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EXISTENCE RESULTS FOR SECOND-ORDER NEUTRAL
STOCHASTIC EQUATIONS DRIVEN BY ROSENBLATT PROCESS

RAKIA AHMED YAHIA, ABBES BENCHAABANE, AND HALIM ZEGHDOUDI

ABSTRACT. In this paper we consider a class of second-order impulsive stochastic
functional differential equations driven simultaneously by a Rosenblatt process and a
standard Brownian motion in a Hilbert space. We prove an existence and uniqueness
result under non-Lipschitz condition which is weaker than Lipschitz one and we
establish some conditions ensuring the controllability for the mild solution by means
of the Banach fixed point principle. At the end we provide a practical example in
order to illustrate the viability of our result.

PosrisinyTo Kjac iMIyJIbCHUX CTOXaCTHYHUX (DYHKIIIOHAILHO-IUMEPEHIIATbHIX
PIBHSIHb JAPYTOro MOPSIIKY, sIKi KEPYyIOThCs mporecoM Posenbiiara i cTraHIapTHUM
O6pOyHIBCHKHI PYyXOM ¥ I'1IbOEPTOBOMY IPOCTOPI OZHOYACHO 38 YMOBH, SIKa € CIaOKIII0o0
3a ymoBH Jlimmmia. TakoK BCTaHOBJIEHO YMOBU KEPOBAHOCTI [IJIsI IIOMiPHOI'O PO3B 3Ky
3a JoroMoru npuHnuily banaxa npo HepyxoMmy To4ky. HaBeneHo npukiiaj 3 IpakTHKY,
IO LJIIOCTPYE OTPUMAaHi PE3yJIbTATH.

1. INTRODUCTION

In this paper, we are interested in the second-order neutral stochastic differential
equations driven by Brownian motion and an independent Rosenblatt process of the type

{ d (x (1) — h(t, x(t))) = Az(t)dt + f (t, (1)) dt + g(t, 2(t)dw(t) + o(t)dZu (L),
2(0) = xg, z (0) =zoo, te0,T]

(1.1)
where x(-) takes values in the separable Hilbert space X, A : D(A) C X — X is the
infinitesimal generator of a strongly continuous cosine family C(t) on X. Let Qk be a
positive, self-adjoint and trace class operator on K, and let L2(K, X) be the space of
all Qg -Hilbert-Schmidt operators acting between K and X equipped with the Hilbert-
Schmidt norm ||.|| -, and w be a @ x-Wiener process on Hilbert space K. Let Q be a
positive, self-adjoint and trace class operator on Y and let £3(Y, X) be the space of all Q
-Hilbert-Schmidt operators acting between Y and X equipped with the Hilbert-Schmidt
norm ||. ”Lg Let Zi be a Q-Rosenblatt process on a Hilbert space Y, the process w and Zg
are independent and h, f, g and o are given functions to be specified later. Let (2, Fr, P)
be the complete probability space with the natural filtration {F; | ¢ € [0,T]} generated by
random variables {Zg(s), w(s), s € [0,T]}, let xg and g be Fop-measurable X-valued
random variables independent of w and Zg.

We define the following classes of functions: let £2(€2, Fr, X) be the Hilbert space
of all Fr-measurable, square integrable variables with values in X, £ ([0,7], X) be
the Hilbert space of all square integrable and F;-adapted processes with values in X,
C ([0, T], L2(Q, Fr, X)) be a Banach space of continuous maps satisfying the condition
supyepo, 7] E |z(t)||> < oo and AT be the closed subspace of C ([0, T], £2(2, Fr, X)) con-

sisting of measurable and F;-adapted processes z(t), then Al is a Banach space with the
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norm defined by

1
lallag = (suprepo.r Elle®]) "

Recently, there has been a growing interest in stochastic functional differential equations
driven by fractional Brownian motion (hereafter, fBm). The reader is referred to the works
([2, 9]). Also in general, it is the Gaussian process and the calculus for it is much easier
than other ones. However, in concrete situations where the Gaussianity is not plausible for
the model, one can employ the Rosenblatt process. The theory of Rosenblatt process has
been developed accordingly owing to its nice properties, namely self-similarity, stationarity
of the increments, long-range dependence, etc. (see [14, 19, 11]). The Rosenblatt processes
can also be inputs in models where self-similarity is observed in empirical data which
appears to be non-Gaussian. There exists a consistent literature that focuses on different
theoretical aspects of the Rosenblatt processes ([10, 8, 12, 15]). Some special kind of
dynamical systems require mixed process to model its dynamic ([1, 17]).

