2.1)
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Irreducible representations w of the subgroup K are defined by the greatest weight A,
with the components A,,, i =1,2,..., [ﬁ],

2
Aw1>Aw2>"'>Awp7 n:2p+17
(2.2)
Awl >Aw2 =z ‘Awp|a n:2p
All the numbers A,,, and A, are simultaneously integers or half-integers.
Now we present the so-called p-coordinates instead of A,,, ¢ = 1,2,...,p, ie., the
numbers
bi=A,, +p—1, n=2p+1,
NS (2.3)

by =Ny +p— 1, n = 2p.

Since every linear form A on a = log A is defined in a unique way via its value on
a normalized basis element of H, we introduce the number ¢ = A — p instead of A.
Thus, the representation I,z is defined by the set of numbers ¢ = (41,45, ... ,é[anl])
and the number c. Therefore, we will write Il . instead of II,, . Note that there exists
a one-to-one correspondence between the numbers (¢, ¢) and the eigenvalues of the Casimir
operators of the group SO¢(1, n).

The representation IIy . of the group SOg(1,2p + 1) under the restriction to K can be
decomposed into those (and only those) irreducible representations of K whose greatest
weights satisfy the inequality

lropi1 >0 = laopyr > o = - 2 Ly opt1 > [0p),
liopy1 =Ao, +p+1—1d.

In the case of the group SOg(1,2p), the condition (2.4) should be replaced with the
condition

(2.4)

Crop =01 2 laop =Ly > - 2Ly 1 > |l 9],

P (2.5)

At the same time, every irreducible representation K is included in the decomposition
not more than once.

A classification of irreducible! representations of the Li algebra of the group SOq(1,n)
is given in [7, 14, 16, 4, 18]. For convenience we present them here.

Case SOg(1,2p + 1).

I. Representations D(¢, ¢), where ¢ is not an integer or half-integer simultaneously with
£, or |c| coincides with one of the numbers ¢;, or |c| < |¢,|. The representation D(¥, c)
contains that (and only that) irreducible representations of the Li algebra so(2p + 1), the
greatest weights of which satisfy the condition

oo > 61,2p+1 >0 > £2,2p+1 >0y > > Ep,1 > ep)2p+1 > |fp| (26)

The representations D(¢, c¢) and D(¢q, 4, . .., L,—1, —{p, c) are equivalent.

IT. Representations D7 (4, c), j = 1,2,...,p — 1 (j-series), where c is an integer or half-
integer simultaneously with ¢, and ¢; > ¢ > ;1. The representation D (¢, c), contains all
those (and only those) irreducible representations of the Li algebra so(2p+ 1), the greatest
weights of which satisfy the conditions (2.6) and ¢ > ¢;41 9p+1. All the representations of
this class are mutually non-equivalent

ITI. Finite-dimensional representations F),, u = (c,{), where ¢ are integers or half-
integers simultaneously with ¢, and ¢ > ¢;. The ¢-coordinates of the greatest weight of
F, are pp = (c,l1,la,...,> {p).

Case SOg(1, 2p).

Here and below an irreducible representation means a quasi-simple irreducible representation, for
which all the Casimir operators are multiples of the identity operator.
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I. Representations D(¥, c), where ¢ is not an integer or half-integer simultaneously
with ¢, or one of the numbers ¢ or 1 — ¢ coincides with one of ¢;, i =1,2,...,p— 1. The
representation D(¢, ¢) contains those and only thosee irreducible representations of the Li
algebra s0(2p), the greatest weights of which satisfy the condition

oo > fl,gp > 61 > fg,gp = > ZP,LQP > fp,1 > |fp72p‘. (27)

The representations D(¢, ¢) and D(¢,1 — ¢) are equivalent.

