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AN ALTERNATIVE DEFINITION OF THE ITO INTEGRAL FOR
THE HILBERT-SCHMIDT-VALUED STOCHASTIC PROCESS

MHELMAR A. LABENDIA

ABSTRACT. In this paper, using generalized Riemann approach, we give an alternative
definition of the It6 integral of a Hilbert—Schmidt-valued stochastic process with respect
to a Hilbert space-valued Q-Wiener process. We also show that this integral belongs
to the space of all continuous square-integrable martingales.

BukopucroByioun ysaranbaenuii miaxin Pimana, HaBeseHo ajbTepHATUBHE BU3HA-
YeHHs iHTerpaJa ITo Jijisi CTOXaCTUYHOTO IpolLecy 3i 3HAYEHHSIMU B IIPOCTOP] olepaTopis
linbbepra—IlIMigra BigHOCHO Q-BiHEPIBCHKOrO MPOIECY, IO NPUINMAE 3HAUECHHS Y
rimbeproBoMy mpocTopi. Takoxk mokasaHo, IO meil iHTerpas HAJIEXKUTH J0 IPOCTOPY
BCIX HellepepBHUX KBaIPATUYHO IHTETPOBAHUX MAPTUHTAJIB.

1. INTRODUCTION AND PRELIMINARIES

The Lebesgue integral is perhaps the most widely used almost exclusively by professional
mathematicians, see [13]. However, understanding Lebesgue integration requires an
extensive study of measure theory. Moreover, the Lebesgue integral fails to integrate
highly oscillatory functions. It is not difficult to show that the derivative of the function
f(x) = 22sinx=2 if  # 0 and f(0) = 0 is not Lebesgue integrable on [0, 1]. However,
the function f is integrable on [0, 1] using the Henstock integral, see [5, Theorem 9.6].
The Henstock integral is one of the notable integrals that were introduced which in
some sense solves some of the limitations of the Lebesgue integral. This integral was
independently studied by Henstock and Kurzweil in the 1950s, which is also known as
the Henstock-Kurzweil integral.

A real-valued function f is said to be Henstock integrable [12, Definition 2.2] to A € R
on [a,b] if for every e > 0, there is a function §(§) > 0 such that whenever a division
D given by a = 29 < &1 < -+ < &, = b and {§;,&s,...,&,} satisfies & € [x;_1,x;] C
(& — (&), & +6(&)) for i = 1,2,...,n we have |31, f(&)(zi — xi-1) — A| < e. The
Henstock integral of f on [a,b] is given by A and it is uniquely determined. It can be
observed that the above definition of the Henstock integral is a Riemann-type definition
of integral which is more explicit and does not require a deep study of measure theory.
In fact, the function f is not required to be measurable. It is known that the Henstock
integral includes that improper Riemann, Lebesgue, and Newton integrals and is designed
to integrate highly oscillatory functions. Since then, this integral has become of interest to
numerous authors, see [5, 6, 7, 8, 12, 13, 14, 15, 16]. This approach to integration is known
as the generalized Riemann approach or Henstock-Kurzweil approach which has also been
used to deal with stochastic integration for real-valued cases, see [2, 18, 19, 26, 27, 28, 29].

In infinite-dimensional cases, the main motivation behind the study of infinite--
dimensional stochastic integrals is the theory of stochastic partial differential equations.
In some examples of stochastic PDEs, the diffusion term is required to be an unbounded
operator in Lq(Ug, V)\ L(U, V), where U and V are separable Hilbert spaces, @ : U — U
is a symmetric nonnegative trace-class operator, Ly(Uqg, V) is the space of all Hilbert-
Schmidt operators from Ug := Qz(U) to V, and L(U,V) is the space of all bounded
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linear operators from from U to V. Hence, a natural space of integrands for a stochastic
integral in a separable Hilbert space driven by a U-valued Q-Wiener process is the space
of progressively measurable processes with values in Ls(Ug, V).