Motivated by some recent works ([21, 7, 5, 3]), this paper is concerned to prove the
existence and uniqueness of mild solution for system (1.1) under non-Lipschitz conditions,
which are more general than the Lipschitz and linear growth see ([13, 4]). Further,
controllability problem is discussed for system (1.1), it should be mentioned that existence
and uniqueness of solutions for second-order neutral stochastic differential equations
driven by a Wiener process and an independent Rosenblatt process under non-Lipschitz
conditions has not been investigated yet. The rest of this paper is organized as follows,
in Section 2, we will introduced some notations, basic concepts, and basic results about
Rosenblatt process, Wiener integral with respect to it over Hilbert spaces. In Sections 3
and 4, we will prove our main result. In Section 5, we give an example to illustrate the
efficiency of the obtained result.

2. ROSENBLATT PROCESS

Consider a time interval [0, T with arbitrary fixed horizon T" and let {Z (t), t € [0,T]}
the one-dimensional Rosenblatt process with parameter H € (3,1). By Tudor [20], it is
well known that Zg has the following integral representation:

Zu(t) = d(H) /Ot /Ot [/ytvy ag(:’ (u,yl)agj (u,yQ)du]dB(yl)dB(yg), (2.2)

where

— . ; ; " _ H+41
{ B={B(t):t€[0,T]} is a Wiener process, H = 1,

d(H) = ﬁ, /ﬁ is a normalizing constant,

and K'(t,s) is the kernel given by

KH(t,s) = cyst/?>~H fst(u — §)HA=3/2H=1/2 3y, for t > s,

KH(t,s) =0, for t < s,
where

_ H(2H-1)

CH = \/ Be—2H,H-1/2)

and B(z,y) = fol t*=1(1 — t)¥~tdt is the Beta function.
The covariance of the Rosenblatt process {Zy(t), t € [0,T]} satisfies

1
Ry(s,t):= E(Zu(t)Zu(s)) = 5(152H + 52— |t — o) for every s,t > 0.

Let X and Y be two real, separable Hilbert spaces. Let @ € £(Y,X) be an operator
defined by Qe,, = A, e, with finite trace tr@Q =Y > | A\, < 0o, where A, >0 (n =1,2...)
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are non-negative real numbers and {e,} (n =1,2...) is a complete orthonormal basis in
Y. We define the infinite dimensional ()-Rosenblatt process on Y as

Zu(t) = Zo(t) = > VAnenza(D), (2.3)

where (zy,),,, is a family of real independent Rosenblatt processes. Note that the series
(2.3) is convergent in L%(Q) for every t € [0, T, since

EZgt)]? =Y ME (2n(t) =D Ay < 0.
n=1 n=1

Note also that Zg has covariance function in the sense that
E{Zg(t),x){(Zg(s),y) = R(s,t) (Q(x),y) forall z, y € Y and ¢, s € [0,T].

In order to define Wiener integrals with respect to the (-Rosenblatt process. Let
#(s) : s € [0,T] be a function with values in £3(Y, X), such that

> 2
z HK*QZ)QI/Qen , < oo
n=1

»

The Wiener integral with respect to Zg is defined by

| ozt = 3 [ Vislslendz (o

n=1

S [ [ K e tnmdBonase).  (24)

Now, we end this subsection by stating the following fundamental inequality which was
proved in [16].

Lemma 2.1. If ¢ :[0,T] — L3(Y, X) satisfies fOT ||¢(s)||ig ds < oo, then the above sum
in (2.4) is well defined as a X -valued random variable and we have

t 2 t
E] | #eazats)| <21 [ ool s

2.1. Cosine Family. Now let use recall some facts about cosine families of operators
(see [6]).

Definition 2.2. The strongly continuous cosine family {C(t)},cp is the one-parameter
family {C(t)},cp C L(X, X) satisfying

(1) C(0) =1,

(2) C(t)x is continuous in ¢ on R for each fixed point z € X

3) Ct+s)+C(t—s)=2C(t)C(s), for all t, s € R.