I1. Representations D7 (¢, ¢), where ¢ and ¢ are integers or half-integers simultaneously
with ¢, and ¢; > ¢ > {11, j = 1,2,...,.p—=2,0r £,_1 >c > 0,5 =p—1. The
representation D7 (¢, ¢), contains those and only those irreducible representations of the
Li algebra of the group SO(2p), the greatest weights of which satisfy the conditions (2.7)
and ¢ > [¢;41,9p|. All representations of this class are non-equivalent.

ITI. Representations D* (¢, ¢), where ¢p—1 > 2, cis an integer or half-integer simulta-
neously with ¢, and £, 1 > ¢ > 0. The representation D*(/,c) contains those and only
those representations of the Li algebra of the group SO(2p), the greatest weights of which
satisfy the conditions (2.7) and +£,, 5, > c.

IV. Finite-dimensional representations Fj,, pt = (c,¢), where ¢ > £, and the /(-
coordinates of the greatest weights F), are p = (¢, ¢1,...,¢p—1). We will also denote
infinitesimally irreducible representations of the group SOg(1,n) that correspond to the
aforementioned irreducible representations of the corresponding algebra by the symbols
D(l,c), F,, DI(¢,c), DE(L,c).

Unitary irreducible representations.

Case SOy(1,2p).

I. Major continuous series D(¢,ip), where p is a real number. Under ¢,, p > 0, the
representations D(¢,ip) and D(¢, —ip) are unitarily equivalent. The spectrum of the
restriction of D(¢,ip) to SO(2p + 1) is defined by (2.6).

IT. Additional continuous series D(¢,0), 0 < o < t, where ¢ is an integer, 1 <t < p—1,
and f, 11 = v —1for v = 1,2,...,t, and the numbers ¢; are integers such that
by >y > -+ > L,y > t. The spectrum of the restriction of D(¢,0) to SO(2p + 1) is
defined by condition (2.6).

ITI. j-series of representations, D7 (¢,p —j), 7 =1,...,p— 1, where all {; > {3 > --- >
l; 2 p—j+1 are integers, and ¢, =p—v forv =j+1,57+2,...,p. The spectrum
of the restriction of D7 (¢,p — j) to SO(2p + 1) is defined by the conditions (2.6) and
liv1opr1 =p— ]

IV. Degenerate continuous series D(¢,7) with £, =p—v, v =1,2,...,p, 0 < 7 < p.
The spectrum of the restriction of D(¢,7) to SO(2p + 1) is defined by (2.6).

Case SOg(1, 2p).

I. Major continuous series, D([,% +ip), where p > 0. All the numbers ¢,, v =
1,2,...,p — 1 are integers or half-integers. The spectrum of the restriction of D(¢, 1 +ip)
to SO(2p) is defined by (2.7).

IT. Additional continuous series D(¢, o) with % <o <t —1, where t is an integer such
that 0 <t < p—1. All the numbers ¢5,; , are integers, {,_, =v—1forv=1,2,...,t,
and ¢4 > 0y > --- > {, 411 > t. The spectrum of the restriction of D(¢, o) to SO(2p) is
defined by condition (2.7).

I1I. j-series of representations, D/ (¢,p—j—1),j =1,...,p— 1, where all the numbers
by >4l >--->Vl; >p—jareintegers,and {, =p—v—1forv=7+1,7+2,...,p— 1.

IV. Discrete series D* (£, q), where ¢ is an integer or half-integer simultaneously with
£, and belongs to the interval £, 1 > ¢ > %, ly >0y > ---> L, 1. The spectrum of the
restriction of D* (¢, q) to SO(2p) is defined by the conditions (2.7) and ££, 2, > ¢. All
the mentioned unitary irreducible representations of the group SOg(1,2p) are unitarily
non-equivalent.
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Now we describe the generators J,,,,. In the case of the group SO¢(1,2p) it is sufficient
to write the formulas of the action of Ja,11 2,, and in the case of the group SOg(1,2p +1)
those of the action of Jap41,2p41-

