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RESULTS ON MATRIX TRANSFORMATION
OF COMPLEX UNCERTAIN SEQUENCES
VIA CONVERGENCE IN ALMOST SURELY

BIROJIT DAS, BINOD CHANDRA TRIPATHY, AND PIYALI DEBNATH

ABSTRACT. In this paper, the concept of convergence of complex uncertain series
is applied to study matrix transformation of complex uncertain sequences in terms
of almost surely. We establish a necessary and sufficient condition under which an
infinite matrix operator transforms a null complex uncertain sequence in almost surely
into another null sequence and almost surely convergent complex uncertain sequence
into a convergent sequence of same type. We further characterize this transformation
by introducing boundedness of complex uncertain sequences. Some other results of
matrix transformation in real sequence space are also established in an uncertainty
space of sequences of complex uncertain variable.

V naniit po6oTi KoHIemNIist 3612KHOCT] KOMIIJIEKCHUX HEBU3HAYEHUX PsIIB 3aCTOCOBY-
€TbCs JJIsl JIOCJIPKEHHS] MaTPUIHUX [1€PETBOPEHb KOMIIJIEKCHUX HEBU3HAYEHUX I10-
CJIIJIOBHOCTE!N B TepMiHaX Maiizke HalleBHO. BcTaHOBJIEHO HEOOXiJIHA i JOCTATHS yMOBa
3a AKOI OllepaTOp HECKiHYeHOI MaTpPHIli IIEPETBOPIOE HYJIOBY KOMIIEKCHY HEBU3HAYEHY
MOCJIJOBHICTD Y 1HIILY HYJIbOBY ITOCJIJIOBHICTH B CEHCI Maii?Ke HaIlleBHO, & TAKOXK 3012KHY
KOMIIJIEKCHY HEBH3HAYEHY IIOCIIJOBHICTH y 30i2KHy ITOC/IIJOBHICTH TAKOI 2K THILy B CEHCI
Maitzke HareBHO. HajaHo XapakTepisallifo I1bOro IIepeTBOPEHHS, BBOJAAYHN TOHATTS
0OME2KEeHOCTI KOMIIEKCHUX HEBU3HAUEHUX mHociimoBuocTeil. [eaki immi pesynbpratu
JJ1s1 MATPUYHUX [IEPETBOPEHb B IIPOCTOPI JIMCHUX MOCJIIJOBHOCTEl OTPUMAHO TAKOXK B
IIPOCTOPi HEBU3HAYEHOCTI KOMILJIEKCHUX ITOCJIiIOBHOCTEIl HEBU3HAYEHNX 3MiHHUX.

1. INTRODUCTION

The theory of uncertainty is introduced by B. Liu [7] in the year 2007 and it has
evolved in the last decade in a large scale. The basics of different field of mathematics
viz. measure theory, programming, risk analysis, reliability analysis, propositional logic,
entailment, set theory, inference, renewal process, calculus, differential equation, finance,
statistics, chance theory have been studied in uncertain environment. As part of the study
of uncertainty theory, Liu [7] introduced the concept of uncertain sequences and several
types of convergences, namely convergence in mean, in measure, in distribution and in
almost surely. You [8] extended this study by introducing a new convergence concept with
respect to uniformly almost surely. To describe the complex uncertain quantities, the
notions of complex uncertain variable and complex uncertainty distribution are presented
by Peng [15]. Chen et al. [14] explored convergence of sequence of complex uncertain
variables due to Peng and reported five convergence concepts, namely convergence in
almost surely, convergence in measure, convergence in mean, convergence in distribution
and convergence with respect to uniformly almost surely by establishing interrelationships
among them. These convergence concept of complex uncertain sequence has also been
generalised by Nath and Tripathy [12], Das et al. [1, 2, 3, 5, 6]. Authors [4] introduced the
notion of convergence of complex uncertain series very recently. As extension of the work,
in this article we characterize matrix transformation of complex uncertain sequences.
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A norm, denoted by || - || defined as follows, which can be found in the functional
analysis books.

Definition 1.1. Let X be a linear space defined over the filed K of real or complex
numbers. The function || - || : X — R4 U {0}, where R, denotes the set of positive real
numbers is called norm if it satisfies the followings for all z,y € X and a € K:

(i) ||z|| = 0 if and only if = 6, the zero element of X.
(i) Jla+ o1l <[] + iyl
(iif) [fo]| = |a][]]

Before going to the main section we need some basic and preliminary ideas about the
existing definitions and results which will play a major role in this study.

