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V-SETS AND THE PROPERTY (VLD) IN BANACH SPACES

ABDERRAHMAN RETBI

ABsTRACT. In this paper, we study the notion of V-sets in Banach spaces and
Banach lattices, and we give some characterizations of it in terms of sequences. As an
application, we establish new properties of unconditionally converging operators and
1-Schur property in Banach lattices. Next, by introducing the concept of the property
(VLD) in Banach spaces, we investigate the Dunford-Pettis completely continuous
property of unconditionally converging operator. Finally, we derive the relationships
between the property (VLD) and the relatively compact Dunford-Pettis property
(resp., the Pelczynski’s property (V')), and we deduce some examples of Banach spaces
with the property (VLD).

Y wmiift pob6oTi MH BHBYAEMO MOHATTS V-MHOXHH y 0aHaXOBHX IIPOCTOPax Ta
OaHaXOBUX I'DATKaX Ta JAEMO JlesKi TXHI XapaKTePUCTUKU Y TepMiHaX ITOCJIiJOBHOCTEH.
SIx 3acToCyBaHHSI, ME BCTAHOBJIIOEMO HOBI BIIaCTUBOCTI 6€3yMOBHO 3012KHIX OIIepaTopiB
i Bnacrusicts 1-Illypa B 6anaxoBux rparkax. Jaui, BBomsuu nouarta (VLD)
BJIACTUBOCTI y 6aHAXOBUX IMPOCTOPAX, MU JOCJIIPKYEMO BJIACTUBICTH IIJIKOBUTOL
nenepepsHocTi Jlandopaa-Ilerrica 6e3ymoBHO 30ixKkHOTO Oneparopa. Haperrri, Mu
BuBOIUMO 3B’13KH MK (V LD) BiacTHBICTIO 1 BJIACTHBICTIO BITHOCHOI KOMIIAKTHOCTI
Handopna-Ilerrica (Bignosiguo, saacrusicrio [lessanncskoro (V)), i BuBogumo gesiki
npuKJIa U 6aHaxoBux npocropis i3 (V' LD) BracrusicTio.

1. INTRODUCTION

Recall that a series Y x, in a Banach space X is weakly unconditionally converging if
and only if > |f(x,)| < oo for each f € X’. Also, a series Y x,, is unconditionally con-
verging if and only if ) 2,(,) converges in the norm topology of X for every permutation
o of the natural numbers.

Note that a norm bounded subset A of a topological dual Banach space X’ is called a
V-subset if every weakly unconditionally converging series Yz, in X converges uniformly
to zero on A, that is,

lim sup f(z,) =0.
n— o0 fEA

A norm bounded subset A of a Banach space X is said to be Dunford-Pettis set, if

every weakly null sequence (f,,) in X’ converges uniformly to zero on A, that is,
lim sup f,(z) =0.
n—oQ T€EA

Recall from [14] that a norm bounded subset A of a topological dual Banach space
X' is an L-Dunford-Pettis if every weakly null sequence (x,,), which is a Dunford-Pettis
subset of X converges uniformly to zero on A, that is,

lim sup f(z,) =0.