We have
p .
Japy1,2pl@) = ZA2pa a)logd) = Asy i (lapj-1)|az), (2.8)
=1
where
1[5
AQPJ (a) - 5 [ ((gv,Zp—l - 2) (Ev 2p + 2)2)
v=1
p
x H ((gvy2p+1 - %)2 - (&/»210 + %)2>
v=1
1
—17 2
X (H (512/,217 - E?Qp) (512/,2;0 - (£j72p + 1)2)> ’ (29)
v#£j
Jopt2,2pt1ler) = Z Bopt1,5( |0‘2p+1>
p .
— > Bopi1,(liaps1 — Dlag ) + Coprala),
j=1
where
P p+1
Bapi,5(e [H v2p Y4, 2p+1> H (53,2p+2 - €§,2p+1)
v=1 v=1

X <€§,2p+1(4€i2p+1 -1

[SIE

-1
X H (412/7219-&-1 - E?,2p+1) ((€V72P+1 - 1)2 o e?ﬂp-&-l)) ] ’
v#j

p p+1

H v,2p H £2p+2,u
v

v=1

C’2p—i-2

H :]ﬁ

lop i1, (bopy1v—1)

Here |a) is the Gelfand—Tsetlin scheme [6]7 that corresponds to the basis element «.

3. DECOMPOSITION WITH RESPECT TO SOq(1,n)

To find out what representations (among the ones presented before) are generated by
a unitary irreducible representation of the class I+ of the group P(1,7n), it is necessary to
decompose the corresponding space into irreducible ones with respect to the subgroup
SO(1,n) of this space. This problem was solved for the case n = 3 in the papers [17, 2, 15].
A unitary irreducible representation of the class I* has the form

(U (a, A)@(p, a) = expia,p) > Dag(ryo)(p, A)p(A~'p, B), (3.1)
B



266 OLHA OSTROVSKA AND IVAN I. YURYK

where Dop(rpo) are matrix elements of the representation D(m1, ma,...,mz)) of the
group SO(n),

o (p, A) = L(p,p") AL(A™'p,p°%),  L(p,p") € SOo(1,n),

pEoz{p: <p,p>:%2}, p° = (,0,...,0), 2 > 0.

The restriction of such a representation to SOg(1,n) has the form

(UA)¢)(p,a) = Daplry) (0, (A~ 'p, B). (3.1)
5

It is unitary and, therefore, can be decomposed in a unique way into the direct integral
of unitary irreducible representations of the group SOg(1,n).

Consider the case where D is the trivial representation. The decomposition of such
representation can be performed using the general scheme described by I.M. Gelfand and
M.I. Graeyv.

For each function we introduce its counterpart, the function

hE,a) = / (0. 0)5((p.€) — 52)dp,

which is defined on the upper half of the cone (¢,&) = 0.
Herewith, the counterpart of o(A~1p, a) is the function

ha(6,a) = / o1 (A, 0)3((p, €) — s2)dp = / (0, )E((Ap, €) — 30)dp
- / (0, 0)3((p, A71€) — 50)dp = h(A'€, a).

This means that the representation (3.1") transforms to a quasiregular one,
Unh(€,a) = h(ATIE ),

in the space of functions on the cone.
In order to obtain a decomposition of such a representation, it is necessary to perform
the Mellin transform of the function h(§),

F,(¢,a) = /OOO h(té, )t~ dt.

These are homogenous functions with respect to £ in the power o. Therefore, irreducible
representations can be performed on these functions.
Fourier components of the function p(p) are

Fgo) - | T [ elv.)5(0tp.6) — ).

0
Hence

Fy(€.a) = / o(p, o) (p, )7 dp,

and we obtain a decomposition of the function ¢(p) using the Gelfand—Graev transform
[5]-
In the case n = 2k + 1,
otr.0) = s [ o [ Bt 08 () e
’ 2(27) 2R H1 ’ ’

In the case n = 2k

_ (=D)*r(2k) /‘””“"’

olp.o) = do [ Fal o)) = 0% de, a0

—100
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Therefore, the decomposition of representation (3.1") contains all the unitary represen-
tations of the major continuous series with ¢ = 0, each of them appearing once and only
once, i.e. the representations of the series D(0,ip) or D(0, 5 + ip).