In this paper, we define the Ito-Henstock integral, a Henstock-Kurzweil approach
integral, for the Hilbert-Schmidt-valued stochastic process with respect to a @-Wiener
process and show that this integral gives an alternative definition of the It6 integral in a
separable Hilbert space.

Let L(U) := L(U,U), Qu = Q(u) if @ € L(U,V), and L?(Q,V) be the space of
all square-integrable random variables from Q to V. If Q € L(U) is a symmetric
nonnegative definite trace-class operator, then there exists an orthonormal basis (abbrev.
as ONB) {e;} C U and a sequence of nonnegative real numbers {);} such that Qe; =
Nej forall j € N, {\;} € 1, and \; — 0 as j — oo, see [21, p.203]. We shall call
the sequence of pairs {);,e;} an eigensequence defined by . The subspace Ug of U
equipped with the inner product <U,U>UQ = <Q_1/2u,Q_1/21}>U, where Q'/2 is being
restricted to [KerQ'/?]! is a separable Hilbert space with {/Aje;} as its ONB, see [3,
p.90], [4, p.23]. The space Ly(Uqg, V) of all Hilbert-Schmidt operators from Ug to V is a

separable Hilbert space with norm |[S||,, ¢, v) = \V 2 ||Sfj|\%/, see [20, p.112]. The
Hilbert-Schmidt operator S € Ly(Ug, V) and the norm [|S||., ¢, 1) may be defined in
terms of an arbitrary ONB, see [3, p.418], [20, p.111]. We note that L(U, V) is properly
contained in Ls(Ug, V), see [4, p.25]. We also note that Ly(Ug, V) contains genuinely
unbounded linear operators from U to V.

Let @ : U — U be a symmetric nonnegative definite trace-class operator, {\;,e;}

be an eigensequence defined by @, and {B;} be a sequence of independent Brownian
motions (abbrev. as BM) defined on a filtered probability space (2, F, {F;},P). A process

oo

W, = Z VAjBj(t)e;, is called a Q-Wiener process in U, with the series converging
j=1

oo
in L2(Q,U). For every u € U, denote W;(u) := Z VA;jBj(t) (ej,u),;, with the series
j=1

converging in L2(Q,R). Then there exists a U-valued process W, known as a U-valued
Q-Wiener process, such that W;(u)(w) = (W¢(w), u),; P-almost surely (abbrev. as P-a.s.).
It should be noted that the process W is a multi-dimentional BM, and if we assume

that A\; > 0 for all 7, W\t/(g)7 j=1,2,..., is a sequence of real-valued BM defined on

(Q, F, {F:},P), see [3, p.87].
A filtration {F;} on a probability space (2, F,P) is called normal if (i) Fo contains
all elements A € F such that P(4) =0, and (ii) F; = Fpy = ﬂ Fs forallt € [0,T]. A

s>t
Q-Wiener process Wy, t € [0,T] is called a Q-Wiener process with respect to a filtration

{F:} if (i) W; is adapted to {F:}, t € [0,T] and (ii) W; — W is independent of F; for all
0<s<t<T. A U-valued Q-Wiener process W (t), t € [0,T], is a @Q-Wiener process with
respect to a normal filtration, see [20, p.16]. From now onwards, a filtered probability
space (Q, F,{F:},P) shall mean a probability space equipped with a normal filtration.
A stochastic process M : [0,T] x Q@ — V is said to be a martingale if (i) M is
adapted; (ii) for all ¢ € [0,T], M; is Bochner integrable, i.e. E[||M]|,/] < oo; and (iii)
for any 0 < s <t < T, E[M|F,] = M, P-a.s.. A martingale M : [0,T] x Q@ — V is
said to be square-integrable if My € L?(2, V). Tt is known [20, p.21] that the space
of all continuous square-integrable martingales M2 := M2 (V) is a Banach space with
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1 1
norm ||M||M% 1= SUPyefo, 7] (E {HMJ@D = (E [HMTH%/D *, and the Q-Wiener process
W e M2(U).