Definition 2.3. The strongly continuous sine family {S(¢)},.r C £(X, X) associated
with {C(t)},cp is defined by

t
S(t)x:/ C(s)xds, teR, zeX.
0

Definition 2.4. The infinitesimal generator A : X — X of {C(t)},p is given by

d2
Az = ﬁC(t)hzo, for all x € D(A),
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with
DA)={zeX:C()zeC*R,X)}.
The infinitesimal generator A is a closed and densely defined operator on X.

Proposition 2.5. Suppose that A is the infinitesimal generator of a cosine family
{C(t)},cr with the corresponding sine family {S(t)},cg. Then, the following holds true:

(1) There exist a constants M > 1 and X\ > 0 such that
1C(1)]] < MaeM! and, hence, ||S(t)|| < Met.
(2) For anyx € X and all 0 < s <1 < o0,

/ S(t)xdt € D(A) and A/ S(t)zdt = [C(r) — C(s)] z.
(3) There exists a constant 8 > 1 such that, for all 0 < s <r < oo,

15(r) = S(s)l <

r
MGI

9‘.
Remark 2.6. The uniform boundedness principle, together with Proposition (2.5),

implies that both {Ci},c(o ) and {S(t)},¢(o ) are uniformly bounded, i.e., there exists a
positive constant M = MaeMT! such that

IC®)] < M and [|S(#)]| < M. (2.5)

3. EXISTENCE AND UNIQUENESS OF MILD SOLUTION

In this section, we study the existence and uniqueness of mild solution for (1.1). To do
this, we first present the definition of mild solutions for the system (1.1).

Definition 3.1. A stochastic process # € Al is a mild solution of (1.1) if it satisfies the
following integral equation:

z(t) = C(t)xo+ S(t)(xoo — h(0,z0)) —|—/ C(t — s)h(s,z(s))ds (3.6)
/ S(t— ) f(s, (s ds+/ St — 8)g(s, 2(s))duw(s)

/St—s (s)dZu(s), P —a.s.

We assume the following non-Lipschitz condition:

(H1) A is the infinitesimal generator of the strongly continuous cosine family {C'(t)},5,
on X.

(H2) The function o : [0,T] — £3(Y, X) is bounded, that is there exists a positive
constant L such Ho(t)||ig < L uniformly in ¢ € [0,T7.

(H3) The functions h, f : [0,T] x X — X, g : [0,T] x X — Ly are measurable
and continuous in z for each fixed t € [0,7] and there exists a function G :
[0,T] x [0, +00) = [0, +00), (t,v) = G(¢,v) such that

E||h(t,2)|I* + E||f(t.2)|* + E|g(t,2)llz, < G(t.E||z|*) 3.7)
for all t € [0,7] and all z € L2(Q, Fr, X).

(H4) G(t,v) is locally integrable in ¢ for each fixed v € [0,+00) and is continuous
non-decreasing in v for each fixed ¢t € [0, 7] and for all A > 0, vy > 0 the integral

equation v(t) = vy + A fo v(s))ds has a global solution on [0, 7] .
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(H5) There exists a function K : [0,7] x [0, 4+00) — [0, +00) such that
2 2 2
E|la(t,z) = bty "+ B/t 2) = ftp)]" < K& Elz —yl),
Ellg(t,x) = g(t,y)l, < K& Ellz —y[[")
for all t € [0,7] and all z,y € L2(Q, Fr, X),
(H6) K(t,v) is locally integrable in t for each fixed v € [0,+00) and continuous

non-decreasing in v for each fixed t € [0,T]. Moreover, K(¢,0) = 0, and if a
non-negative continuous function z(¢), ¢ € [0, 7], satisfies

{ 2(t) < afot K(s,z(s))ds, tel0,17,
2(0)=0

for some o > 0, then z(t) = 0 for all t € [0,7].

(3.8)

(3.9)

Remark 3.2. (1) If K(t,u) = Lu, v > 0, L > 0, condition (H5) implies global
Lipschitz condition.
(2) If K is concave with respect to the second variable for each fixed ¢ > 0 and

If(t2) = F(t )+ lg(t.2) = B(t,)l7g < Kt llz —yl)

for all z,y € H and t > 0, by Jensens inequality, (3.8) is satisfied.

