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ON LOCATION OF THE SPECTRUM OF AN OPERATOR WITH A
HILBERT-SCHMIDT RESOLVENT IN THE LEFT HALF-PLANE

MICHAEL GIL’

ABSTRACT. Let H be a separable Hilbert space, and A be a linear operator on H
with a Hilbert-Schmidt resolvent and a bounded imaginary Hermitian component.
Assuming that the spectrum of A lies in the open left half-plane we suggest the
conditions that provide the location of the spectrum of a bounded perturbation of A
in the open left half-plane.

Hexait H — cemapabenbuuii rinsbeprosuit npoctip, a A — siniifiHuit onepaTop
Ha H 3 pesosbBenTOIO ['ibbepra-IlIMinTra Ta 06MEXKEHOIO ySIBHUOIO KOMIIOHEHTOIO.
[Ipunyckaroun, mo cekTp A JeXKHUTh y BIAKPUTOI JIBOI IiBIJIONUHI, 3aIIPOIIOHOBAHO
IIPOIIOHYEMO YMOBH, siKi 3a0€31€4YyI0Th PO3TAIIlyBaHHS CIIEKTPY OOMEXKEHOro 30y peHHS
A B BiIKpwuTiit JiBill miBILIONMHI.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Let H be a separable complex Hilbert space with a scalar product (.,.), the norm
Il = V/{.,.) and unit operator I. By L() we denote the algebra of all bounded linear
operators in H. For a linear operator T, D(T) is the domain, o(T) denotes the spectrum,
T~ is the inverse operator, R,(T) = (T — zI)~! (2 & o(T)) is the resolvent, T* is the
adjoint operator. If T' € L(#), then ||T|| is its operator norm. By S, (1 < p < o0) we
denote the Schatten - von Neumann ideal of compact operators K with the finite norm
N,(K) := [trace (K K*)P/2]}/P_ In particular, S, is the Hilbert-Schmidt ideal.

Let A and A be closed linear operators on H, and

a(A) :=supRe o(A) < 0. (1)
In this paper, assuming that
D(A) = D(A) and ¢ := ||A — A|| < oo, (2)

we suggest conditions that provide the inequality

a(A) <0, (3)
Conditions (3) play an important role in various applications. In particular, if (3) holds,
then the corresponding differential equation is asymptotically stable for a wide class of
operators, cf. [4, 17]. The study of spectrum perturbations is a well-developed subject.
For the classical results see [13], the recent investigations can be found, in particular, in the
papers [1, 7] and references given therein. At the same time, to the best of our knowledge
the conditions that provide inequality (3) for non-selfadjoint operators were almost not
investigated in the available literature. Here we can point only the paper [9, Section
3] which deals with relative bounded perturbations of operators having Schatten-von
Neumann resolvents and Schatten-von Neumann Hermitian components. Below we do
not assume that A has a Schatten-von Neumann Hermitian component. In addition, the
approach in the present paper is absolutely different from the approach of paper [9].
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Let A = Ar + tA;, where Ar and A; are self-adjoint operators (the Hermitian
components of A). It is supposed that

Ar € L(H) and AR' € So. (4)

Denote by ai the eigenvalues of A with their multiplicities taken into account and
enumerated in the non-decreasing order of their absolute values: |ax| < |ag+1| (K =1,2,...).
Below we check that conditions (1) and (4) imply that A= € Sy and

> 1
Put
(2 :
o) = (el 1) exp B2 A

Now we are in a position to formulate the main result of the paper.

Theorem 1.1. Let Ar be upper-bounded, and conditions (1), (2) and (4) hold. In
addition, let

2¢¢(4) < L. (6)
Then (3) is valid.

The proof of this theorem is divided into a series of lemmas, which are presented in
the next three sections.

2. AUXILIARY RESULTS

Recall the Keldysh theorem, cf. [11, Theorem V. 8.1].

Theorem 2.1. Let B = Ko(I + K3), where Ko = K € S, for some r € [1,00) and K;
is compact. In addition, let from Bf =0 (f € H) it follows that f = 0. Then B has a
complete in H system of the root vectors.

Lemma 2.2. Let A= Ar+iA;, where Ar and Ay are self-adjoint operators, Ay € L(H),
AI}1 €S, (1<p<o)and0¢ o(A). Then operator A~' has a complete system of root
vectors and A~ € S,,.