Now let D be an arbitrary unitary irreducible representation.

For ¢(p, @) we introduce the corresponding function

Aa) =Y " Dag(ry)e(p, B),
B

where p = A~ !pg, po = (5,0,...,0). Moreover, the action of representation (3.1’) on the
presented functions is governed by the formula
(UAOX)(Ava) = X(ASIA»Q) (32)

The functions x(A, «) are defined on the group SOg(1,n), and they are obviously square-
integrable. Therefore, (3.2) defines a regular representation. Moreover, the functions x
satisfy the additional condition

x(kA, a) Zpaﬁ B),  keSO(n). (3.3)

This is a consequence of the 1dent1ty
T'po (kA, (kA)ilpO) = Tpo (k,po)rpo (A, Ailpo)'

Now, using the results of [8] and condition (3.3) we get the following results.

In the case SOg(1,2p)
X(ha)= > >

my1201>ma ma>la>mg

X Z / P(lq,...,Lp_1,ip) tanh(mp) S, (UrU, )dp

Mp—12lp—1>|Mp|

LD INEND DD

Lp_1>L0>5 Ma>l1>Mmy Ma>Lla>mg
! *
X E P(EO,El,...,Ep)Sp(UAUX),
Mp 1>y 1>|My|
where
bo=q, mi=m;+p—i,
2 2
P(zy,...,2p) =x122...7p H (x5 — x%),
1<s<r<p

and S)(...) is the sum of the traces of two discrete series D¥, see [8].
In the case SOg(1,2p + 1),

XA, a) = Z Z

my>€12ma ma>Lla>m3
« ¥ / Pty 0)S, Ui )dp,
Mp >y 2>—
where
P(zy,...,2p) = H (z2 — %), m; =m; +p—1i+ 1
1<s<r<p

As a result, we state the following assertion.
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Theorem 3.1. The unitary irreducible representation (3.1) of the group P(1,n) has
a unique decomposition into a direct integral of unitary irreducible representations of the
group SOg(1,n). The decomposition includes once each of the representations D(¢, % +ip),
DEUp), m >l >my >l > > Mp_1 = Lp_1 > |Myp| in the case n = 2p and D(L,ip),
mi >4y = mg >0y 2 = my > L, = —my, in the case n = 2p + 1.

4. ACTION IN THE SO(1,n) BASIS

In this section, using the Wigner—Eckart theorem [11], we present a construction of
the matrix elements of the Lie algebra of the group P(1,n) in the SOq(1, n)-basis.

Definition 4.1. An operator P; that depends on the index and acts in a Hilbert space
H is called a tensor operator, if a (unitary or not-unitary) representation T, of a group G
acts in H, such that

T,PT, " = ZDtt, VP, (4.1)

where D’

7./(g) are matrix elements of a representation D7 of the group G.

Suppose that D7 is finite-dimensional, and T, is unitary. Then H can be decomposed
into the direct integral

/ZHX,iXdM(X) (4.2)

of the Hilbert spaces H, ;. that admit irreducible representations T,X, x = (¢, p). Here £
is a set of integer parameters, p is a set of real parameters. The same values of the index
i, indicate multiple representations.

In each #H, ; we consider an orthonormal basis |x,i,,m) consisting of bases of the
subspaces that are the spaces of irreducible representations of the maximal compact
subgroup K of the group G. Therefore, the vector-function F(x,i,) from H can be
presented in the form

X?ZX Zf X72x7 |X7ZX’ > (4'3)

To continue, consider a space ® that is everywhere dense and continuously embedded in
H and consists of the vector-functions F(x,,) such that the functions f(x,i,) can be
analytically continued by the parameters of the index p into the whole complex space.
Moreover, suppose that ® is included in the domains of definition of all operators P;, and
these operators continuously map & into itself.