2. PRELIMINARIES

In this section, we recall some related definitions as ready references for the present
work.

Definition 2.1 ([7]). Let £ be o-algebra on a non-empty set I'. A set function M on T
is called an uncertain measure if it satisfies the following axioms:
Axiom 1: (Normality Axiom). M{T'}=1;
Axiom 2: (Duality Axiom). M{A} + M{A°}=1, for any A € L;
Axiom 3: (Subadditivity Axiom). For every countable sequence of elements A; in
L, we have

M{G Aj} < iM{Aj}.

The triplet (I, £, M) is called an uncertainty space, and each element A in £ is called
an event.

Definition 2.2 ([15]). A complex uncertain variable is a measurable function ¢ from an
uncertainty space (I', £, M) to the set of complex numbers, i.e., for any Borel set B of
complex numbers, the set {¢ € B}={y € I' : {(y) € B} is an event.

Definition 2.3 ([14]). The complex uncertain sequence {(,} is said to be convergent
almost surely (a.s.) to ¢ if there exists an event A with M{A}=1 such that

lim |G, (y) — C(7)| =0

n—roo

for every v € A. Throughout the article, the family of all convergent complex uncertain
sequence in almost surely is denoted by ¢(I'; ). Similarly, the collection of all null
sequences in almost surely is denoted by c(Ty 5)-

Definition 2.4 ([4]). Let ¢ = {(x} be a complex uncertain sequence and (T', £, M) be
an uncertain space. Then the infinite complex uncertain series Y .-, Cx(7) is said to be
convergent in almost surely if {S,(v)}, where v € T is any event, is convergent to some
limit S in almost surely. Here, {S, ()} is the complex uncertain sequence of partial sums

defined by Sn('}/) = 22:1 Ck ('7)
In this case, there exists an event A with M{A} = 1 such that

Jim 1S, (y) = S()I =0,

for every v € A.
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3. MATRIX TRANSFORMATION OF COMPLEX UNCERTAIN SEQUENCES

The study of sequence space through matrices are very much relevant in the current
research flow. Interest in matrix transformation theory was stimulated in Summability
theory by Cesaro, Borel and others. It was however, Toeplitz explored matrix trans-
formations while working on methods of linear space theory in sequence spaces. He

ai; a2
characterized such infinite real sequences A = (anr) = | a21  a22 ... |, which maps

the space c into itself. The study of matrix transformation is very very important because
in many cases the most general linear operator on one sequence space into another is
actually given by a matrix and so researchers made progress enormously in this particular
direction [9, 10, 11]. The concept of uncertainty theory developed in large scale in the last
decade. Mathematicians and researchers from different field are showing great interest
in investigating results of real space in uncertainty space. As a part of reconnoitring of
uncertain sequence, in this section we introduce the notion of matrix transformation of
different types of complex uncertain sequences via convergence of complex uncertain series.
In [4], authors studied matrix transformation of complex uncertain sequence to some
extent by considering the concept of convergence of complex uncertain series with respect
to uniformly almost surely. In this article, we confine our study only to the concept of
almost surely convergence of complex uncertain sequences and series simultaneously.

To make this precise, at first let us consider the space ¢y(I'y ) of all null sequences

aip  ai2

in almost surely. Consider an infinite matrix A = {anx} = [ a21 a2 ... | and a

complex uncertain sequence ¢ = {(x} € ¢o(Tq.s). Then there exists event A with unit
uncertain measure in which ( is a null sequence.

Then the matrix operator is applied on the complex uncertain sequences by normal
matrix multiplication as follows:

a1 a2 G() a1161(y) + a12G2 () + ...
AC(y) = | a21 a2z GO | = | a1 (Y) + anle(y) +...| Vv €A,

Thus it can be written as (AC), = A,(¢), where A, (((7)) = Y re; ankCk(7), provided
that the infinite series converges with respect to almost surely, for each n.

An infinite matrix A is said to belong to (X,Y) if A transforms the uncertain sequences
from the space X to Y.

Now, the question arises that in what condition a matrix operator transforms a null
sequences (with respect to almost surely) into another null sequence (with respect to
almost surely). We find a necessary and sufficient condition regarding this below.