Proof. Since A= Ar +iA; = (I + iAIAgl)AR, we have I + iAIAgl = AAgl. But
(AARY) ' =ApA™ ' = (A—iADA™ =T —iAA7"
Since Ay is bounded, operator I 4+ i~'A;Apg is boundedly invertible. We have
AT = AN I +iAAR) T ES,.
In addition, (I +iArAR")~! = I + Ko, where
Ky = (I +iAARN) ™ — T = —iAf AN (T +iA[ AR L €S,

So A7t = ARN(I + K>) € Sp, and from A™1f =0 (f € H) it follows that f = 0. Now the
Keldysh theorem implies the required result. O

Now Lemma 2.2 implies.

Corollary 2.3. Under the conditions 0 ¢ o(A) and (4) operator A~ has a complete
system of root vectors and A~! € Ss.
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Lemma 2.4. Let an operator A on H have a compact resolvent, and for some b & o(A),
(A —bI)~! have a complete system of root vectors. Then there is an orthogonal normal
(Schur) basis {ex}32 1, in which A is representable by a triangular matric (a;x)1<j<k<co:

k
Aep, = Zajkej and <A€k,6k> = ak (k =1,2, )7 (7)
j=1

where a, (k=1,2,...) are the eigenvalues of A.

For the proof see [10, Lemma 4].
Hence, and from Lemmas 2.2 and Corollary 2.3 it follows

Corollary 2.5. Let conditions 0 € o(A) and (4) hold. Then there is an orthogonal
normal basis {er}72, such that (7) is valid, and therefore, A = S + W, where Sej, =
arer, (k=1,2,...) is the diagonal part and W is defined by

k—1

Wey = Zejajk (k=2,3,...).
j=1

Besides, A~ € 83, 0(S) = 0(A) = {ar} and by the Weyl inequalities |11, Section 1L.3]

= 1
< N3 (AT,
|ay|?
k=1
and consequently, S~ € Ss.
Furthermore, put
oo
Sri=(8—5%)/2i = (Ima;)AP

j=1

and Wy = A; — Sy = (W — W*)/2i. Obviously, (Weg,e;) = 0. Since (Aey,ex) =
(Seg, er) = ag, we have (Are,er) = (Srex, ex) = Im ag. So |[Im ag| < ||As]| and

1511 = Sgpllm ar| < [|Ar]|- (8)
In addition,
IWrl| < [[A7] + ISzl < 2[|Ag]]-
Furthermore, note that P,_ WP, = WP, and P,_1W*P, =0. So P,_1W*e; =0 and
[Wekll = | Pe—1Weg|| = [[Pr—1 (W = W¥)ex[| < [(W — W¥)ex]|.

‘We thus obtain
Sup [Wekll < 2[[Wrek|l < 2(|Wil < 4[| Af]].

Hence,

N2 WS Z”WS ek”Q Z | |2||W€kH2

and thus

sup [[Wep|* < 47| A7 [|*NZ (7). (9)

sy <5

< lakl® Tk
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3. LYAPUNOV EQUATION
We need the following well-known theorem, cf. [3, Theorem 5.1.3, p. 217].

Theorem 3.1. Suppose that B is the infinitesimal generator of the Cy-semigroup T(t) on
a Hilbert space H. Then T(t) is exponentially stable if and only if there exists a bounded
positive definite operator X, such that

(Bz,Xz) +(Xz,Bz) = —(z,2) (2 € D(B)). (10)

Recall that, if B is the infinitesimal generator of an exponentially stable Cy-semigroup,
then due to [3, Section 5.5.3a, equality (5.62)], for any @ € L(H) the equation

(Bz1,Xz) + (Xz1,Bza) = —(21,Qz2) (11)
has a solution X¢g € £(#), which due to [3, Section to 5.5.3a] is representable as
X = / eB Qe . (12)
0

For a self-adjoint operator C' we write C' > 0 (C' < 0), if it is positive (negative) definite.
Let D(B) = D(B*) and B*X + XB = —C? ,C > 0 on D(B) for some positive definite
X € L(H). Then

c'B*Xxc'+cCc'xBC ' =c7'BrccT'XCc + e ' XCc'eBC = —1.