(3) Let K(t,u) = n(t)9(u), t > 0,u > 0, where n(t) > 0 is locally integrable and
91 [0,400) — [0,400) is a continuous, monotone non-decreasing and concave
function with 9(0) =0, Y(u) > 0 for u > 0 and [ . 1/9(u)du = oo.

Now let us give some examples of the function ¥, see [18], let € > 0 be sufficiently
small, define

D1(u) = { ulog(u™), 0<u<e
elog(e 1) +9,(e-)(u—e), u>e (3.10)
9a(u) = { wlog(u ) loglog(u™!), 0<u<e, '
elog(e 1) loglog(e™t) + Vy(e_)(u—¢€), u>e.

Theorem 3.3. Assume that the conditions (H1)-(H6) hold. Then there exists a unique
solution of (1.1) in AY.

The proof of this theorem is based on the Picard type approximate method. Let us
construct a sequence of stochastic processes {xy}, -~ as follows:

.T()(t) = C(t).’l?o + S(t)(l‘oo — h(O, xo)),
Tas1(t) = C(t)zo+ S(t)(xoo — h(0,20)) + [y C(t — s)h(s, x,(s))ds
+ fot S(t—s)f(s,zn(s))ds + fg S(t —s)g(s,zn(s))dw(s)
+ [1 S(t — 8)a(s)dZu(s).

Lemma 3.4. Under the conditions (H1)-(H5) the sequence {xn}, 5 is uniformly bounded

(3.11)

in AL ie, E {SuPse[O,T] ||xn(3)||2} < C, where C is a constant.
Proof. We have

E||z,11(t)]” <6B|IC(H)zo” + 6B IS (t)(z00 — h(0,20))]”

2 2

+6E ‘ /Ot C(t = s)h(s, on(s))ds /Ot S(t— 5)f (s, 2n(s))ds

+6E‘

2

+6E 2

+6E‘ /0 S(t — $)g(s, an(s))duw(s) /0 S(t — $)o(5)dZu (5)
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By Lemma (2.1), Cauchy-Schwartz inequality and Ito isometry theorem, we have

E [@ns1()[]* S6ME [lao|* + 1204 (E Joool* + B 15(0, 20)[*
t
+MTE [ (B h(s, 20 (s))] + B f(s,20(5))|?) ds
0

t t
+ 6M2/ E||g(s,2n(s))]|%, ds + 12M2HT2H—1/ E [lo(s)||2g ds.
0 0
Then, from (H1)-(H5), we obtain
E [ 41(8)]* < 6M2E |Jzol|” + 12M2E oo + 120°G (0, E |z

t
FOMPT? (O 4 C) [ G (5B an(o)]) ds
0
t
n 6M2TCg/ a (S, E IIIn(S)Il2) ds + 12M2HT?H-17L,
0

t
<Ci+Ca [ G(sE o)) ds
0

t
SOI"’OQ/ G(S,E
0

Ci = 6M? (E zo]|2 + 2E [[zoo||> + 2G (0, E ||a:0||2) + 2HT2H*1TL) ,
Cy = GMQT(T(C}L JrCf) Jng) .
Therefore, from (H4) and inequality (3.12), there is a v(t), t € [0, T], satisfying

Hence, we get

2 2
E [ sup ||z (r)]|

rel0,s]

sup ||z 41(s)
s€[0,t]

) ds, (3.12)

where

v(t)=Cy + C’Q/O G(s,v(s))ds.

We shall show, by induction, for n =0,1,2,...,

E

sup ||xn(s)||2] <w(t), Vtel[0,T). (3.13)
s€10,t]

By using the induction argument

E E

s€[0,t] s€[0,t]

sup IIwo(S)IQ]

sup [|C(s)xo + S(s)(zoo0 — h(07$0))||2]

IA

M2 (B 2o |]* + 2E llzoo|* + 26 (0, E |lzo]*) ) < €1 < w(t)

for all t € [0,T]. Let use assume that (3.13) is true for some n € N, then by (3.12), the
assumption of the mathematical induction and the non-decreasing property of G in v, we

have
¢
> Cg/ (G (s,v(s)) — G (s,E sup ||$n(T)|2]>> ds >0
0 rel0,s]

for all ¢ € [0,T]. By induction, we obtain for any n € N
sup xn(s)HQ] < o(t) < o(T) < oo.