n—oo fGA
This paper is devoted to study V-sets in terms of sequences in Banach spaces and Banach
lattices, several equivalent ways of presenting V-sets are given. Next, we establish a
characterization of unconditionally converging operator from a Banach space into a
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Banach lattice in terms of V-sets (Theorem 4.4). Many authors are interested in the study
of the unconditionally converging operators and their relations with other operators. In
1962, A. Pelczynski in his fundamental paper [13] studied Banach spaces on which every
unconditionally converging operator is weakly compact. Later, Banach spaces on which
every unconditionally converging operator is completely continuous have been studied
by Joe Howard [10]. After that, Saab and Smith in their paper [17] looked at spaces
on which every unconditionally converging operator is weakly completely continuous.
Recently, Dehghani and Moshtaghioun ([5], Theorem 2.12) proved that the Banach space
X has the 1-Schur property if and only if every operator T': X — Y is unconditionally
converging for all Banach spaces Y. In the present paper, we continue on this path, and
we are looking for the relationships between unconditionally converging operators and
Dunford-Pettis completely continuous operators. Note that there is an unconditionally
converging operator which is not Dunford-Pettis completely continuous. In fact, the
identity operator Idpij ) : L*[0,1] — L'[0,1] is unconditionally converging operator
because L'[0,1] has the 1-Schur property (see Example 2.5 of [5] and Proposition 4.5),
but it fail to be Dunford-Pettis completely continuous operator because L*[0, 1] does not
have the relatively compact Dunford-Pettis property (see [9], Proposition 3.3 and [15],
Corollary 2.7). By introducing the property (VLD) in Banach space which is shared by
those Banach space whose V-sets of his topological dual are L-Dunford-Pettis (Definition
5.1), we show that a Banach space X has the property (VLD) if and only if for any
Banach space Y, every unconditionally converging operator T': X — Y is Dunford-Pettis
completely continuous (Theorem 5.2). As an application, we get the relations between
the property (VLD) and the relatively compact Dunford-Pettis property (resp., the
property (V)) in Banach spaces. Finally, we find some examples about Banach spaces
with the property (VLD). The notions of V-sets, L-Dunford-Pettis sets, unconditionally
converging operators and Dunford-Pettis completely continuous operators play a consistent
and important role in this study.

2. DEFINITIONS AND NOTATIONS

Recall from [6] that an operator T' from a Banach space X into a another Banach
space Y is called unconditionally converging if it maps weakly unconditionally converging
series in X into unconditionally converging series in Y. An operator T' from a Banach
space X into a another Banach space Y is called Dunford-Pettis completely continuous
(DPcc for short) if each weakly null sequence (x,,), which is a Dunford-Pettis set in X,
we have | T(z,)|| — 0, as n — oo [18].

A Banach space X has

e the 1-Schur property if every weakly unconditionally converging (weakly 1-
summable) series >z, in X, we have ||z,| — 0, as n — oo [5].

e the relatively compact Dunford-Pettis property (DPrcP for short) if every weakly
null sequence, which is a Dunford-Pettis set in X, is norm null [18§].

e the L-Dunford-Pettis property if every L-Dunford-Pettis set in X’ is relatively
weakly compact [14].

e the Pelczynski’s property (V) (property (V) for short) if every V-set of X’
is relatively weakly compact, equivalently, if for any Banach space Y, every
unconditionally converging operator T from X into Y is weakly compact [13].

To state our results, we need to fix some notations and recall some definitions. A
Banach lattice is a Banach space (E, || - ||) such that E is a vector lattice and its norm
satisfies the following property: for each x,y € E such that |z| < |y|, we have |z| < |ly]|.
If E is a Banach lattice, its topological dual E’, endowed with the dual norm, is also
a Banach lattice. A norm || - | of a Banach lattice E is order continuous if for each
generalized sequence (x,) such that z, | 0 in E, the sequence (z,) converges to 0 for
the norm || - ||, where the notation z, | 0 means that the sequence (z,) is decreasing,
its infimum exists and inf(z,) = 0. The sequence (x,) of a Banach lattice E is disjoint
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if |xn| A |xm| = 0 for n # m (we denote by z, Lz, ). Recall that a nonzero element x
of a vector lattice G is discrete if the order ideal generated by x equals the subspace
generated by z. The vector lattice G is discrete, if it admits a complete disjoint system
of discrete elements. We will use the term operator T': X — Y between two Banach
spaces to mean a bounded linear mapping, its dual operator 1" is defined from Y into
X' by T'(f)(xz) = f(T(x)) for each f € Y’ and for each z € X. The reader is referred to
Aliprantis-Burkinshaw [1], Diestel [7] and Dunford-Schwartz [8] for undefined notation
and terminology.

3. V-SETS IN A TOPOLOGICAL DUAL BANACH SPACE
We start this article by some characterizations of V-set in terms of sequences.