Theorem 3.1. Let A = {anr} be a matriz such that lim, o anxy — 0 (uniformly for
allk € N) and M = sup,, Y r; |ani| to be finite. Then A is said to be a bounded linear
operator on co(Tq.s) into itself and ||A|| = M.

Proof. Let (T, L, M) be an uncertainty space and {(,(y)} € co(T'a.s). Then there exists
uncertain event A with M(A) = 1, such that {¢,(7y)} uniformly converges to {(y) =0 in
A. ie., for any € > 0, there exists k > 0 such that ||(,(7)|| < ¢, for all v € A and n > k.
We now show that A((v) € ¢o(T'q.s), which implies that the complex uncertain series
> req ankCr(7) is absolutely convergent in almost surely for each n.



RESULTS ON MATRIX TRANSFORMATION OF COMPLEX UNCERTAIN SEQUENCES 323

Now, for any m > 1 and v € A,

AR (COI = ZHanka DI =D NGO+ D HanrGe()]]
k=1 k=m+1

< [IGk(y \IZIank|+ max |G (7)||M.

k=1
Take m and n so large that for any arbitrary small ¢ > 0, max{||Cx(¥)|| : k > m +
1,y € A} < e and Y-, |ank| < &, since apr, — 0 as n — oo (k fixed). Therefore,
A(C(7)) € ¢o(Tq4.s) and hence A defines an operator from co(T'y.s) into ¢o(Ty.s).
Also, for any uncertain event v € A,

1A(C(v) II—SupHZankék < ISy IISupZ\ankl MIICIL,

for every ¢ € ¢o(Tq.5). Hence, ||AH <M, V¢e€cy(Tas) and so A is bounded.
For the reverse inequality, there exists n = m(e) such that ), |amk| > M — § and
since Y, |anx| is finite, there exists p = p(e) such that >, |amk| < §
For all v € A, define the uncertain null sequence ¢ = {(x} with respect to almost surely
by
() = { sgm ank iil;'ﬁ p;
Then [|¢(7)]] = 1 and

”‘ﬁi ())|)” = sup || An(CODI = 1An(CODII > M —e

It implies that M = sup {% () # 0} = ||A||. Hence the theorem is proved. [

We now prove the converse case of the above theorem.

Theorem 3.2. Let A : ¢o(Tys) — co(Das) be any bounded linear operator. Then A
determines a matriz (amy) such that (AC(7)),, = > pey ankCk(7), for every v € A and
[|A|| = sup,, > rey lank| < 0o. Also, lim,, s ani = 0, uniformly for all k.

Proof. Let ¢ € co(I'y.s). Then ((v) = >, (Ce(v)ex), where {e,} is a basis in co(I'y.s)
which is given by e, = {e/}, and

A ={ o s

0, otherwise;

Now
ZCk Aek*ZCk ak ) HGN,

where Aey, is a sequence {a,(C )7(1562)7 ..... } €co(las); k=1,2,3, ... Then,

=Y a6, n=1,2.
k=1

Since each ey, € ¢o(Tq.5), therefore Aey € co(Ty.5) also, for k =1,2,3,..... That implies,
lim, o0 ank = 0, keeping k fixed. Thus, lim, . A,((7) = D ey ankCi(y) =0

We now prove that |[A|| = sup, > pe; lank|-

For each n, we have, ||A.C(7)|| < ||AC(Y)|| < ||A]l][¢]]- Since A is a bounded linear
operator and ¢ € ¢o(Ty 5), then A, is a bounded linear functional on ¢o(I', s). Thus we
have the sequence {A,} € ¢f;(T'y.s) such that lim,_,o, A,(((7)) = 0. Then, by Banach-
Steinhaus theorem, for all n, ||A,|| < H, for some constant H. By the table of dual
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spaces in page 110 of [11], ||A,|| = Y, |ank|.- Then M = sup,, > ro; |ank| < co and by
the above theorem ||A|| = M. O

Definition 3.3. A complex uncertain sequence {¢,} in an uncertainty space (I', £, M)
is said to be bounded with respect almost surely if for any ¢ > 0, there exists event A
with unit uncertain measure such that

sup,, [¢n(7)] < o0, for all v € A.
The set of all such types of sequences is denoted by £o (T s)-

