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SOME REMARKS ON THE GENERALIZATION OF
ORTHOGONALITY IN TERMS OF OPERATORS

BHUWAN PRASAD OJHA AND PRAKASH MUNI BAJRACHARYA

ABsTrACT. This paper deals with a generalization of orthogonality in terms of
bounded linear operators on a Banach space. The goal is to find a relation between
orthogonality of images and orthogonality of elements. We prove that if the images
of a bounded linear operator are orthogonal in the Pythagorean sense, then the
elements are orthogonal in the sense of Birkhoff’s definition. In the case of Robert’s
orthogonality in terms of bounded linear operators under the restriction that any
element belongs to the intersection of the norm attainment set of 77 + A\72 and
T1 — XT3, if the images are orthogonal, then it implies that the operators are also
orthogonal. Furthermore, some results in relation to the Carlsson, isosceles, and
approximate Birkhoff-James orthogonality have been obtained.

V wit poboTi pO3IISIHETHCH y3arajJbHEeHHsI OPTONOHAJIBHOCTI B TEpMiHAX OOMEXKEHUX
JIHIRHAX onepaTopiB Ha GaHaxoBOMy HpocTopi. Meroio poboTu € 3HAWTH CHiBBigHOIIE-
HHS Mi>XXK OPTOrOHAJIbHICTIO 300pakKeHb 1 OpToroHaJibHiCTIO ejleMeHTiB. JloBejeno,
10 AKIIO 06pa3u 06MEXKEHOro JIHIHHOIO olepaTropa OPTOrOHAJIbHI B IMi)aropoBOMYy
CeHCi, TO eJIEeMEHTHU € OPTOrOHAJILHUI y ceHCi BusHaueHHsi Bipkroda. Y Bumaixky
oproronaJsibHOCTi PoGepTa B TepmiHax oOMerKeHUX JIHIAHUX onepaTopis i3 yMOBOO,
o OyIb-sIKHUI €JIEMEHT HAJIeXKUTh J10 [IEPETUHY MHOXKUH Jie orteparopu 17 + A\12 i
Ty — N1z mocsaraioTb HOPMH, 3 OPTOTOHAJILHOCTI 00pa3iB BHUILIMBAE, IO OIIEPATOPH €
TAKOXK OPTOTOHAJIbHI. TaKoXK OTPHMAaHO JesiKi Pe3y/IbTaTu IIPO OPTOrOHAJIBHICTE B
cenci Kapiiccona, piBHOGIYHOT OPTOTOHAJIBHOCTI Ta HAOJMKEHOI OPTOrOHAJIBHOCTI B
cenci Bipkroda-xeiimca.

1. INTRODUCTION

As a generalization of orthogonality from an inner product space to a normed linear
space, a new concept of orthogonality in terms of bounded liner operators has been used
by different researchers. Bhatia and Semrl in [1] introduced a concept of orthogonality
in terms of matrices by taking the concept of Birkhoff-James orthogonality. For any
matrices A and B they use the symbol ||A|| to denote the operator norm of A, and A is
orthogonal to B in the sense of Birkhoff-James if and only if for any complex number
z, |JA+ zB| > ||All. A matrix operator A is orthogonal to a matrix operator B iff
there exists a unit vector x in a the Hilbert space H such that ||Az| = ||4]|, and the
inner-product of the image of the operator A at x and the image of operator B at z is
zero. i.e. (Az, Bx) = 0 [1]. They also introduced a Birkhoff-James orthogonality in [1] by
AL1B if and only if ||A+ zB||, > ||A|lp, where ||A]|, denotes the Schatten p-norm of A
defined by [|All, = [>°7_, Sj(A)p]% for 1 <p < ooand S1(A) >...> S,(A) are singular
values of A.

Taking the special case for p = 2, Bhatia and Semrl also proved that the given
orthogonality is equivalent to the usual Hilbert space condition, (A, B) = 0, which defines
an inner-product on the space of matrices as (A, B) = tr(A*B) [1]. Benitz et al. [§]
proved that X is an an inner-product space if and only if for any linear operators A and
C in a finite dimensional normed space X, ALC < FJu € Sx : ||Au| = ||u|, AuLCu,
where Sx = {z € X : ||z|| = 1} and “L” denotes the Birkhoff-James orthogonality. Sain
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et al. in 2018 studied the problem of characterizing the Birkhoff-James orthogonality
for bounded linear operators and prove separate necessary and sufficient conditions for
smoothness of bounded linear operators on infinite dimensional normed linear space [7].