s€[0,t]

u(t) - B I”

sup |[zn(s)
s€[0,t]

E
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Proof of Theorem 3.3. Step 1: Existence: By an argument similar to that in Lemma 3.4,
we have
2

Blinen() = 0,0 < 38| [ €= 9 (ho00-1(6) - Hsnr (1) s
t 2
3B [ 8= 5) (5 utnor (9) = S (5021 (9))) ds
+3E /0 S(t— ) (f(ssTnrm—1(8)) = f(5,2n-1(5))) dw(s)
< 9TMC, /O B (|h(5, 2nsm1()) — h(s,2n_1(s))]| ds

Thus, we obtain

E I”

sup Hanrm(S) - ZL’n(S)
s€[0,t]

t
SCg/ K(S,E
0

where C3 = 2M (T(C, + Cy) + Cy) .
It follows from Lemma (3.4) that sup,, ,,, [|Tnym-1 — Tn—1 |? < 0. Therefore, we can
apply Fatou’s Lemma to (3.14),

sup ||zn4m-1(s) = wnl(S)IIQD ds,

rel0,s]

lim sup E Sup ||{En+m(8)—l’n(8)||2
n,M—00 s€[0,t]
¢
SCg,/ K |s2dim sup E| sup |Znim_1 —zn_1]?| | ds, (3.15)
0 nm—oo | rel0,s]

Set

z(t):=lim sup E

n,M—00

2
SUP (| Zn4m () — zn(s)|| ] ‘
s€[0,t]
Then the above inequality (3.15) can be rewritten as

z(t) < 03/0 K (s,2(s))ds,

By (H6) we immediately get that

z(t)=lim sup E

n,m—oo

SUp || Znpm(s) — zn(s)|°| =0 for all ¢ € [0,T],
s€[0,t]

which implies

Iim E

n,Mm—00

SUp || Zngm(s) — an(s)]?| =0  forall t € [0,T].
s€[0,t]
So {Zn},,>, is a Cauchy sequence in the Banach space AT. Denote the limit by x(t). Now

letting n — oo in the equation (3.11), we obtain (3.6). In other words, we have shown
the existence of a mild solution in Al
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Step 2 : Uniqueness. Assume that x1 and x5 € Al are mild solutions of (1.1). Analogously
as in the proof of (3.14), we obtain for any ¢ € [0, T]

E

¢
sup ||x1(s)—x2(s)|2] SCS/ K (s,E
s€[0,t] 0

sup |lz1(s) — x2(8)||2]> ds.  (3.16)
r€l0,s]
Due to hypothesis (H6) we get that E {supse[o,ﬂ lz1(s) — l’2(8)||2:| =0, i.e, r1 =x2. O

4. CONTROLLABILITY RESULT

In this section we state and prove the controllability for second-order neutral stochastic
equation driven by Brownian motion and an independent Rosenblatt process of the form

d (x (t) — h(t, x(t))) = Az(t)dt + Bu(t)dt + f (t,z(t)) dt
+g(t, 2(t)dw(t) + o(t)dZu(t), (4.17)
z(0) = z9, x (0) =00, tel0,T]
where h, f,g,0, A are the same as in the Eq.(1.1), B : U — X is a given mapping and

the control function u takes values in U,q = L%([0,T],U), the Hilbert space of admissible
control functions for separable Hilbert space U.

Definition 4.1. A stochastic process * € A is a mild solution of (4.17) if for each
u € Uyq it satisfies the following integral equation

x(t) = C@t)xo+ S(t)(xoo — h(0,20)) + /0 C(t— s)h(s,z(s))ds
+/0 S(t —s) (Bu(s) + f(s,z(s))ds + /0 St —s)g(s,z(s))dw(s)
+ /Ot S(t—s)o(s)dZy(s), P —a.s.

Definition 4.2. The system (4.17) is said to be controllable on the interval [0, T}, if for
every initial function z(0) = o, 7 (0) = xoo and desired final state x1 € X, there exists a
stochastic control u € Ugyq such that the mild solution of the system (4.17) corresponding
to this control satisfies z(T') = 1.