Each operator P, determines a generalized function of the variables x2, ¢y,, m2, namely

PF(x,iy)= Z(f(XZa ixa, M2) (X, iy m,|Pt|X27 ixas m2>) X s m/>v (4.4)
m/
where F' € ® and has the form (4.3).
The expression (4.4) obviously defines a vector-function.
According to the Wigner-Eckart theorem, see [11], the kernels (x, iy, m|P;|x2, iy,, M2)
of the tensor operator P; are such that

F(x,iy) Z > fxeixesma)

m’ X2,ix,,M2

4 (4.5)
X Z<X7 m/§j*7t|X2, v27m2><Xa Z.X|D]‘X2a ixzav2>|X7iX7 m/>7

v
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where for each fixed y the summation is performed by those xs for which the decomposi-
tions of the tensor product of the representations T3¢ and Dg (Clebsch—Gordan series) con-
tain the irreducible representations 72, and the quantities (x, i |D7| X2, ixs, V2), which are
the reduced matrix elements, not depending on m, m’, ma. Here (x,m’; j*, t|x2, v2, ma)
are the Clebsch—Gordan coefficients that correspond to the Clebsch—Gordan decomposition
(series).

If in (4.1), instead of g, we write a one-parameter differentiable subgroup g(t), differen-
tiate both the left hand-side and the right-hand side with respect to ¢ and consider its
value at the point ¢ = 0, then we obtain

[Ta,P] = _Dj,(a)Py, (4.6)

where a is a tangent vector for g(¢) in the point 1, i.e. the element of the Lie algebra of
the group G. This expression defines the tensor operator P; in the infinitesimal form.
Observe that in this case the generators of shifts P,, p = 0,1,2,...,n, are trans-
formed by the vector representation [1,0,...,0] = [1], of the group SO¢(1,n), and the
representation T, has the form (3.1").
In view of the previous section, from (4.5) we have

PF(X) =Y > flxa,ma)

m’ X2,m2
| / (4.7)
.
x> 06m5 5%, plxz, ma) (XD xa, va) [xz, m'),
va

where x = [(,41,¢], D/ = Dln+1and ln+1 are the f-coordinates of the signature of the
representation of SOg(1,n).
The Clebsch—Gordan series of the tensor product

T[Zn+luc] ® D[l]n+l

has the form
(41, C) @ [Ung1 = 5£L (€41, C]

&Y {[ti11,C) & [t711,C1} & llay1,C +1] @ [las, C), (48)
where
0, n=2p+1,
EfL =1, n=2p, Llpopt1>1,
0, n=2p, Llpopt1 =1,
see [10].

The coefficients of the Clebsch—Gordan decomposition (4.8) involved in (4.7) are as
follows?.
Case SOo(1,2p):

1
2

[e2p+1,C] (1] [%p O\ _ - 2 2 .
< [é;p] 0 ‘ [Z;p] > - 1/1;[1 (61421) - Ej,2p+1) , J=12,...,p,
[2p41,C) 1] | [l2ps1, I\ _ |77 (02 NE
< w—;p] 0 ‘ [Z;p] > - Vl;{ (KV,ZD - (gj,2p+1 —1) ) ,

2The Clebsch-Gordan coefficients are not normalized here
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[lop+1,C] (1] | [2p+1,C
Ly op,
< [€2p] 0 €2p H 2P

<[£2p+170] 1] ﬁ (133 2 — 2)

N

[lap+1,C +1] >

M?p] 0 [ggp] fe] s
oy O] (1] oo, O+ 1)\ _ |2 N
< [Z;p} 0 ‘ +[€2p > ’/1_[1 v,2p C - 1) )

Case SOq(1,2p —1):