Proposition 3.1. Let X be a Banach space and let A be a norm bounded subset of X'.
The following statements are equivalent:
(1) Aidsa V-setin X'
(2) For every sequence (fy) in A and for every weakly unconditionally converging
series Y xy, in X, we have fn(x,) — 0 asn — oco.

Proof. (2) = (1) Assume by way of contradiction that A is not a V-set in X’. Then, there
exists a weakly unconditionally converging series )z, in X such that supsc 4 |f(7,)] >
e > 0 for some € > 0 and each n. Hence, for every n there exists some f,, in A such that
| fr(2n)| > €, which is impossible from our hypothesis (2). This proves that A is a V-set
in X'.

(1) = (2) Let (f,,) be a sequence in A and Y x,, be a weakly unconditionally converging
series in X. Since

| fr(zn)| < sup [f(2n)],
feA

for every n, and A is a V-set in X', then f,(z,) — 0 as n — oo. This finishes the
proof. O

As a simple consequence, we obtain:

Corollary 3.2. Let X be a Banach space and let (fy,) be a norm bounded sequence in
X'. The following statements are equivalent:
(1) The subset {f, : n € N} is a V-set in X';
(2) For every sequence (gm) of {fn :n € N} and for every weakly unconditionally
converging series »_ x, in X, we have gy () — 0 as m — oo;
(3) For every unconditionally converging series Y x, in X, we have f,(x,) — 0 as
n — 00.

In the next result, we establish the following characterization.

Proposition 3.3. Let X be a Banach space. Then the following statements are equivalent:

(1) every relatively weakly compact set in X' is a V-set;

(2) every weakly null sequence (fy,) in X', the subset {f, : n € N} is a V-set;

(3) for every unconditionally converging series > x, in X and every weakly null
sequence (fr) in X', we have fp(x,) — 0 as n — co.

Proof. (1) = (2) Let (f,) be a weakly null sequence in X’, so the subset {f, : n € N} is
relatively weakly compact in X', and by our hypothesis we see that {f,, : n € N} is V-set.

(2) = (3) Let > z,, be a weakly unconditionally converging series in X and (f,) be
a weakly null sequence in X', then the subset {f, : n € N} is V-set in X’, and from
Proposition 3.1 we deduce that f,(z,) — 0 as n — oo.
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(3) = (1) Let K be a relatively weakly compact subset of X’ and let 3 z,, be a weakly
unconditionally converging series in X, we show that (z,) converges uniformly on K.
Otherwise, there exist a sequence (f,,) of K and some ¢ > 0 such that |f,,(z,)| > € for all
n. As K is relatively weakly compact, there exists a subsequence (f,, ) of (fy) such that
(fn,,) converges weakly to f in X’. By our hypothesis, we get that

0 <e <|fum(@n )| < |(fr = @0, )|+ [f(@n,,)] = 0

as m — oo, which is impossible, and this completes the proof. O

Now, we are in a position to give the following result about the order interval in Banach
lattices.

Proposition 3.4. Let T be an operator from a Banach space X into a Banach lattice F'
and let f € (F')*. The following statements are equivalent:
(1) T([-f, f]) is a V-set in X'.
(2) For weakly unconditionally converging series > x, in X, f(|T(x,)]) = 0 as
n — 00.

Proof. Let (z,,) be a weakly unconditionally converging series > x,, in X, then the result
follows from the equality:

F(T(zn)]) = sup {|g(zn)| : g € T'([—f, )},
for every f € (F’)" and every n € N. O

As a consequences, we derive

Corollary 3.5. For an operator T from a Banach space X into a Banach lattice F, the
following statements are equivalent:

(1) T'([—f, f]) is a V-set in X', for each f € (F')*;
(2) for weakly unconditionally converging series > x, in X, |T(x,)| — 0 weakly in
F.
In particular, If we put T'= Idg : E — E, we deduce

Corollary 3.6. Let E be a Banach lattice, the following statements are equivalent:
(1) For each f € (E')", [—f, f] is a V-set in E’.