The following are the additional assumptions in this section.

(H7) The functions h, f :[0,T] x X — X and g : [0,T] x X — Lo(K, X) satisfy the
linear growth and Lipschitz conditions, that there exist positive constants C,C
and Cy such that for 2,y € X and ¢t € [0, T

IIh(W)IIz < Ch(1+ Hxllz), [h(t,2) — h(ty)llz < Ch |z - yllz,

IIF (& 2)I 7 < Cp (1 + l[), IF(t2) = ft )" < Crllz =yl

lg(t, 2)llz, < Co(L+llzl7), gt z) —g(t,w)llz, < Cgllz —ylI”.
8) The linear operator I': 0,71, —Lo(), Fr, X), is defined by
H he 1 r:L? U) =Lo(Q, Fpr, X defined b

T
Fu:/o S(T — s)Bu(s)ds

has a bounded inverse, I'"!, which takes values in L?([0,7],U)/ker " and there
exist positive constants Mp, Mt such that ||BH2 < Mp and HF_1H2 < Mry.

Now, we describe the controllability result as follows and give its proof.
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Theorem 4.3. Under assumptions (H1)-(H2) and (H7)-(H8), the system (4.17) is
controllable on [0,T).

Proof. Using the hypothesis (H8), for an arbitrary zr € L2(Q, Fr, X), we define the
stochastic control

T
ug(t) = It {xT — C(T)xg — S(T)(x00 — h(0,20)) — /0 C(T — s)h(s,z(s))ds
T T
7/ S(T —s)f(s,z(s))ds — / S(T — s)g(s, z(s))dw(s) (4.18)
0 0
T
7/0 S(T — s)o(s)dZH(s)} (t).
Define the operator ¥ : AT — AT by
(82)(8) = Clt)z0 + S(2)(aon — h(0.00)) + | C(t = s)h(s.(s))ds
/ S(t— 8) (Bua(s) + f(5,2(s))) ds + / S(t— 8)g(s, 2(s))dw(s) (4.19)
0 0
+/O S(t—s)o(s)dZu(s)

Now, we show that the operator ¥ has a fixed point in AZ which is a mild solution of the
system (4.17). Substituting (4.18) in (4.19) we find that (¥z)(T) = =7, indicating that
the control u, steers the system from xy to x7 in finite time 7', which further implies
that the system (4.17) is controllable. We divide the proof into three steps.

Step 1: For any x € AL (¥z)(t) is continuous on the interval [0, T] in L2-sense. Let
0 <t; <ty <T. Then for any fixed x € AT

E||(Tx)(t2) — (‘I’x)(tl)HQ < 5E||(C(t2) — C(t1)) o + (S(t2) — S(t1)) (woo — h(Ovﬂco))H2

/O T [Clts — $)h(s,2(5)) + S(ts — ) f(5, ()] ds

2

+5E

_/0 Gt — $)h(s,2(s)) + S(tr — ) (s, 2(s))] ds

+5E/ S(te — 8)f(s,z(s))dw(s /Stl—s sx())dw()

+5E /O S(ts — $)o(s)dZx (s) — /O St — s)o ()dZH()

2

to t1

+5E S(ta — s)Bug(s)ds — S(t; — s)Bug(s)ds
0

0
2
=5 > E|Di|

1<i=5

By the strong continuity of C(¢) and S(t), we have
lim (Ct2) — C(1) 20 + (S(t2) — S(0) (00 — P(0,0)) = 0.
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From property (2.5), we have
[(C(t2) = C(t1)) 2o + (S(t2) — S(t1)) (woo — ~(0,0))|| < 2M [[z0[|+2M |[z00 — h(0, zo)]]
Thus we conclude by the Lebesgue’s dominated convergence theorem that

lim E|D|>=0.
tQ—t1—>0
For the second term D5, we have
1Ds|| < H/ Clts — 5) — C(ts — 5)) h(s, 2(s)
+(S(ta —s) = S(t1 — 9)) f(&x(s))}dsH

+ / : [C(ta — s)h(s,z(s)) + S(ta — s)f(s,z(s))] ds

< Dag + Das.