Mall et al. studied parallelism and approximate parallelism in the space of bounded
linear operators defined on a Hilbert space and Bifkhoff-James orthogonality in a space of
compact linear operators and bounded linear operators by using the concept of approximate
parallelism [10]. For any compact linear operator from a a reflexive Banach space X
to Y with My = D U (—D), where D is a compact connected subset of Sx and Mr is
the norm attainment set of T, Paul et al. in [6] proved that the operator T is Birkhoff
orthogonal to an operator A if and only if Tz is Birkhoff orthogonal to Az for some
x € Mrp. In the case of a Hilbert space, an operator T' is Birkhoff orthogonal to an
operator A if and only if the inner-product of the image of T at x with the image of A at
x is zero. i. e., < Tx, Ax >= 0. Botazzi et al. studied Birkhoff-James orthogonality and
isosceles orthogonality of bounded linear operators between Hilbert spaces and Banach
spaces. They also explore a relation between Birkhoff-James orthogonality and isosceles
orthogonality in general Banach spaces [9].

Motivated by results of Botazzi et al., we develop a relation between orthogonality of
images of a non-zero bounded linear operator in the Pythagorean sense with the Birkhoff
orthogonality of elements. We also apply such a concept in relation to the Carlsson’s
orthogonality and approximate Birkhoff-James orthogonalit in terms of bounded linear
operators.

2. DEFINITION, NOTATION AND PRELIMINARY RESULTS

Throughout the paper, an operator T : X — Y is taken as a bounded linear operator
from a normed space X to Y, H denotes a Hilbert space, and My = {z € Sx : |[Tz| =
T}, i-e., it is the set of all unit vectors in Sx at which T attains its norm. Similarly, (z,y)
denotes the inner-product of x and y, Mr, 4 1, and My, _ 7, are norm attainment set of
Ty 4+ XT3 and T — NT5, respectively. Furthermore, My, 1, 4r, 1, is the norm attainment set
of qpT1 + ri 15, and Ty J_g T5 indicates that T3 is Carlsson orthogonal to T in terms of
operators. Let 1%, 1 p, 1 g and 1; denote the approximate orthogonality, Pythagorean,
Bifkhoff-James, and isosceles orthogonalities, respectively.

Definition 2.1. [2] Let (X, ||.||) be a normed space and z,y € X. Then z is said to be
orthogonal toy in the sense of Birkhoff-James if and only if ||z|| < ||z + Ay|| for all A € K,
where K is a scalar field.

It is obvious that an orthogonality in an inner-product space is symmetric (i. e.
x L y implies y L x). However in a normed linear space, all orthogonalities may not be
symmetric. For instance, the Birkhoff orthogonality is not symmetric, but the Pythagorean
and isosceles orthogonalities are symmetric in any normed linear space.

Definition 2.2 ([4], [5]). Let (X, ||.||) be a normed space and z,y € X. Then z is said
to be isosceles orthogonal to y if and only if

e —yll = [lz +yll.
Definition 2.3 ([4], [5]). Let (X, ||.||) be a normed space and z,y € X. Then x is said
to be Pythagorean orthogonal to y if and only if
Iz =yl = llz]* + [ly]I*.

Definition 2.4. [3] Let (X, ||.||) be a normed linear space and ay, bg, cx, k =1,...m, a
fixed collection of real numbers satisfying

m

m m
E akbkck = 1, E akbi = E akci =0.
k=1 k=1 k=1
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An element z € X is said to be Carlsson orthogonal to y € X if

m
Z a||bex + cpy)* = 0.
k—1

Definition 2.5. [3] Carlsson orthogonality is said to have property (H) in a normed
linear space x if for any positive integer n, x 1 y implies that

m

. -1 2 _

nEIfoo n Z nag||brr + cryl|* = 0.
n=1

The Carlsson orthogonality may not be symmetric in all cases. i.e., x L y may not

implies y L z. If the Carlsson orthogonality has the property (H) in a normed space X,

then it is symmetric.

Definition 2.6. [9] Let 77 and 7> be norm attaining bounded linear operators in a
Banach space X. Then T; is said to be isosceles orthogonal to T if for every h € My,

Ty = T2) (W) = (T2 + T2)(R)]- (2.1)

The definition of Pythagorean orthogonaliti in terms of operators is given in [9] as follows:
T7 is said to be Pythagorean orthogonal to T5 if for every h € My,

(71 = T2) (W = T3 + 1Tl Por[(Ty + T) (WP = | T3 |* + 1 T2, (2:2)

Definition 2.7. [10] Let € € [0,1) and z,y € X. Then « is said to be approximate
Bifkhoff-James orthogonal to y if (1 — €)||z|| < ||z + Ay]| for all XA € K.