(2) For weakly unconditionally converging series Y &p, in E, |z, — 0 weakly in E.

Recall that the lattice operations in a Banach lattice E are weakly sequentially contin-
uous whenever x,, — 0 weakly in F implies |z,| — 0 weakly in E.

Remark 3.7. Let E be a Banach lattice.

(1) If the lattice operations of E are weakly sequentially continuous, then each order
interval of E’ is a V-set (see Corollary 3.6).

(2) Tt follows from Corollary of Chen-Wickstead [4] we see that if E is discrete with
order continuous norm, then each order interval of E’ is a V-set.

4. SOME CHARACTERIZATIONS OF UNCONDITIONALLY CONVERGING OPERATORS
In order to prove the next Theorem, we need the following Lemma.

Lemma 4.1. Let E be a Banach lattice, and let (gy,) be a norm bounded sequence of E™T.
Then the sequence defined for n > 2 by

n—1 o] +
fn = <gn 4y gi-2 Yy Zigl') ,
1=1 1=1

is a disjoint sequence.
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Proof. Let n > m > 2, then

and
0<4"fp, < 4"(gm — 47”.‘%)Jr
= (4ngm - gn)+
= (gn - 4ngm)_'
Since (g, — 4"gm) T L(gn — 4"gm )™, we see that f, L f,,, and we are done. O

Now, we establish some equivalent condition for 77(A) to be V-set where A is a norm
bounded solid subset of F and T : X — F is an operator from a Banach space into a
Banach lattice.

Theorem 4.2. Let T be an operator from a Banach space X into a Banach lattice F,
and let A be a norm bounded solid subset of F'. The following statements are equivalent:
(1) T'(A) is a V-set in X';
(2) T'([-f, f]) and {T'(fn),n € N} are V-sets in X', for each f € AT and for each
disjoint sequence (f,) C AT = An (F")*

Proof. (1) = (2) Let f € AT and (f,,) be a disjoint sequence in A", then T"([—f,
{T'(fn),n € N} are two subsets of T'(A), and by our hypothesis we see that T"(
and {T"(fn),n € N} are V-sets in X'.

(2) = (1) Let > x, be a weakly unconditionally converging series in X. To finish
the proof, we have to show that sup,c 4 [7"(g9)(zn)| — 0 as n — oo. Assume by way of
contradiction that sup,e 4 |7"(g)(z,)| does not converge to 0 as n — oo. So there exists
some £ > 0 such that sup,c 4 [T"(g)(xn)| > € for each n. Hence, there exists g, € A"
such that g, (|T(z,)|) > € for all natural number n. Now, by our hypothesis we have that
T'(lg, g]) is a V-set in E’ for every g € AT. By Proposition 3.4 we see that g(|T'(x,,)|) — 0
as n — oo for every g € AT, Let ny = 1, since gy, (|T(z,)]) — 0 as n — oo, there
exists some natural number ny such that ny >ny =1 and gy, (|T(2n,)]) < sexzrz. Also,

f]) and
[_f7 f])

because Zi:l 9n, (|T'(zn)]) — 0 as n — oo, there exists some natural number ng such
that ng > ng >n; =1 and Zizl Gni (|T(2ny)|) < gox37z. By induction, we get a strictly
increasing subsequence (ny) of N such that

(3~ 9n) (1T (n,)) < 373

for all m > 2. Now, let

h = i Q*kgnk_
k=1

and

m—1

Jfm = (gnm —4™ Z 9ny — 27mh)+

k=1

for all m > 2. So by Lemma 4.1, we see that (f,,) is a disjoint sequence in (F’)T, as
0< fin < Gn,.» gn,, € A and A is a solid subset of F’ then, f,, € AT. Hence, we have

m—1

Fr(IT@n, ) = (G = 4™ Y g = 27" (I T (@, )])

k=1

(In, — 4™ Z g — 27" R)(|T (2n,,)])

v
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> &= —27"h(T(@n,,)).