Let f:[0,T] x 2 — L(U,V) be an adapted process measurable as mappings from
([0, T)xQ, B([0,T]) x F) to (L2(Uq, V), B(L2(Ug, V))). Then f is said to be an elementary
process if there is a finite sequence {t; }}’zo, neN,withO=t<t1 <---<t,=Tanda
finite sequence of random variables ¢, {p;}, 7 =0,1,...,n—1, such that (i) ¢ : (2, Fp) —
(L2(Uq,V),B(L2(Uq,V))) and ¢; : (Q,F:,;) — (L2(Uq, V), B(LQ(UQ,V))) are measur-

able with ¢(w),¢;(w) € L(U,V); and (ii) f(t,w) = @(w)x{0}(t) + Z% W)X (11411 ()-

Denote by & := £(U, V) the space of all elementary processes. We say that an elemen-
tary process f is bounded if there exists M > 0 such that || f(t,w)l,,y, ) < M for
all (t,w) € [0,T] x Q. Denote by Ag(U,V) the space of all bounded elementary pro-

cesses. Then the Ité integral of an elementary process f with respect to W is defined by
n—1

() fs AW = 0;j(Wi a0 —Wiyne) for t € [0,T]. Tt is known [4, Proposition 2.1]

0 7=0
t 2
11@[(@/0 1fellh s o) ds| < oo

that for f € Ag(U,V),
ol f

for t € [0, T]. This result is known as the Ité’s isometry on Ag(U, V). It should be noted
that the integral on the right hand side of the equality is a Lebesgue integral, indicated
by (L£).

Let Az(Ug, V) be a class of all processes f : [0,T] x Q — Lo(Ug, V') measurable as
mappings from ([0,7] x Q,B([0,T]) x F) to (L2(Uq, V), B(L2(Ugq,V))) such that

i) f is adapted to {F;}; and

T
i) E [(,c)/o [FAFRCRS ds] < .

Hence, Ag(U, V) C € C Az(Ug, V). We note that Az(Ug, V) equipped with the norm

||f||AI(UQ,V) =4 E

T
(c) / A - ds]

is a Hilbert space. From [4, Proposition 2.2|, if f € Az(Ug, V), then there exists a
sequence {f(™} of elements in Ag(U, V) such that

Az (Uq,V) =k [(c)/o

This means that Ag(U,V) is dense in Az(Ug, V). A stochastic process f: [0,T] x  —

Ly(Ug, V) is said to be Ité integrable if f € Az(Ug, V') and the Ito integral of f with respect
T

to W is the unique isometric linear extension of the mapping f(-) — (Z) fs dW from

dt| — 0 as n — oo.

oo

4 f‘

L2 (Uqg,V)

0
the class of bounded elementary processes to L?(2,V), to a mapping from Az(Ug, V)

to L*(Q,V), such that the image of f(t,w) = ¢(w)xqo(t) + ngj )X (t5,t,40](F) 18

t
ngj(Wtj+1 — Wy,). We define the Ito integral process (I)/, 0 <t <T, for
4 0



AN ALTERNATIVE DEFINITION OF THE ITO INTEGRAL 373

t T
f e Az(Ug,V) by (I)/ fo AW, = (I)/ JsX[o,4(s) dWs. It is also worth noting
0 0

)
[4, Theorem 2.3| that the stochastic integral f — (Z) / fs dW, with respect to W is an
0

isometry between Az(Ug, V') and the space of continuous square-integrable martingales

Mz(V),

E ] —E [(ﬁ)/o 15117 w0 v ds} =%

2
14

@ [ 1.aw.

for ¢ € [0, T7.

2. ITO-HENSTOCK INTEGRALS

In this section, we shall introduce the It6-Henstock integral, which will give a direct
definition of the integral for adapted stochastic processes. This approach to stochastic
integration does not require extending an isometry from the space of elementary processes
to the space of continuous square-integrable martingales.