<[é2;:?]] [0]‘[[%?]]> ﬁ(“w2p—1 L2 (4,0, + 1))
<[ézzi,f]] [0] ‘[%2;]0}>: IE(W%_I_Q) T ;,
<[é222’—61? [(1)] ‘ [EQQ’QPC—T] 1]> - :)Hi(%zp-l — 52— (c+1)?) : ,
(e 03[ s -

In view of these expressions, (4.7) leads to a formula of the action of the operator Py of
the shift along the time axe.
Case P(1,2p):

PoF ([lns1,C) = Po > fop(lopi1, C)|lap) ity 1. 1
2p

p—
= Z |£/2p>[42p+1,c] {Z
Z/Zp

1
2

P
/2
H b 2P T Y, 2p+1)

X pj(lapt1,) fry (6501, )

1
p—1| p 2

H v,2p ]2P+1_1)2)

v=1

Tj (€2p+17 C)f2p(€27pj;rl7 c) (4.9)

j=1

+ H E;,2p0(2p + 17 c)ff/zp (€2p+17 C)

v=1

N|=

H V2p -
H 1/2p )2)

pp(€2p+17 C)ff’zp (£2p+17 ¢+ 1)

1

2

Tp(l2p+1,€) fe, (Copt1, ¢ — 1)} .

The summation is performed by all admissible signatures of the chain of the subgroups
SO(2p) D SO(2p —1) D --- D SO(2), and the signature satisfies (2.5).
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Case P(1,2p + 1):

PoF(fng1,6) =Py > fonyer (Caps2, )llop 1) tay 0.

Lopi1
P 3
_ / 1 1\2
- Z |£2p+1>[52p+2,C] E : H u2p+1 § —(Uj2pt2 + 5) )
Z/2p+l j=1lv=1

X pj(lapt2,€) foy ., () 19:0)

H 1/2])-‘,—1 % (zjy2p+2_%)2)

v=1

N

i (Eap2. ) (4.10)

-y

Jj=1

1
p 2

H V2p+1 % —(c+ %)2)

X féép-{—l 2p+2’

X pp+1(lopr2,€) fey  (bopta,c+ 1)

1

2

Tp+1(lopr2,¢) fo, . (bapi2; ©)

The summation is performed with respect to all admissible signatures of the chain of the
subgroups SO(2p + 1) D SO(2p) D --- D SO(2), and the signature ¢3,41 satisfies (2.4).
Using the commutation relation

[P07 Pn] = [Pa [Jn+17n7 POH =0

we obtain the following equations on the coeflicients o, p and 7 involved in (4.14):

(Lapy15 — Do(lapr1) = (apy1jr1)o(bopiq), (4.11)

(li2pr1 = Liopr1 + Dpj (€ 1)pi(bopin)
= (Cigpr1 — Liopr1 — 1)pi(6,41)pi (Caps1),

(li2p+1 + fj,2p+1)Ti(f§p+1)Pj(52p+1) (4.12)
= (li2p+1 + Lj2pr1 — 2)pj (Lo 1) T (b2pt1),

(lizp1 — Liapsr + 1)7i(lo) )7 (L)

= (igps1 — Lap1 — V)7 (U )Ti(Laps1),

(Ciapr1 + )0 (6 1)pi(Capi1) = (Liaps1 — 1)pj (Lopin) o (Capi1), (4.13)

Ui 2p+1Ti (Lop1 )0 (Lap i) = (Ligpir — 2)0 (03], 175) (Caps1),
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20 9p41 + 1
2 2
6k,2p - gk,2p+1

267;,2 +1 = 3 —i
+ (Ciop1 f 12—, P;(lopy1)Ti(l2p1)
! 2p

p
H v,2p ligpt1 — 1)2)

P
(€2P+1 Tl 2p+1 H 1/2p 12p+1)
v=1

(4.14)

H él/ 2p9 EZP-‘F 1)