This proves that f,,(|T(xy,,)|) > § for m sufficiently large (because 27" h(|T (2, )|) — 0).
Since fu (|T(xn,,)]) = sup {|T"(v)(zn,, )|, |yl < fm}, for m sufficiently large there exist
some Y, € I such that |yn,| < fr and [T (ym)(2n,,)| > §. It is clear that (y,;) and (y;,)
are norm bounded disjoint sequences in AT and so, by our hypothesis we obtain

€
< T ) )
< Ty @n,) |+ T (9) (@n,,)
< sup [T (y)(@n,,)| + sup [T (y; ) (@n,,)| = 0,
keN keN
as m — oo. This leads to a contradiction, and we are done. O

As a consequence of Theorem 4.2, we get

Corollary 4.3. Let E be a Banach lattice and let A be a norm bounded solid subset of
E’. The following statements are equivalent:
(1) Ais a V-set in E';
(2) [—f, f] and {(fn),n € N} are V-sets in E', for each f € A" and for each disjoint
sequence (f,) C AT = AN (E")T.

The next result characterizes unconditionally converging operator from a Banach space
into a Banach lattice by V-set and sequences.

Theorem 4.4. For an operator T from a Banach space X into a Banach space Y, the
following statements are equivalent:
(1) T is unconditionally converging operator;
(2) IT(xn)|| = 0 as n — oo for every weakly unconditionally converging series »_ xn,
m X;
(3) T'(By) is a V-set in X'.
If Y is a Banach lattice, we may add:
(4) T'([=f, f]) and {T'(fn),n € N} are V-sets in X', for each f € By, and for each
disjoint sequence (fn) C By ;
(5) |T(xn)| — 0 weakly in' Y and fn(T(x,)) — 0 for every weakly unconditionally
converging series Y. x,, in X and for each disjoint sequence (f,) C By,.

Proof. (1) = (2) Obvious.

(2) = (1) Suppose that T is not unconditionally converging. Then, there exist a weakly
unconditionally converging series »  x, in X, & > 0, a permutation o of N, and intertwining
sequences of positive integers (my) and (ny) such that HZZ’“:mk T(xo(n))|| > € for each
k € N. Now, if we take z = ZZ’;mk Ty(n), We see that ) 2, is weakly unconditionally
converging series in X and [|T(z;)| = HZZ’;mk T(xy(n))|| > € for each k € N, which is
impossible by our hypothesis.

(2) < (3) Follows from the equality sup ;e (g, [f(zn)| = [|T(25)|| for every weakly
unconditionally converging series > x;, in X.

(3) < (4) Follows from Theorem 4.2.

(4) & (5) Follows from Proposition 3.4 and Corollary 3.5. O

Now, by Corollaries 2.9 and 2.12 of [5], Corollary 1.9 of [3] and Theorem 4.4, we derive
the following characterization of 1-Schur property in Banach lattice.

Proposition 4.5. Let X be a Banach space, the following statements are equivalent:
(1) X has the 1-Schur property;
(2) X contains no copy of co;
(3) for any Banach space Y, every operator from X intoY is unconditionally con-
verging;
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(4) every operator from X into £>° is unconditionally converging;

(5) llznll = 0 as n — oo for every weakly unconditionally converging series > xy, in
X:

(6) Bx: is a V-set in X'.
If X is a Banach lattice, we may add:

(7) [=£, f] and {(fn),n € N} are V-sets in X', for each f € B, and for each disjoint
sequence (fn) C BY.;

(8) |zn| = 0 weakly in X and frn () — 0 for every weakly unconditionally converging
series S, in X and for each disjoint sequence (f,) C B¥,.

The following is a well-known result due to Pelczynski:

Lemma 4.6. Let X, Y be Banach spaces and let T : X — Y be a bounded linear operator.
Then T is unconditionally converging if and only if it does not fix a copy of ¢y (i.e., there
is no subspace Z C X isomorphic to co such that T|z is an isomorphism onto its image).

See, e.g., ([7], p- 54, Exercise 8), a quantitative version was established in [[12],
Theorem 3.6]. Now, in the following Theorem, we obtain a necessary condition such that
an operator between two Banach spaces is not unconditionally converging.