From now onwards, assume that U and V' are separable Hilberts spaces, @ : U — U
is a symmetric nonnegative definite trace-class operator, {)A;,e;} is an eigensequence

defined by @Q, and W; := Z \/)\jB,Ej)ej is a U-valued @Q-Wiener process. A stochastic
j=1

process f : [0,T] x Q@ — Lo(Ug, V) means a process measurable as mappings from

([0,T] x ,B([0,T]) x F) to (L2(Ug, V), B(L2(Ugq,V))). The given closed interval [0, T]

is nondegenerate, i.e. 0 < T and can be replaced with any closed interval [a,b]. If no

confusion arises, we may write (D) Z instead of Z for the given finite collection D.
i=1
Definition 2.1. Let § be a positive function defined on [0,T). A finite collection
D = {([&,vi], &)}, of interval-point pairs is a
i) d-fine belated full division of [0, T) if {[&;, v;]}P_; is a collection of non-overlapping
intervals on [0, T] such that [ J;_,[&, v;] = [0,T] and each [&;, v;] is 0-fine belated,
that is, [Eiavi] - [glvgl + 5(51))
ii) 0-fine belated partial division of [0,T) if {[&, ]}, is a collection of non-
overlapping intervals on [0, 7] and each [§;, v;] is d-fine belated.

We note that each &; in Definition 2.1 does not necessarily belong to [¢;, v;]. The term
partial division is used in Definition 2.1 (ii), to emphasize that the finite collection of
non-overlapping intervals of [0, 7] may not cover the entire interval [0, T]. Using the Vitali
covering theorem, the following concept can be defined.

Definition 2.2. Given n > 0, a given ¢-fine belated partial division D = {([§, v],§)} of
[0,T7] is said to be a (8, n)-fine belated partial division of [0,T] if it fails to cover [0, T] by
at most length 7, that is,

T- D)} (-] =n
Before we define the It6-Henstock integral, we shall consider first the following lemma.

Lemma 2.3. Let f:[0,T] x Q@ — Ly(Ug, V) be an adapted process. For 0 < § <uv <T,

o0

S (BY — BO) fe(v/Aje;) € LA, V).

j=1
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Proof. Let m,n € N with n > m. Then
2

E

Z B(J) B(J) ) fe( \fej
ji=m

\%4

> e[e[B9 - B (VR feAen), |7

LZE[E[ - B) (B B§“><fs<¢7jej>vf£<¢7f€f>>v\f5”
i]EKfs (VAje5), fe( \/>6]> { ) — )2 fs”
YR [<f£(\/rjej)’f£(\/)\7,ej,)>vE [(qu1> — BY)(BY) - Béjl))‘ﬂn

e
2
V:| ’

= (v=¢§) Zn: E Kfs(@%‘% f&(\//\ijej)>v} = (v—=¢§) Z": E [Hff(\//@%)

j=m j=m

2
. By the Beppo Levi’s lemma [22, p.370],

Let Sy = zk: “fa(\/Yjej)
j=1

[l | 2 i S| <
Hence,

iE {Hf&(\/rjej)Hi] =E {i ”fg(\/fjej)"i} =E |:||ff||i2(UQvV)] <0

n

It follows that M,, := Z(Bq(}j) - Béj))fg(\//\jej) is Cauchy in L?(£2, V), hence convergent

j=1
in L2(Q, V). Thus, Y (BY) — BY) fe(\/Ne;) € L(Q, V). O
j=1

Definition 2.4. Let f:[0,7] x Q@ — La(Ug, V) be an adapted process. Then f is said
to be Ité-Henstock integrable, or TH-integrable, on [0, 7] with respect to W if there exists
A € L?(Q,V) such that for every € > 0, there is a positive function § on [0,7) and a
number 7 > 0 such that for any (4, 7)-fine belated partial division D = {([&;, vi],&)}y
of [0,T], we have

E[IS(f,D.6,m) - AR ] <

where

S(f,D,6,1) = <D>Z{Z<B§”—B§”>fg<¢¥ej>}

Jj=1

= Z{Z (B Bg))fgi(ﬁjej)}.
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In this case, f is ZH-integrable to A on [0, 7] and A is called the ZH-integral of f which
T