Giop ™
From (4.11) it follows that the expression £; 2p41(£;2p+1 — 1)o(f2p41) does not depend
of £joptq for j =1,2,...,p— 1, hence we can write
p—1
o (Lapr1) [ [ v2ps1 (Cuzpsr — De(e — 1) = a9 (c),
v=1

where o¢(c) is a periodic function depending only on ¢ with a period I. Therefore, if
oo(c) # 0 then

oplcC
U(egp_'_l) = p_1 0( ) )
IT 4 2p+1 8y 2ps1 — D)e(e — 1)
v=1

If o(c) = 0 then o(¢2p+1) = 0 or ¢ = 0. Hence the “diagonal” summands in (4.11) vanish,
and the solutions of equations (4.11)—(4.14) are

NI

H (KV 2p+2 €2p+1,j)

p](ZQP*Fl) = ¥ 7 v=1
1;[ (Engrl v £§p+1,j)((£2p+l,u - 1)2 g%pﬁ—l,])
v#£j
X 65,11 (46, ;- 1) 2, j=1,2,...,p—1, (4.15)
%
H (gu 2p+2 02)
pp(€2p+17c) = p—1 v=1 B
c?(4c? — 1) Hl(éu opt1 — ) ((lo2pt1 — 1)? — ¢2)
p+1
[ 4o 2pt2
v=1
o(lapt1) = 53 )

[I év72p+2(éu,2p+1 —De(e—1)
v=1

Tj (€2p+1a c) = Pi (62_p]+17 c),
Tp(lapi1,¢) = pp(lapr1,c—1).

One can easily obtain expressions analogous to (4.11)—(4.14) for the group P(1,2p + 1).
We present here only an explicit solution of these equations,

N

P
o 1:[1 ((Lo2p+3 = 3)° = (Uj2p12 + 3)°)
pj(laps2,c) = 5 5

H_<£3,2p+2 - €§,2p+2)(612/,2p+2 - (fj,2p+1 - 1)2) 7

v#i
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7=12...,p,
Tj(lapt2,¢) = pj(lay4a:0), (4.16)
Tp+1(lapra; ¢) = ppr1(lopya, ¢ — 1),

M [T (Capss — 32 = e+ 1)
2

=

v=1

Pp+1(bapya, c) = -
1:[ (6 2ps2 — )N 5pyn — (¢ +1)2)

Thus, the action of the shift operator Py in the case of the groups P(1,2p) and P(1,2p+1)
is governed by the formulas (4.9) and (4.10) correspondingly, where the functions o, p
and 7 have form (4.15) and (4.16).

The parameters {£12p12,02.2p 12, - p2pr2, ¢} and {l1api3, Lo opi3, -, Lp2pts, i}
characterize the representations of the generalized Poincaré groups P (1, 2p) and P(1, 2p+1),
correspondingly.

Formulas for actions of all the remaining shift operators are consequences of the
commutation relations of Py and those operators of the subalgebra of s0q(1,n) that act
according to (2.8) and (2.9) in the SOq(1, n)-basis.

Consider the Poincaré group P(1,3) and the inhomogeneous de Sitter group P(1,4),
which are important for physics.

Case P(1,3):

Py Z fim (o, €)d, M) jo e Z 13,11 jo e

Jo,m
l . .
X{ (" + )% = Go + 3)%]? p1do, ©) fr.mr (o + 1, ¢)

— G+ 12 = Go — Y217 p1lio — 1, &) e (o — 1) (4.17)

N

+1(G"+ 22 = (c+ 3?7 pelGo — 1,¢) fjr.ms (Jo, ¢ + 1)

+ |(C - %)2 - '+ %)2| pe(jos ¢ = 1) firm (Jo, ¢ — 1)}»

where
| =R Getd? [
p1(Jo, ) i:u (2 32)< (j0+21)2) ’
I R e G &
pe(jo, ) = 2”‘(j3—02)(j8—(0+1)2>