Theorem 4.7. Suppose that an operator T' from a Banach space X into a Banach space
Y is not unconditionally converging. Then, for each 0 < & < 1, there exist a sequence
(fn) C By+ and a weakly unconditionally converging series > x, in X such that

fo(T(zn)) =1

and

D ktn [ (T ()] < 1=

for each n € N.

Proof. Assume that T is not unconditionally converging. By Lemma 4.6 it fixes a copy of
¢o. Le., there is Z C X isomorphic to ¢y such that T'|z is an isomorphism. Let (z,) the
co-basis of Z. Then T'(z,) is a cp-basis of T'(Z).

By James’ distortion theorem for ¢y (see, e.g., [[11], Lemma 2.2]) for any positive
number ¢, there is a sequence (v,) in the unit ball of T'(Z) such that

(1 —¢)suplan| < Hzanvn < sup |au,|
n n
n
for each choice of scalars («;,). Take x, € Z C X with T'(z,) = ooy Since (zn) is a co-
basis of Z, the series Y x,, is weakly unconditionally converging. Moreover, ||T(z,)|| = 1,

hence there is (f,,) C By, with f,(T(x,)) =1 (by Hahn-Banach).
Now, Let 0 < e < 1, fix n and assume that the set I C {k € N/k # n} is finite. Then
(ex below are £+1):

YTl = —Ifalza)l+ D falT (@)l

kel kelu{n}
= -1+ Z e fn(T(2k))
kelu{n}
= _1+fn( > GkT($k))
kelu{n}
< (2 are)|
kelu{n}
< —14 sup ——
keIu{n} (vl
1
< 14 -—= <

l—e 1—¢
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And this completes the proof. O

As a consequence, we get

Corollary 4.8. Let X be a Banach space which contains a copy of cg. Then, for each
0 < e < 1, there exist a sequence (f,) C Bx: and a weakly unconditionally converging
series Y . x, in X such that

fn(xn) =1

and

Zk;ﬁn |fn(xk)| < lig

for each n € N.

5. BANACH SPACES WITH THE PROPERTY (VLD)

Note that there exists a V-set in a topological dual Banach space which is not L-
Dunford-Pettis. In fact, the closed unit ball Bye[g 1) of L*°[0,1] is V-set because L0, 1]
has the 1-Schur property (see Example 2.5 of [5] and Proposition 4.5), but B[ 1] is not
L-Dunford-Pettis because L![0,1] does not have the relatively compact Dunford-Pettis
property (see [9], Proposition 3.3 and [15], Corollary 2.7). Inspired by this fact, we
introduce the notion of property (V LD) in Banach space.

Definition 5.1. Let X be a Banach space. Then we say that X has the property (VLD)
if each V-set in X’ is L-Dunford-Pettis.

Now, we are in a position to give the operators characterizations of the property (VLD)
in a Banach space.

Theorem 5.2. Let X be a Banach space. The following statements are equivalent;

(1) X has the property (VLD).

(2) LetY be any Banach space, then an operator T from X toY is Dunford-Pettis
completely continuous whenever T is unconditionally converging.

(3) Ewvery unconditionally converging operator T from X to £>° is Dunford-Pettis
completely continuous.

Proof. (1) = (2) Assume that Y is a Banach space and operator T' from X into Y is
unconditionally converging. Now, let the series Yz, in X be weakly unconditionally
converging. Then, Y T(z,) is an unconditionally converging in Y and ||T(z,)|| — 0 as
n — oo.

Thus,

1T (2n)|| = sup {|T"f(zn)| : f € By'} =0

as n — 0o, and hence T"(By) is a V-set in X’. Since X has the (V LD) property, then
T'(By-) is L-Dunford-Pettis set in X', and from Theorem 2.6 of [15] we see that the
operator T' is Dunford-Pettis completely continuous.

(2) = (3) Obvious.