0
will be denoted by (I’H)/ fr dWy or (TH) / f dW. We shall denote (I’H)/ fdaw

by the zero random variable 0 from €2 to V' and denote by Azy (Ug, V), the collection of
all Ito-Henstock integrable processes on [0, 7]. We have to note here that if the process f
is L(U, V)-valued, then for f to be Ité6-Henstock integrable on [O T1], we need to replace

the Riemann sum S(f, D, d,n) with ( Z fe(Wy —We) - Zf& Wy, — We,). In this

case, Definition 2.4 is the same with [11, Definition 3.3]. Denote by Az (U, V), the
collection of all L(U,V)-valued Itd-Henstock integrable processes on [0,7T]. In view of
Lemma 2.3, S(f, D,d,m) € L*(Q, V).

We remark that since P(W, € Ug) =0, ¢t > 0, if dimUg = oo [1, Theorem 2.4.7], the
Riemann sum (D) Z fe(W, — We) in [11, Definition 3.3] does not make sense pathwise
as an application of an operator fe € Lo(Ug, V) to a vector in a Hilbert space.

Before giving an example, we shall consider first the following simple form of a stochastic
differential equation, see [24, Definition 4.13].

Definition 2.5. Let U and V be separable Hilbert spaces. For t € [0, T, consider the
stochastic differential equation of the form

(2.1)
Xo=0¢

where A e V, F:V — L(U,V), and Xy = ¢ is a V-valued random variable which is

Fo-measurable. A stochastic process X : [0,7] x 2 — V defined on a filtered probability

space (2, F,{F:},P) is a solution of (2.1) if for each t € [0,T],

{dXt = Adt + F(X,)dW,

t t
— 64 (R)/ Ads+ (IH)/ P(X,)dW,

0 0
for almost all w € ), where the first integral is in Riemann sense.

If U is a separable Hilbert space, V =R, and {};, e]} 2, is an eigensequence defined
by @ € L(U), following the same argument as in [24, Example 4.14], we can show that
f(Wy) defined by f(z) = Hm||?] is a solution of

{dXt:terH—Q(Wt,-)U AW, 22)

X0:07

where (W4, ), (x) = (Wi, ), for all © € U. Using Definition 2.4, we can show that

t
@) [ Wy W= 5 (Wil = 4:Q)
see [23, Example 1] for analogous proof.
The proofs of the following basic properties of the ZH-integral are standard in Henstock-

Kurzweil integration, hence omitted.

1) The ZH-integral is uniquely determined.
2) Let f,g € Az (Ug, V) and let o, 5 € R. Then af + Bg € Azy(Ug, V) and

T

T T
(I’H)/O (af+6g)dW=a-(IH)/0 de+6-(IH)/O g dW.
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3) Cauchy criterion. f € Azy(Ug, V) if and only if for every € > 0, there exist a
positive function ¢ on [0,7") and a number 1 > 0 such that for any two (9, n)-fine
belated partial divisions Dy and Dy of [0,T], we have

E ||S(f7D175a77) _S(vaQa(san)||%/:| <e€

4) If f is TH-integrable on [0, 7], then f is ZH-integrable on [c,d] C [0, T].
5) If f is ZH-integrable on [0, ¢] and [¢,T] where ¢ € (0,T), then f is ZH-integrable
on [0,7] and

(I’H,)/OdeW:(IH)/OCde—s—(IH)/CdeW.

6) Sequential definition. f € Az (Ug,V) if and only if there exist A € L2(Q, V), a
decreasing sequence {4, } of positive functions defined on [0,7T), and a decreasing
sequence of positive numbers 7,, such that for any (d,,7,)-fine belated partial
division D,, of [0,T], we have

E [Hs(f: Dn75n777n) - A”%/] — 0 asn— oco.

T
In this case, A := (I’H)/ fr dWy.