Proposition 2.8. [10] Let (X, ||.||) and (Y, ||.||) be normed linear spaces. Let T be a
bounded linear operator from X to Y, and let x € My. Then for any € € [0,1), z is
said to be approzimate parellel to y (denoted by x||y ) if and only if there exists a linear
functional f €g,. such that f(z) =d <|z| and f(y) = 0.

Using the definition of approximate Birkhoff-James orthogonality, Zamani and Molehian
in [11] have introduced the notion of approximate parallelism as follows:

Definition 2.9. ([10], [11])) Let (X.]|.||) be a normed linear space and z,y € X, € € [0,1).
Then z is said to be approximate parallel to y, written as x|y if inf{||z + Ay| : A € K} <
ell[].

Theorem 2.10. [10] Let T and A be compact linear operators from a reflexive Banach
space X to any normed linear space Y. Then the operator T is norm parallel to the
operator A, written as T|| A, if and only if there exists x € My N M4 such that Tx| Ax.

Theorem 2.11. [10] Let H be an infinite dimensional Hilbert space and B(H) be the set
of bounded linear operators on H. Let € € [0,1) and T € B(H). Then (1) = (2), where
1. For any A € B(H), T||°A if and only if there exists x € Mp N My such that

Ty L° Ax.

2. There exists an finite-dimensional subspace Hy of H such that Mr = Sy, and
1Tl e < IT-

The following proposition related to approximate Birkhoff-James orthogonality has
a vital role to support our main result. A slightly different definition of approximate
Birkhoff-James orthogonality is given by Dragomir, written as « L%, y, and id defined as
follows:

Definition 2.12. [10] Let € € [0,1) and let z,y € X. Then z is said to be approximate
Birkhoff-James orthogonal to y if

e+ Ayl = (1= @)zll,  VAeK
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Proposition 2.13. [10] Let (X, ||.||) and (Y,].||) be normed linear spaces. Let T be a
bounded linear operator from X to'Y, and x € M. Then for any e € [0,1) and y € X,
Te 15Ty =2 1% y.

3. MAIN RESULT

Proposition 3.1. Let (X, ||.||) and (Y,].]|) be normed linear spaces. Let T be a non-
zero bounded linear operator from X toY, and let x € Myp. Then for any y € X and
AeKTelp N\Ty=x Lpy.

Proof. Suppose Tx L p \T'y. Then
1T + ATy||* = ||Tx|* + | ATy|?
= |Tz|* < || Tz + ATyl
= [[Tx|| < |Tz + ATy|
< 1Tl + Ayll.

Since € My, we can write || Tx| = ||T]|||z||, and therefore, we can write the above
inequality as

T[]l < [Tl + Ayll
= [lzfl < flz + Ayl
This shows that z is Birkhoff orthogonal to . O

Proposition 3.2. Let T and Ty be bounded linear operators from a Banach space X to
Y. Then for any © € My, 1o, N My a1y, Ti(x) Lg To(z) = Th L Ts.
Proof. Let x € My, 1 1, N My, _x7,. Suppose Ti1(x) L To(x). Then, for any A € R,
[Ty (x) = ATo ()] = [|T1(z) + ATa(z)||
= [Ty = AT2)z|| = [[(Ty + ATz)x||
= |11 = MTaf| = [|Th + ATy O

Proposition 3.3. Let T1 and Ty be bounded linear operators from a Banach space X toY,

and {x,} be a sequence in X such that lim x, = x. Then for any x € My, 1 a7, "Mr, — AT,
n—oo

Tl(a:n) 1lgr T2($n) =T L T5.
Proof. Let x € Mp, 41, N My, _x1,. Suppose T1(zy,) Lg To(zy,). Then for any A € R,
1Ty (2n) = ATo(2n) || = [Ty (2n) + AT2(20)]|
= lim |Ty(@) — ATy(e,)| = lim T3 () + ATa (2|
= |Ti(zn) = AT(2)|| = [|T1(2) + ATa(z)|
= |11 — Xz = ||T1 + ATz||. O
Corollary 3.4. Let T} and T be bounded linear operators from a Banach space X to Y.
Then fOT any r € MT1+T2 n MTl*Tzf T (.’L‘) 17 TQ(J?) =T LrTs.
Proof. Let x € Mq, 41, N M, —1,. Suppose Ti(z) L To(x). Then,
1Ty (z) — Ta(2)]] = [[T1(z) + Ta(a)]]
= (T = Ta)z| = [(Th + To)z|
= HT1 — TQH = ||T1 + T2|| O

Corollary 3.5. Let Ty and Ty be bounded linear operators from a Banach space X to'Y,

and {x,} be a sequence in X such that lim x, = x. Then for any x € My, 1, " My, _7,
n— oo