Or M*Y +YM = —I, where M =CBC ' and Y = C'XC~ L
According to Theorem 3.1 M generates an exponentially stable semigroup. Since M
and B are similar, we arrive at

Corollary 3.2. Let D(B) = D(B*) and B*X + XB < 0 on D(B) for some positive
definite X € L(H). Then supRe o(B) < 0.

Lemma 3.3. Suppose that B is a generator of an exponentially stable Co-semigroup, and
B generates a Cy-semigroup T'(t), and let

D(B) = D(B) and ¢, := |B — B|| < o, (13)

and
X = /C>O eBteBldt, (14)
0
If, in addition, 2q1|| X || < 1, then T(t) is also exponentially stable.
Proof. Due to (12) B*X + XB = —I. Put E = B — B. Then
B*X+XB=B*'X+XB+E'X+XE=-I+EX+XE.
If 2¢;|| X || < 1, then B*X 4+ X B < 0. Now Corollary 3.2 proves the lemma. O

Now put

1) = 5= [ 1B=isn T Pas

:%_Oo

assuming that the integral converges. By the Parseval-Planscherel equality [2, Theorem
5.2.1, p. 351], for any x € H we have

(Xz,z) = </ eB tePlydt, x) :/ (eBle eBla)dt :/ l|eBta||?dt
0 0 0

_ 1=
o o
Hence, || X|| < J(B). Now Lemma 3.3 implies

(B —isI)~‘z||?ds.
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Corollary 3.4. Suppose that B is a generator of an exponentially stable Co-semigroup,
and B generates a Co- -semigroup T(t), and X be defined by (14). Let the conditions (13)
and 2q1J(B) < 1 hold. Then T(t) is also exponentially stable.

4. PROOF OF THEOREM 1.1

Lemma 4.1. Let A= Ar + 1A, where Ag, A; are selfadjoint operators, Agr is upper-
bounded and Ay € L(H). Then A generates an analytic semigroup et. If, in addition,
(1) holds, then et is exponentially stable.

Proof. A selfadjoint operator C' bounded from below is a sectorial operator, and —C
generates an analytic semigroup, cf. [12, Section 1.2]. Since Ag is upper bounded Apg
generates an analytic semigroup. Due to Proposition I11.1.12 from [5] A generates an
analytic semigroup, since Ay € £(#). By Theorem 1.3.4 [12], under condition (1) it is
exponentially stable. O

Once more applying Proposition II1.1.12 from [5], we arrive at the following result.

Corollary 4.2. If A satisfies the hypothesis of the previous lemma and conditions (2)
hold, then A generates an analytic semigroup.

Put
k=0 V%
Lemma 4.3. Let the conditions (4) and 0 ¢ o(A) hold. Then

3@§5¢Mthw«s—zn-w<z¢o@®x

I(A -2~ <
where d(A, z) = infy, |ap — z|.
Proof. Making use of Corollary 2.5, we have

A=S+W —zI=(I—-B,)(S —=zI),

where B, := —W (S —12)"! (2 ¢ 0(S) = o(A)). According to Corollary 2.5, B, € Ss.
In addition, B, is the triangular compact matrix with the zero diagonal, and therefore it
is the limit of nilpotent matrices in the operator norm. Hence, due to [11, Theorem 1.4.1],
B, is quasi-nilpotent, and we can write

S
k=0

and (A—zI)"'=(S—2I)"1(I-B,)"!. So

I(Zz = A)7H < (S = I2) M = B2) 7M. (15)
Making use of [8, Corollary 7.4], we get
N5 (B,

nmw&%ﬁ@ﬂ@w

Thus,
_ — N¥(B.
I - By < 30 T (16)
k=0

By (9),

NQQ(BZ) :NZQ(W( _ZI Z”W _Z €k||2 Z |(1 ‘2||Wek||2
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< Z 7 SUP [Werl|* < 4[| A|PNZ((S — 21)7).
But )
S—z2)7Y = ——
165 =207 = 2=
Now (15) and (16) imply the required result. O

By the Schwarz inequality,

r) = — aF _ = (ﬁx)k — 22 & i 1/2 _ ex2 .
&( )_kzo(k”l/z_kzﬂ)(ﬂ)’%k!)wS(j:o i kZ:()2k) =V2e" (z2>0).