0
7) Saks-Henstock lemma. Let f be TH-integrable on [0,T] and
Flu,v] := (IH)/ fdaw

for any [u,v] C [0,T]. Then for every € > 0, there exists a positive function ¢ on
[0,T) such that for any d-fine belated partial division D = {([£,v],£)} of [0,T],
we have

2
00

E (D)3 "N (BW — BO) fe(\/Aje;) — Fle,v <e

Jj=1 v

Next, we show that the Ito-Henstock integral is a continuous square integrable mar-
tingale. First, we remark that following the same argument as in [9, Lemma 3.7|, we
can directly show that the ZH-integral satisfies the AC?[0, T]-property [10, Definition
3. 9] that is for every € > 0, there exists an 1 > 0 such that for any finite collection

= {[¢,v]} of non- overlappmg subintervals of [0,T] with (D) Z(U — &) < n, we have

< €.

e || X [ rav
E

v
t

Theorem 2.6. Let f € Az (Ug, V) and define Fy := (IH)/ fdW. Then F € M2(V).
0

Proof. By the definition of ZH-integral, F' is square integrable. First, we show that F' is

continuous. Let € > 0. Since F is AC?[0, T, there exists an 1 > 0 such that for any finite
collection D = {[¢,v]} of non-overlapping subintervals of [0, 7] with (D) Z(v —-¢) <n,

we have E [H(D)Z(IH) /5 Fdw

2
] < e Lett € [0,T] and let ¢ < t such that
v
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t
|t —t'| <n. Then E H(IH) fs dWs
t/

2
] < €. By Chebychev’s inequality,

\%
2
< €.
\%

> 6} < lIE
1% €
Hence, F is P-a.s. continuous on [0, T].

Next, we show that F' is adapted. We note that f is also ZH-integrable on [0,¢]. From
the sequential definition of ZH-integral, there exist a decreasing sequence {d,,} of positive
functions on [0,T) and a decreasing sequence of positive numbers 7,, such that for any
(0, nn)-fine belated partial division D,, of [0, 7], we have

H(IH) / paw,

P{w cQ: H(IH)/;fdes

t 2
0 \%
Note that for 0 < & < v < ¢, M, := Z(Bq(]j) - Béj))ff(\/rjej) is Fi-measurable. Let

j=1

M = Z(Bf}j) —Béj))fg(\/)\jej). We will show that M is F;-measurable. By Chebychev’s
Jj=1
inequality and using the fact that the filtration is normal, we have

fwe:MweBwi=|J |N {weQ:Mk(w)eBT_%(v)} ,

n,NEN | k>N

where B,.(v) is an open ball in B(V) centered at v € V and with radius » > 0. This
means that M is F;-measurable. It follows that S(f, Dy, 0p,n,) is also Fy-measurable.
Following the same argument above, F}; is F;-measurable.

Lastly, we show that F' is a martingale. Let 0 < s <t < T and A € F;. Note that

AnlbnéoD > Z )= BI) fe(v/Ae5)

§>s \J=1
L (4)
B o A e
E>s \j=1
1 S /o ) _ plU)
E>s \j=1
= 0.
By the sequential definition of ZH-integral, we have
[P0 = [ lim S(.Dudn)
A An—>oo
= /Anlggo > ZB(J B fe(v/Aje5)

£>s \J=1

oo

+ /A Tim (D, gj S (B B fe(v/Nyey)

- [ o _
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Thus, F is a martingale. Accordingly, F' € M2.(V). O

Before proving the Ito-isometry, we shall consider first the McShane belated integral [25,

p. 379], which is equivalent [25, p. 380] to the Lebesgue integral for real-valued functions.

We also need to note that the Lebesgue integral is also equivalent [16, Corollary 14] to

the Tto-belated integral introduced in [17, p. 51]. A real-valued function f is Lebesgue
T

integrable on [0,7] to A := (E)/ f € R if for every € > 0, there exist a positive

0
function § on [0,7) and 1 > 0 such that for every (d,n)-fine belated partial division
D = {([¢,v],£)} of [0,T], we have ‘(D)Zf(f)(v—f) — A| < e. Denote by A, the
collection of all Lebesgue integrable functions on [0, 7.
Theorem 2.7. [25, Theorem 5| A function f : [0,T] — R is Lebesgue integrable to A € R

if and only if there exist a decreasing sequence of positive functions {d,} on [0,T) and a
decreasing sequence of positive constants {n,} such that

lim [(D) 3 (™)™ — ™) — 4] =0,

n—0o0

where D, is any (0n,nn)-fine belated partial division of [0,T).