(3) = (1) Let A be a V-set in X’ and let (f,,) be a sequence in A. Define the operator
T:0' = X' by

T(a) = anfn
n=0

for each a = (a,) € £°°, so the restriction in X of its adjoint 77| x : X — £ is defined by

T'|x(x) = T'(x) = (fm(2))
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for each x € X. Now, let > x,, be a weakly unconditionally converging series in X, we
have
1T (z)l| = sup |fim(zn)| < sup |f(zn)]
me feA
for each n € N. Since A is a V-set in X’ we see that ||T’(x,)| — 0 as n — oo, this proves
that the operator T'|x is unconditionally converging, and by our hypothesis we obtain
that T’|x is Dunford-Pettis completely continuous operator.

Assume by way of contradiction that A is not an L-Dunford-Pettis set in X’. Then,
there exists a weakly null sequence (y,,), which is a Dunford-Pettis subset of X such that
SuPge 4 |9(yn)| > € > 0 for some € > 0 and each n € N. Hence, for every n there exists
some ¢, in A such that |g,,(yn)| > . Now, we find

”T/(yn)H = sup |fm(Yn)| = sup [f(yn)l > [gn(yn)| > €
for each n € N, which is a contradiction with the fact that 7”|x is Dunford-Pettis
completely continuous operator. Thus, A is L-Dunford-Pettis set in X', Therefore X has
the property (VLD), and we are done. O

Example 5.3. (1) The Banach space ¢! has the property (VLD). In fact, for any
Banach space Y, we have every operator T from ¢! into Y is Dunford-Pettis
completely continuous (because ¢! has the relatively compact Dunford-Pettis
property), and we apply Theorem 5.2.

(2) By our Definition 5.1 the Banach space L[0, 1] does not have the property (V LD).

As a consequence we obtain:

Corollary 5.4. Let X be a Banach space.

(1) If X has the property (VLD) and contains no copy of co then it has the relatively
compact Dunford-Pettis property.

(2) If X has the relatively compact Dunford-Pettis property then it has the property
(VLD).

(3) Suppose that X contains no copy of co. Then, X has the property (VLD) if and
only if it has the relatively compact Dunford-Pettis property.

Proof. (1) Immediately From Theorem 5.2.

(2) Let X be a Banach space has the relatively compact Dunford-Pettis property,
so by [14], Theorem 2.5, we see that every bounded subset of X’ is L-Dunford-Pettis.
In particular, we conclude that every V-set of X’ is L-Dunford-Pettis, and X has the
property (VLD).

(3) Immediately from (1) and (2). O

Remark 5.5. (1) Every Schur space has the relatively compact Dunford-Pettis
property, and hence it has the property (VLD).
(2) Every discrete KB-space has the relatively compact Dunford-Pettis property (see
[2], Corollary 3.10), and hence it has the property (VLD).

Corollary 5.6. Let X be a Banach space.

(1) If X has the property (V') then it has the property (VLD).

(2) If X has the (VLD) and L-Dunford-Pettis properties then it has the property (V).

(3) Suppose that X has the L-Dunford-Pettis property. Then, X has the property
(VLD) if and only if it has the property (V).

Proof. (1) Let T be a unconditionally converging operator from a Banach space X to any
Banach space Y, as X has the property (V') then T is weakly compact. By [4], Corollary
1.1 we conclude that T" is Dunford-Pettis completely continuous, and by Theorem 5.2 we
see that X has the property (VLD).
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(2) Let T be a unconditionally converging operator from a Banach space X to any
Banach space Y, since X has the property (VLD) we see that T is Dunford-Pettis
completely continuous. Now, as X has the L-Dunford-Pettis property then by Theorem
2.7 of [14] we see that T is weakly compact, and X has the property (V).

(3) Immediately from (1) and (2). O

Example 5.7. (1) The Banach spaces cq, £>°, C(K) (K is a compact Hausdorff space)

have the property (V') (see [10], page 7), and hence they have the property(V LD).

(2) Every reflexive Banach space has the property (V) [13], and hence it has the
property (VLD).
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