Now Lemma 4.3 implies

Corollary 4.4. Let the conditions 0 ¢ o(A) and (4) hold. Then

V2
(A, 2)

Lemma 4.5. If conditions (1) and (4) hold, then (5) is valid
Proof. Let Re ay = by, and Im ay, = ¢. Then by (8)

bf > lakl* — ¢ > [lax]® — [|AL]|?].

(A==~ < exp [16]|A;[I*NF((S = 21)7")] (2 & o(A)).

Since S~! € Sy and
o llax|* = | A7]I?|
k— o0 |ak|2

condition (5) is fulfilled. O

:17

Lemma 4.6. Under the hypothesis of Theorem 1.1 one has

o [ IRy < o)

J(A) :=
Proof. For any real y one has
lar — iy|* > (Re ax)? + (Im ag — y)? > (Re ax)?
and

N2( Z ‘ak Zy|2 - ( )? (17)

Hence, by Corollary 4.4 we have

. _12 w<A) w(A)
(A —iyl)~Y| < BAiy) = a2(A) (y €R),

where
w(A) := 2exp [32v(A)[| Asf].

If, in addition, |y| > ||A|[, then |ax — iy[2 > (Re ax)? + (ly| — ||Ar]))? and d2(A,iy) >
02( )+ (ly] = | Arl)?. Hence, by Corollary 4.4,

w(A)
a?(4) + (lyl - 1 41]))?

sl 2||Ar][w(A)
J = / A—’Ly -1 2dy S — o5/ AN
V= 1€ )l o2(A)

I(A = ay)7H* <

(lyl = [ Azrl])-

We thus can write
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._ > )12 * w(A)dy
Jo = /IAII [(A—iy)~ [|Pdy < /|A1|| o2(A) + (y — A D?

& dy * dz 1 [ dx; T
/b a2+( —b)?2 /0 a? + x? a/o 1+2? 2a (a,6>0),

we get Jo < A)I Similarly,

[[ALl T
di= [ A )Py < w(d)

and

Since,

= 2a(A)]
Consequently,
IA) = 5+t ) < gL (AL =
o a1 A
as claimed. O

Proof of Theorem 1.1 The assertion of the theorem follows from Corollary 3.4 and
Lemma 4.6.

5. EXAMPLE

Let H = L?([0,1];C") be the Hilbert space of n-vector valued functions defined on
[0,1] with the scalar product

(v, w) = / (v(2), w(@))ndz (v, € L2(0, 1];C")),

where (-, ), is the scalar product in C™. Let M (x) be a twice continuously differentiable
n x n-matrix valued function defined on [0, 1]. For the brevity put L%([0,1];C") = L2
and consider the operator

(Af)(x) = f"(@) + M(2)f(z) (0<z<1) (18)
with
D(A)={h e L?:n' e L2 h0)=h(1) =0} (19)
Take
(Af)(x) = f"(x) + Mof(z) (0<z<1)

with a constant Inatrix My and D(A) = D(A). For example, one can take My =

M(0) or My = fo z)dz. Let A\j(Mo) (j = 1,...,n) be the eigenvalues of M. Then
—m2k2 + X (M) (j = 1 ,n; k=1,2,...) are the eigenvalues of A. We have a(A) = ayy,
where oy := —72 + max;, Re /\k(Mo), and g = qps, where gy = || M (z) — Myl|,,. Here

Il is the spectral norm (the the operator norm in C™ with respect to the Euclidean
vector norm).
In addition, assuming that a,; < 0, we have W(A) = 7u, where

R _ZZ (722 — Re>\ (M2

Jj=1k= 1
Moreover, ||Az]| = || Mor||n, where Mo; = (Mo — Mg)/2i. Therefore, ((A) = (ur, where
1 2 M n
Cp = —— <||OI|| 4 1) exp [32’YMHMOI||7L]-
lam| \ mlanm

Now Theorem 1.1 implies
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Corollary 5.1. Let A be defined by (18), (19). If anr < 0 and 2qnCar < 1, then (3)

holds.

For the recent results on the spectra of differential operators see, for instance, the
works [6, 14, 15, 16] and the references which are given therein.
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