Lemma 2.8. Let f : [0,T] x Q — Lo(Ug, V) be adapted processes and [,v] C [0,T].
Then

E| Y (BY = BB = B (e N fe(VAves)) | =0,
#i'=1
Proof. Observe that
k . - . ./
E| > BY -8B -BY)) <f5(\/ Ajes)s fe(y/ Aj’ej/)>v =0
i’ =1
for every k € N. Thus, the conclusion follows. d

Lemma 2.9. Let f : [0,T] x Q — Lo(Ug, V) be adapted processes and [,v] C [0,T].
Then
2

E Z(ng) - Béj))f§<\/Tjej) =(v—-9E [HfszLZ(UQ,v)} :
j=1

14

Proof. Applying the Monotone Convergence Theorem (MCT) to

k
Z(Bij) - BY)? <f£(\/7j€j)»f£(\/7j€j)>v,

we have

oo

Z]E {(Bij) - BY)? <fs(\/>\7j€j)7 fs(\/rjej)>v]

oo

= E|YBY - B (e Nei) fe(hses) )

\%
Jj=1
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Using Lemma 2.8, we have

(0 = OF [I7e o]

= E i(Bz() B(J) <f£ (VAje5), fe( \F6J>

Jj=1

+E| 3 (80 - By = BE) (fe/Ne) fe(VAye)).
J#i'=
2

E iB(j — BO) fe(v/Nje;)

1%
0

Following the same argument above, we can easily show that for any finite collection
D = {[¢, v]} of non-overlapping subintervals of [0, 7], we have

2
o'}

E (D)X BD = BOV eV Ne) || | = (D)= OB Il 0] -

P v
Theorem 2.10 (Ito-isometry). Let f € A7y (Uq,V). Then E [HftHiz(UQ,V)} €Az and

E

2
@ | Chaml| =@ /OTE[ani?(UQyJ dt < co.

\4

Proof. By the sequential definition of ZH-integral, there exist a decreasing sequence {0, }
of positive functions defined on [0,T"), and a decreasing sequence of positive numbers

{nn} such that for any (5,,7,)-fine belated partial division D,, = {((¢\™,v{™], &™)}
of [0,T], we have

T
lim S(f, Dn,0n,nn) = (I’H)/ fe AW, in L2(Q,V).
n—oo 0

Using Lemma 2.9, we have

p(n)

i 3 (o7 =€) g
i=1

Since the above equality holds for any (d,, 7, )-fine belated partial division of [0, T], by

T 2
(TH) /0 J, dW,

v

L:(Uq, V)]

Theorem 2.7, E {Hft”LQ(UQ,V)] is Lebesgue integrable on [0, 7] and

E

2
(ITH) /OT fe dW; = (£) /OTE |:||ftH2Lg(UQ,V):| dt < oo.

v

This completes the proof. O

In view of Theorem 2.10, if f € Azy(Uqg,V), then f € Az(Ug, V). To prove the
converse, we shall consider first the next result, which is a version of convergence theorem
for the ZH-integral. The proof is analogous to [9, Theorem 3.12].