By the Holder inequality

E ([ Doy < tlE/O It — ) — Ctr — ) hs, 2(s))

+ (S(ts — 5) — S(t1 — 5)) f(s,2(s))||"ds.
By the strong continuity of C(¢) and S(t), we have
lim (C(te —s) —C(t1 — s)) h(s,z(s)) + (S(ta — s) — S(t1 — s)) f(s,z(s)) = 0.

to—1t1 —0

By using property (2.5) and conditions (H7), we obtain

(C(ta = 5) = C(tr — 5)) h(s, 2(s)) + (S(t2 — s) = S(t1 — s)) f(s,2(s))l
<2M ([[n(s, 2(s)I + [ f (s, 2(s))]]) -

Then we conclude by the Lebesgue’s dominated convergence theorem that

lim EHD21|| =0.

to—t1—
By property (2.5), condition (H7) and the Holder inequality, we get

E|Dn|® < 2M°(t 1) / "B (s 2+ 175, w(5)) ) s

' T
< 2M2(Ch+C’f)(t2—t1)/o (Blla(s)]* +1) ds.

Thus,
lim E HDQQ ||

to—t1—

Now, for the term D3, we have

D3] < ‘ /0 1 (S(t2 — 5) = S(t1 — 5)) g(s, z(s))dw(s)
+ ‘ /t ’ S(ta — s)g(s,z(s))dw(s)
< D1 + [[Ds2]| -
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By Ito isometry theorem, we have
2

1Dl < ] [ (5t = )= (01 = ) gt ateuts

< /Otl 1(S(ta — s) = S(t1 — 5)) g(s,2(s))||%, ds.
Since, by the strong continuity of S(t), we have
i (1St — ) = St = 5)) g(s,2(5)lIz, = 0.
Moreover,

2 2
1(S(tz2 = 5) = S(t1 — 5)) g(s, 2()) |, < 4M?[lg(s, 2(s))], -
Then we conclude by the Lebesgue’s dominated convergence theorem that

. 2 _
7:2111511114)0]5} HD31|| = 0.

For the second term Dgs, similarly one get

to
E || Dal? < 202 / lg(s, 2(s))II%, ds
t1

thus,
lim E|Dsy|® =
to—t1—0

For Dy, it is obvious that

1D < / (S(ts — 8) — S(ts — 8)) o()dZn (5)
+ i S(te —s)o(s)dZm(s)
< || Da|l + | Daz|| -

By Lemma (2.1), we have
2

1Dal? < \ [ st =9 - St - ) os)azu(s

IN

t1
2H2H1 / 1(S(ta = 5) = S(t1 — 5)) o(s)]| % ds.
0 2
We have by the strong continuity of S(t)
lim [|(S(t2 — 5) = S(t1 — 8)) o(s)|| 79 = 0.

to—t1—0
Moreover,
2 2
1(S(tz2 — 5) = S(tr = 5)) o (s) |9 < 4M?* ||o(s) |55 -
According to the Lebesgue’s dominated convergence theorem, we can obtain

lim EHD41|| =0.

to—t1—

In a similar way, we obtain

ta
B | Das|> < 4M2H (837" — £20-7) / lo(s)]12 ds.
t1
Thus,
hm E HD42||

to—ty
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Using the Holder inequality, property (2.5), (H2), (H7) and (HS8), we obtain
Bl < 5Mr {Eflar]® + M2E Jaf]| + 203(E lzool* + B A0, z0)|*)

+M2 (T(Ch + Cp) + Cg) (1 + lal|Ag) + 2M2HT2H*1LU} (4.20)

2
M, (1+ all4g).

IN

Next, observe that

2

B||Ds|? < QEH/: (S(ts — 5) — S(tr — s)) Bua(s)ds

to 2

S(ta — s)Bug(s)ds

t1

2B ‘

< 2(E|IDs1| + B D5 ).

Use the similar procedure as before, we obtain

t1
E | Dsi|” < t1/ E|(S(ta — s) — S(t1 — 5)) Buy(s)|* ds.
0

Combing this with the strong continuity of S(¢) and inequality (4.20), we obtain

. 2

lim E HD51|| =

to—t1—0
For the second term D,s similarly one get
2 2 2 2
E || Dso||” < M?||B|" (t2 — tl)/ E [us(s)]” ds.
t1

We obtain

lim E|Ds|® =
to—t1—0

The above argument show that limy, ¢, o E||(¥z)(t2) — (¥z)(t1)||> = 0 Thus we con-
clude (Px)(¢) is continuous from the right in [0,7). A similar reasoning show that it is
also continuous from the left in (0,7].