Theorem 3.4. An infinite bounded matriz operator A = (ank) acts from € (Ly ) into
loo(Ta.s) if and only if

sup, T3 fane] < o0
Proof. Let ¢ = {Ct} € €oo(Ta.s). Then, there exists some event A with M{A} =1 such
that sup,, ||¢n(7)]| < oo, for all ¥ € A. Suppose A = (anx) be an infinite bounded matrix

operator such that sup,, > po; |anx| is finite. Since, A = (any) is bounded uniformly for
each n, (AC(7)),, = > peq ankCr(y) exists, for all v € A. Then,

sup [[(AC),[| = sup | > ankG (I < [[C(N)[[sup Y lank| < oo,
n n =1 noi

since ¢ € loo(T'a.s). Therefore, A € £o,(I's.s). Hence, A defines a bounded linear operator
from £ (T'y.s) into oo (Dy s)-

Conversely, let A € (loo(Ta.s), loo(Ta.s)). That is A transforms a complex uncertain
sequence ¢ € £ (T ) to another sequence A¢ € £ (T'y.s). This implies

sup, ||(AQ), || = sup, [| 3272 ankCr(y)]] < oo
Then, by Banach-Steinhaus theorem, we have sup,, ||4,|| = sup,, |ank| < 0o. O
Corollary 3.5. For each bounded linear matriz operator A = {anr} between the spaces
CO(Fa.s) to Koo(ra.s); C(Fa.s) to loo (Fa.s); CO(FCL.S) to C(Fws); and C(Fws) to C(Fa.s):
(AC(Y)) = 2521 ankCe(v), and [|A]] = sup, 3777, |ank| < oo.

Proof. Using the techniques same as above, this can established easily. 0

Definition 3.6. Let p = {pr} be a bounded sequence of strictly positive real numbers
such that H = supy, py is finite. The space [((p)]p, _ is defined as follows:

oo (P)]r, , = {C = {Ck} : suppen [C(7)[P* < oo},

where ¢ = {(x} is a complex uncertain sequence and v € A, A being an event with unit
uncertain measure.

Theorem 3.7. An infinite real matriz operator A € ([loo(P)]p. loc(Ta.s)) if and only

if

a.s

SUPpen D opet \ank|Ni <oo, VNeEN (N >1)

Proof. Let (T, £, M) be an uncertainty space and A be an event with M{A} = 1.
To prove the necessary part, let us suppose the infinite matrix operator

Ae ([foo(p)]ra_s Aoo(Tas)) -
Suppose that there exists N € N (N > 1) be such that

. a1
SUPpeN D peq |@nk| N PE = 00,

We consider the infinite matrix operator B = (b,,;) which is defined by

bnk:ankNi7 vV k,neN.
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It is obvious that B ¢ (£oo(Ta.s),loo(T'a.s)) . Thus, we can find a complex uncertain
sequence ¢ = {(x} € loo(Ta.s) with |[¢]| = 1 such that

220:1 bnikCi(Y) € €oo(Ta.s), where v € A.
Then,
S pey ankNPEC(v) € loo(Das), for v € A.

Let n = {n;} be a complex uncertain sequence such that n(y) = N Ce(v), Vvyel.
Therefore, 1 € [loo(p)lp, ., but

(A)n = Aan(7) = 521 kN5 Go() & Loo(Tans)-

a.s 7600 (Fa.s))-

For the sufficient part, let sup,cn > pey \ank|N?%k be finite and ¢ = {(x} € [loc (D))
We consider a natural number N such that

This is a contradiction to our hypothesis that A € ([¢s(p)]:

a.s

N > max {l,supkeN \Ck(’y)|i} , foryeA.

Then,

oo 1
supgen |(AQ)n| < supren D j— lank|N7% < oo, Vv € A.
Therefore, AC € £ (T, ). Hence the theorem is proved. O

In the following section we prove the famous Silverman-Toeplitz theorem and Kojima-
Schur theorem considering complex uncertain sequences as application of matrix transfor-
mation.

4. SILVERMAN-TOEPLITZ AND KOJIMA-SCHUR THEOREMS

Theorem 4.1 (Silverman-Topelitz Theorem). A bounded linear operator A : ¢(T'y.5) —
c(Tq.s) preserves the limit if and only if the following conditions are satisfied:
(1) sup, > opey lank| < oo.
(ii) ank — 0, as n — oo, while k is fized.
(iii) D0 ank =1, for fized k.