Theorem 2.11. . Let { ™} be a sequence of elements in Ay, (U, V) and f : [0, T] x Q —
Ly(Ug, V) be an adapted process such that
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i) for each n € N, E{Hftn f‘

] € Az and
L2 (Uq,V)

(c / [Hft") i

T
i) {(I?—[)/ ftn) th} converges in L2(, V).
0

} —0 as mn — oo;
L2(Uq,V)

Then f € AIH(UQ, V) and

T T
lim (Z#) [ ™ dw, = (TH) / £ dW,  in L3(Q,V).
0 0

n—roo

Proof. Let € > 0 be given. For each n E N, there exist a positive function 5;") on [0,7)
and 77§ ™ > 0 such that for any (5(n ,771 )) fine belated partial division D§n) of [0,T], we

have
2
< €.
1%

Also, for each n € N, there exist a positive function 55 on [0,7) and n(n) > 0 such that

for any (5(n) nén)) fine belated partial division Dé") of [0,T], we have

‘D(n) ZE[HJ”(”) ., Uthv—é)—(c)/OTE{

T
Since (L)/ E [ } — 0 as n — 0o, there exists N; € N such that for
0

T
oy [ Bl ‘ ]
© [ e\l -5l
L?(Q,V). Then there exists Ny € N such that for all n > No,

E U|<D§">> ST Wy — W) — (TH) / " imaw,

ft

< €.

-5,

Ly (Ug,V)

< e Let A:= lim (ZH) ft(n) dWy in

n~>oo

all n Z Nl,

2

T
E (IH)/ faw, — Al | <e
0

%
Take N > max{N;, N2} and choose §(§) = min{é%N)(f), 6§N)(§)} andn = min{n§ ,nQN)}.
Let D = {([¢,v],€)} be a (d,n)-fine belated partial division of [0,7]. Then by Lemma 2.9,

2
00

E (D)Z{Z( eV hges) = FE (W, - W&}

Jj=1 v

‘(D)ZE[Hfg—féfw’;wwj (v—8) (L / [Hfg_fﬁm‘

(£ / [Hfs - ng)‘

L2(UQ7V):|

+

L2(Uq,V }
< 2e.
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Hence,
2
< 4E [|(D)> 4> (BY - B N fe(VAjes) — FY (W, — We
j=1 v
- 2
+4E H ) Do SE (W, = We) — (TH) / 7 aw, ]
0 v
- 2
+2E |||(ZH) / FN aw, — A
0 v
< 1de.
T
Thus, f € Az (Ug, V) and (TH) / £, AW, = A. 0
0

T
It is not difficult to show that if f € Ag(U, V), then f € Az (U, V) and (ZH) / fr AWy =
0
T
(2) / f+ dWy. One may refer to [9, Theorem 3.14| for an analogous proof.
0
Theorem 2.12. If f € Az(Ug,V), then f € Azy and
T T
(IH)/ fe dWy = (I)/ fr dW,.
0 0

Proof. Let f € Az(Ug,V) and let € > 0. Then there exists a sequence { f(™} of elements
in Ag(U, V) such that

Ao l(ﬁ)/o

Using Fubini-Tonelli theorem,
? 2
= (£ / [Hft”) |
14

. [ |
L2(UQ V)

as n — oo. Since f € Azy (U, V), {(IH) fOT ft(") th} | converges in L2(Q,V). By
me
Theorem 2.11, f € Azy and in L?(Q, V)

(") ft dt| — 0asn— oco.
L2(Ug,V)

-1,

dt — 0

T
() / ™ ) aw,

n—oo

T T
(IH) /0 frdW, = lim (TH) /O £ aw,

T
= lim (2) / £ aw,
0

n—oo

- (I)/OTft AW

This completes the proof. O
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From [4, Theorem 2.3|, we can then conclude that the quadratic variation process of

t
the process (ZH) / fs dWs and the increasing process related to
0

2

t
(TH) / £ dw,

|4

are respectively given by

and

(TH) / e, )) = (0) / (£.Q3)(£.QF) ds

t

<<m> / 7, dws>t — () / A R—

3. CONCLUSION AND RECOMMENDATION

In this paper, we define a Henstock-Kurzweil approach integral, the ZH-integral, which
is a continuous square-integrable martingale. We then formulate a version of convergence
theorem which is necessary to give an alternative definition of the Ité integral for the
Hilbert-Schmidt-valued stochastic process driven by a Hilbert space-valued @-Wiener
process. A worthwhile direction for further investigation is to use Henstock-Kurzweil
approach to deal with stochastic PDEs.
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