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ABSTRACT. In this paper, we obtain a generalization of the Donoho-Stark uncertainty
principle associated with the Quadratic-Phase Fourier integral operators which is de-
fined as a generalization of several integral transforms whose kernel has an exponential
form.

VY wniit poboTi Mu OTpUMy€EMO y3araJbHEHHsI IPUHIIUILY HeBuU3HadeHocTi Jlonoro-
Crapka, IOB’si3aHe 3 KBaJAPATUIHO-(DA30BUM IHTErpaJbHUM onepaTropoM DPyp’e, kit
BU3HAYAETHCSA K y3araJbHEHH: KiJIbKOX iHTErpajIbHUX II€PETBOPEHb 3 sApaMU
€KCIIOHEHIiaIbHOI (POPMH.

1. INTRODUCTION

The uncertainty principle is a fundamental principle in mathematics and physics, and
also plays an important role in signal processing. It states that a function and its Fourier
transform cannot be simultaneously well concentrated, i.e if the supports of a function
felLl (Rd) and its Fourier transform f are contained in bounded rectangles, then f
vanishes almost everywhere. Donoho and Stark [5] gave qualitative uncertainty principles
for the Fourier transforms, namely we say that f is e-concentrated on a measurable set )
if

If = xafll <e.

Donoho and Stark [5] show that if f of unit L?-norm is £, concentrated on a measurable

set A and its Fourier transform fis ep concentrated on a measurable set B, then

A] [B] > (1 —en —24)°.

Here, |A| denote the Lebesque measure of the set A.

There are various mathematical formulations for this principle as well as extensions
to other transforms, see for example [1, 2, 7, 9, 10], we refer also to the book [6] and
the surveys [3, 8] for further references. The main goal of this paper is to establish the
Donoho-Stark uncertainty principle for the Quadratic-Phase Fourier integral operators
newly introduced by Castro et al [4] which is defined as a generalization of several integral
transforms whose kernel has an exponential form such as Fourier, fractional Fourier, and
linear canonical transforms.

The remaining part of the paper is organized as follows. Section 2 is a summary of the
main results in the harmonic analysis associated with Quadratic-Phase Fourier integral.
In Section 3, we introduce some further notation as well as some auxiliary results which
are required to prove the mains results of this paper.

2. PRELIMINARIES

In this section, we shall collect some results and definitions from the theory of the
harmonic analysis associated with the Quadratic-Phase Fourier integral operators Q. For
more details we refer to [4].
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We denote by:
LP = LP (R) the class of measurable functions f on R for which || f||, < oo, where

1l = (/le(:v) |pdx)”, if 1<p<oo,

[flloe = Iflloc = ess supacrlf ()]
D (R) is the space of even C*°-function on R with compact support.
Co (R) the Banach space of all continuous functions on R that vanish at infinity,
endowed with the supremum norm || f||co-

Let f € L' or f € L?, the Quadratic-Phase Fourier integral operators Q is defined by

Q) (@) = —— [ eRuoG)f () ay, (2.1)

B V2T Jr
where

Q(a,b,c,d,e) (CC, y) = Q(a—e) (177 y) = CL.’,E2 + bSCy + Cy2 +dz + €y, (22)
for parameters a,b,c,d,e € R (with b # 0).

The importance of the Quadratic-Phase Fourier integral operators Q lies in the fact
that it generalizes many integral transforms. In fact,

e fFora=c=d=e=0and b =41, Q is simply the well-known Fourier and
inverse Fourier integral transforms, respectively.

e For d = e = 0, the kernel generated by Eq. (2.2) includes the kernel of the linear
canonical transform as well as of the one of the fractional Fourier transform.

Lemma 2.1. If f € L' then Q(f) € Co (R), and [Q (f) I < |I/]1
Theorem 2.2. If f € L' and Qf € L', then

f () = j;? / Q) (y) e ReaWady, vz cR. (2.3)

Theorem 2.3. (Parseval type identity)
e For any f, g € L?, we have

@Q(f),Q9) = (/.9
where {.,.) denote the usual inner product in L? (R) given by
= g (z)dz.
)= [ 1@
o If f =g, then we have
1
vl

3. DONOHO-STARK UNCERTAINTY PRINCIPLES FOR QUADRATIC-PHASE FOURIER
TRANSFORM

1Q(f) Il = [ £1l2-

Definition 3.1. Let f € LP, we say that f is eg-concentrated on a measurable set E if
there is a function g vanishing outside E such that