Proof. Consider an uncertain space (I', £, M) and A : ¢(Ty.s) — ¢(Tq.s), a bounded linear
operator which preserves limit. Let & be a fixed positive integer and the complex uncertain
variables (, be defined as follows:

Cn (7) =

and let ¢(y) = 0, for all v € T'. Then, lim,{||¢x — ¢||} = 0, the norm operator
considered here is due to Chen et al. [14]. Hence, the complex uncertain sequence {(, } is
convergent with respect to almost surely and it converges to zero, for any fixed k. Thus,
> ankCk(y) =0,  (by our hypothesis), which implies lim,,_, anx = 0, uniformly for
all k. Thus, the condition (ii) is proved.

For the necessity of (iii), let {(,} be a complex uncertain sequence such that ¢, =
1, Vn e Nand let ¢ = 1. Then, ||¢, — ¢|| = 0, for all n € N. Thus the sequence {(,}
converges to ¢ with respect to almost surely. Consequently, the transformed sequence
(ACk)n = An(Cr) where A, (Ce) = Y opey ankCe(7y) also converges to ¢ = 1. Therefore,
oo ankCr(y) — 1, as n — oo, for fixed k, which implies

{1 if n=k;

0 otherwise;

hmnﬁoo Z}z.;l Qnk = 17 as Ck(’)/) =1L
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Now, >~ 22, aniCx(7y) exists for each n and tends to ¢, whenever {(x} converges to ¢ with
respect to almost surely. Then by corollary 3.5, we can say that sup,, > po; |ank| < 00.
For sufficiency, let the three conditions holds true and the complex uncertain sequence
{¢n} converges with respect to almost surely to (.
Now,

Z anka Z ank Ck (7)) + C('Y) Z Ank-
n=1

Using condition (i) and the fact that ¢, — ¢ with respect to almost surely, we have the
first term of the right hand side of the above equation is zero. Again by condition (iii), the
second term of the right hand side tends to (. Therefore, lim,, Z;ozl ankCr(y) = C.
Hence A € (¢(T4.5),¢(Ty.s)) and it keeps the limit preserved.

Theorem 4.2 (Kojima-Schur Theorem). The linear operator A : ¢(Tys) — ¢(Tq.s) is
bounded operator if and only if the following conditions are satisfied.

(1) sup,, > pey lank| is finite;
(i) for each p € N, there exists a, = lim,, Ziip Ank -

Proof. Let (', £, M) be an uncertain space and A : ¢(T'y.s) = ¢(Iy.s) be a bounded linear
operator. Suppose the complex uncertain sequence {¢,} € ¢(T';.s) converges to (.

Then, by the theorem 4.1, sup,, > -, lank| < oo and thus (i) is proved.

Consider the complex uncertain sequence {(,} in such a way that

_J o n < p;
Cn(v) = { 1 otherwise;

for some finite p and ((y) = 1, Vy € I'. Then, lim, ||, — ¢|| = 0 and so {(,} €
¢(T'q.s), which converges to ¢ = 1 with respect to almost surely. Thus lim,,_, ., A¢, =
limy, 00 21?;1 ankCn = limy, 00 2;0:1 Gpk = Ap-

Conversely, let conditions (i) and (ii) hold true and {(,} € ¢(T',.s) converges to (.
Then,

Zanka => (G (M) +CN D ank = Sr, +¢ > an,
k=1 k=1 k=1 k=1

where Sr, =Y ro;(Ce(7) — ¢(v)). Now, by condition (i), {(7) > p; @nk tends to ((v)az
Suppose,

oo oo
b = lim a,; = lim ( g Qnj — E anj) = Qi — Qk+1,
n— o0 n— 00

=k j=k+1

for each k. So,

Z |br| = Z | hm k| < supz |ank| < oo (by condition (i)).

k—o0 k—o0 k=1
Again,
D (@ = bi)l1G(7) = ST = D (@nn = Bi)lIGe(y) = COII-
k=1 k=1

Since {(,(v)} converges to ¢ almost surely, so S, tends to Y~ | b (Ce(y) — ¢(7)). Hence
A€ (e(Tas).e(Tas). -
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5. CONCLUSION

In this article, we made an initial study of matrix transformation of complex uncertain
sequences by applying the notion of convergent uncertain series. Application of matrix
transformation is shown by establishing Silverman-Toeplitz theorem and Kojima-Schur
theorem considering convergent complex uncertain sequences. This study can be extended
for further generalization in this direction.
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