The action of the other operators P, can be presented now utilizing the relationship
Pa = Z‘(-POJ(Ja - JOaPO)v

where

JOlij,m(jO»C)‘jv ]()C: ijm ]aa

Jm

x{—wo—mo+m+nUfWMm+me

1
i((2=33)2 =G —m)(G—m—-1)\2 .
L CLmt 1),
+j< 452 1 7= Lo+ 1o,
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+

i (((j+1)2j§)((j+1)2c2)(j+m+1)(j+m+2)>5
g1 4G +1)2 -1

X|j +1,m+ 1>j0,0

i ((2=3)0G2-AG+m)(m+j—1)\2,.
_j<0 30) 4%{j )(m+j )) = 1m— 1),

1joC N 5 _
D (m+4)(G—m+1))2]j,m—1)j,.
i ((jm+1)(jm+2>(<j+1)2‘7‘3)(<j+1>2c2)>é
j+1 4 +1)? -1

><|_] +1,m— 1>j07c},

. . 1 )
Jo2 Z Jim(Jos €)1, m)jo,c = 3 Z fim (o, €)
J,m

Jim

{((g — )G — )+ f)(m — j — 1>>;

j 4]2 1 |j - ]‘ﬂm - 1>j01C

ijQC N % )
ey ((m+7)G—m+1))2[4,m = 1)jo.e
L (((j+1>2—j%)((J+1)2—02)(j—m+1)(j—m+2)>%
j+1 4G +1)2 -1
X|.] + lam - 1>jOaC
ijoC . - 70 .
G+ (G =m)(G+m+1))2|j,m+ 1)
i (3% — V(2 — V(i — ) — s — 1
:_j<(J Jo) 4]_)2(J_1 ) 1)) = Lom+ 1.

o <<j+m—1><j+m+2>(<j+1>2—j3><<j+1>2—c2)>5
7j+1 47+ 1)2 -1

X|] +1,m+ 1>jo,c

J((ﬂ —J8) (% = ) (m+j)(m+j - 1))%u ~1m- 1>jo,c}a

J 12 —1

Jo3 Z fim(Jo, €)1, m)jo,c = Z fim (o, €)
J,m Jym

o ((ﬁ — G =) m2>)%|j omy,.

_ o im|j, m)

JG ) e
L <((j+1)2—j%)((j+1)2—02)((j+1)2—mQ))é
Jj+1 (25 +3)(25+1)
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le + 17m>j0,0}'

The summation in (4.17) is performed by all j* and m’ that the signatures {jo + 1, c},
{Jjo,c £ 1} admit.

Observe, that the coefficients at the functions f;/ ,, coincide with the matrix elements
of the operator Py formally obtained in [1], if we take into account the relationship

(jOa )‘)Chakr — (jOv iC); Schakr — S
between the parameters of the representations.
Case P(1,4):

Po Y faajm(lOIMgom)ee = > M5 m')jgc
M,j,m M7 m!
L[ (m1+ 12 = )2 = )]F 16,0 fargrame (04 1,0)
—[(my +1)* = (0= 1)%|% p1(€ = 1,0) farr jr.mr (€ = 1, )
+ (ma + V)ymao (£, ¢) fagr o (€, ) (4.18)
+[((my+1)2 = ) (m3 = A)|* pell,) farr s (Lo + 1)
~[(Gm+ 1% — (= 1)) (m3 — (e~ 1?)]*
% pe(lye — 1) Fagr g (€, ¢ — 1)},

Nl

where

(ki — £2)(k3 — 2)

Xl - D@ - ) (c-12 -6
. (K — ) (k3 — ) '
Pe =X 22— D@ —)((t—1)2—2)| °

J{kl7 k?
00— (e —1)"
The summation in (4.18) is performed in all M’, j/ and m’ admitted with respect to the
signatures {¢,c}, {£ £+ 1,c}, {€,c+1}.
The parameters

o(l,c)=

{kl,kz,%} — {&C} — {ml,mg} —)]—) m

define the representations of the groups in the chain P(1,4) D SO¢(1,4) D SO(4) D
SO(3) D SO(2), respectively.
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