Tl(itn) 17 Tg(mn) =T L;Ts.
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Proof. Let © € Mp,y1, N My, —7,. Suppose T1(x,,) L1 To(xy,). Then,
[T1(zn) = Ta(zp) || = [[T1(20) + To(n)||
= lim [|Ty(z) — To(2,)|| = lim [|T3(zn) + To(zn) ||
n—o0 n—o00
= |Ti(zn) — Ta(@)[| = [T1(z) + To(z)]|
= ||T1 — TQH = ||T1 + TQH O

Theorem 3.6. Let T1 and T be bounded linear operators from a Banach space X to Y.
Then for any x € My, 1, +r,T,, if the images of T1 and T are orthogonal in the sense of

Carlsson orthogonality in terms of bounded linear operators, then the operators are also
orthogonal.

Proof. Let € My, +r,m, and Ti(z) L9 To(z). Then

> pellaTi (@) + (@) = 0 (33)
k=1
satisfyes the conditions
S prarrk =1, Y pegi =Y peri =0 (3.4)
k=1 k=1 k=1
Since & € My, 1, +r,15, We must have ||gpTh () + reTe(z)| = || (geTh + reTe)z|| = |lgsT1 +

r,T3||. Therefore, from relation (3.3) and (3.4), we may conclude that

n
> prllaxTy + i Tal* = 0.
k=1

This shows that 77 is Carlsson orthogonal to 75 in terms of operators. O

Theorem 3.7. Let T1,T € B(X) with x € Mp, 1, " My, —1,. Then Ti(x) + To(x) Lp
To(z) and Ty(x) — To(x) Lp To(xz) implies Ty L1 Ts.

Proof. Since Ty (z)+T2(z) Lp To(x), we have || Ty (x)+To(2)|| < ||T1(x)+To(z) + AT ()|
for all A € K. Taking 8 =1+ A, we have
1T () + To(x)|| < [T (x) + Ta(x
= |11 (z) + To(x
= [IT1(x) + 5T ()|
= (T + T2)x|| < [[(T1 + BT2)=].
In particular for 5 = —1, we have ||(T} + T2)z| < |[(T}y — T2)z||. Since z € Mp, 411, N
M, ()41 (), We must have [|(T1+T3)[| < [[(T1—T3)||. Similarly, if T () —T5(x) Lp To(z),

we obtain ||T} — Ty|| < ||T1 + T3] and, therefore, by combining these inequalities we get
the desired result. O

(8 —1)Ta(x)
ATa(x) — Ta(x)]|

~— ~—

+
+

Corollary 3.8. Let T1,T> € B(X), and assume that Ty + Ty Lp T and Ty — To L g Ts.
Then T1 J_[ TQ.

Proof. Since Ty +To Lp T, we have ||T} + Ta|| < ||T1 + T2 + ATz|| for all A € K. Taking
B =14\, we have
Ty + To|| < || Th + T2 + (B — 1) 13|
=Ty + Tz + BTy — Ta|
= ||Th + BTz
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In particular, for 8 = —1, we have |11 + Ts|| < ||[Th — T2||. Similarly, if T4 — Tz Lp To,
we obtain ||T} — Ty|| < ||T1 + T3] and therefore, by combining these inequalities, we get
the desired result. O

Proposition 3.9. Let X and Y be normed linear spaces, T be a non-zero bounded linear
operator acting from X toY, and {z,}, {yn} be sequences in X such that x, — x € Mr,
Yn =y, Ty, — Tx. Then for any € € [0,1) Ta, LSTy, for each n implies that x L%y.
Proof. Let x € My and € € [0,1). Since Tz, LG Tyy, we have for any A € K,
(1= lTznll < [[Tzn + ATy
= (L =Tzl < (T|l|lzn + Aynl
= (1—¢) lim [|Tz,|| < |T]| lim [z, + Ayl
n—oo n—oo

= (1=l Tz|| < T[[l= + Ayl (3:5)
Since © € My, we must have ||Tz| = ||T|||z||, and therefore the inequality (3.5) can be
written as (1 — e)||T||llz]] < ||T|lllx + Ay||. Hence ||(1 — €)||z|| < ||z + Ay]| is the desired
result. O

Conclusion. The concept of Birkhoff-James and isosceles orthogonalities in terms of
bounded linear operators in Banach and Hilbert spaces has been studied and characterized
during the last decades. We conclude that there may be various chances of characterizing
others like: Pythagorean, Carlsson and Robert orthogonalities in terms of bounded linear
operators under the restriction for any element to belong to the norm attainment set of
operators.
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