If = gllo < eBllflp:

We consider a pair of operators, namely
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e The orthogonal projection operator define as follow:

(Pef) () = { (@), idzek (3.4)

0, otherwise
e The frequency-limiting operator define as follow

Q(Qef)=PeQ(f). (3.5)
Using the Definition 3.1 and (3.4), we have for f € Ly thatf is € g-concentrated on E
if and only if
If = Pefly < csllflp
Using again Definition 3.1 and (3.5), we get for f € Ly that Q (f) is € p-concentrated on
F if and only if

1Q(f) —Q@QrS) 2 < \Fllf\lz (3.6)

If F is a set of finite measure of R, we put |F| = [} dx.
Lemma 3.2. If |F| < oo and f € L' N L2, then

Qrf (z \/7/(@ iQ(a—e)(I’y)dy'

Proof. Let f € L' N L?, then by Parseval theorem and Hélder’s inequality, we have
Ie@enlh = [ 1(Pra() @)ds,

= /| xrQf) (z)|dz,

(/ |xF<m>|2dx) ([roc |2dx) ,

1 1
< ﬁIFPIIfIIz < 00,

IN

and .
1Q(QFS) |2 = ﬁ”fnz < 00
Hence, Q (Qrf) € L* N L2. On the basis of (2.3), we obtain
b ) )

Lemma 3.3. Let E and F be measurable subset of R. If f € L' N L?, then
1Q(QrPrf)ll2 < |BI2|FIZ]|f]]2.
\/7

Proof. If at least one of |E| and |F| is infinity, then the inequality is clear. Therefore, it
is enough to consider the case where both E and F' have finite measure.
Let f € L' N L2. Using (3.5), we get
Q@QrPpf)=xrQ(Pef).
Thus,

1Q(@rPef) s ( [ @en @ |2dx)2 . (3.7)
Since

Q(Pef) (z) = J% [ 0o f @) s
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it follows from Holder’s inequality that

Q(PeD) ()] < —=IB I/

By (3.7), we get

1Q(QrPef) || < —=IBRIFIE ]2 0

The following uncertainty principles are our main results.

Theorem 3.4. Let E and F be measurable subsets of R and f € L* N L% If f is
ep-concentrated on E in L? and Q (f) is ep-concentrated on F in L?, then

b
(1- (o ter) < Ajmp)

Proof. Let f € L* N L?. Then

1(Qf) = Q(QrPef) ll2 1Q(f) = QQrS) 2 +1Q(Qrf) = QIQFPES) |2,

erllQ(f) lz + 1Q(QF (f — Pef)) ll2,
erl|Q(f) [l + [PEQ(f — Prf) ll2s

< 6F(@f)|2+</ Q(f—PEf)<x)2dx>2,
er|Q(f) 2 +1Q(f) = Q(Prf) 2

VAN VANVA

IN

On the basis of (3.6), we obtain

1(Qf) = Q(QrPef) ll2 erl|Q(f) Il + —== 1 ll2:

V1ol
erl|Q(f) llz +e&lQ(f) |2

Using the triangle inequality and lemma 3.3, we get

QN Nl < IIQ(QFPEf)||2+IIQ() Q(QrPEf) |2,
\/j‘E|§|F|§”fH2+5F”@(f)||2+5E||Q(f)||2»

Ib\

IN

IN

A

IA

\EI IFIZIQ(F) |2+ erllQ(F) |2 + e £llQ(f) [l2- O

Theorem 3.5. Let E and F be measurable subsets of and f € L* N L%, If f is ep-
concentrated in E in L'-norm and Q (f) is ep concentrated on F in L*-norm, then

(1—EE) 1—€E <\/ |EHF|

Proof. Let f € L'NL2. Since Q (f) is e p-concentrated on F in L2-norm, then, by triangle
inequality we get

A

R < srlel+ ([ RUEPE)

er|Q () [l + IFIZ1Q(f) lloo
er|Q () lla + [FIZ | £

IAIA

Thus, we obtain

L
Q) < 7
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Since f is eg-concentrated on E in L'-norm, we have

Il < eE||f\|1+/E|f<x>|dx,

el fll + B2 fl2,
el fll+ [ EIZ[]|Q(f) [l2-

INIA

Hence, it follows that
|E|2
£l < BIIQ (f) [|2- (3.9)

~1—¢g
By combining (3.8) and (3.9), we get desired result. O
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