Step 2 : The operator ¥ sends Al into itself.
Let # € AT, then we have

E|[(T2)0)|* < TE|C@H)zol* + TE|S(t)(woo — h(0,20))]”

< i t
/0 S(t—s)f(s,z(s))ds

2

+7E /Ct—s (s,z(s))ds|| +7E

+7E /0 St —s)g(s,xz(s))dw(s)|| + TE (t—s)o(s)dZy(s)

+7E /t S(t — s)Bug(s)ds
0
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By Holder inequality, Ito isometry theorem and property (2.5), we have
E|[(Wa)(t)|* < TME |ao|* + 14M*(E |lzoo]|* + E [[A(0, z0)|*)

t
ATIPTE [ (B h(s.o(5)|” + B f(5,2(5)) ) ds
0
t t
M [ Blg(s, a2, ds+ 1MHT [ o(s) 3y ds
0 0 ?
t
LTM? ||B||2T/ E ua(s)|? ds.
0

Hence, from (H2) and (H7), combined with property (2.5) and inequality (4.20), we have
E||(Tz)(t)|* < TME |lzo|” + 14M*(E |lwoo | + E|lh(0, 20)])
+TM2T2 (G + Cy) (1 + oAy ) + TMPTC, (1+ oy )

+UUMPHT? 'TL + 7M? ||B|* T° M, (1 + Hxllig)

IN

TM? (E on”2 +2(E ||3;00H2 +E ||h(07330)H2) " QHTQH_lTL)
+7M2 (IBIP T2 (Ch + Cp + M) + TC, ) (1+ |alliy )

= a+olzlar,

where ¢; > 0 and ¢ > 0 are suitable constants. Therefore, we obtain that ||(¥x) HZ; < 00.

Since (Vx)(t) is continuous on [0, 7] and so ¥ maps A into itself.

Step 3 : W is a contraction mapping in AL, Let z,y € AL, then for any fixed t € [0, 7]
we have

2

E|(¥2)(t) - (¥y)(0)]* < 4E‘/0 S(t = 8)B (uz(s) — uy(s)) ds

t 2
+4E /0 C(t—s) (h(s,z(s)) — h(s,y(s)))ds

2

LB / S(t - 5) (f(s,2(5)) — F(5,4(s))) ds

2

+E | [ (0= 5) (9(s,2(6) = gls.y(s)) du(s)

By property (2.5), combined with Holder’s inequality and Ito isometry theorem, we get
that

E||(Tz)(t) — (Ty)(0)|> < 4M? ||B||2T/O E [Jus(s) — uy(s)]|* ds
+4M2T/ E||h(s, 2(s)) — h(s, y(s))|| ds
0

AMET [ B f(s,0(5) = S 9() P ds

+4M2/0 E |lg(s, 2(s)) — g(s,y(s)Z, ds.
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From (H7), (H8) and property (2.5), combined with Hélder’s inequality and Ito isometry
theorem, we have

2

2 < 3E

T
E [[uz(s) — uy(s)| r- /0 C(T = s) [h(s,2(s)) — h(s,y(s))] ds

2

138 Hr / ST — ) [F(s,2(5)) — Fls,y(s))] ds

2

138 Hr / ST — ) lg(s,2(s)) — gls,y(s)] duo(s)

IN

SMEMET(Ch + ) / E () — y(s)|* ds
0
t
+3MRM2C, / E () — y(s)||” ds
0

t

< 3MFM2(T(Ch+Cf)+Og)/O E ||z(s) — y(s)|| ds

= ' xS—st
- MH/OEn() y(s)|? ds,

where M,, = 3MrM? (T(Cy, + Cy) + C,) .
Therefore,

B0 - (WO < DLT(C+Cp) [ Bllats) - y(s)|ds
2 ' r(s) — S 2 S
#4270, [ Bllals) ~y(9)*a

t
A2 ||B||2T2MM/O E (s) — y(s)|| ds.

Hence, we obtain a positive real constant v(7") such that

B||(Tz)(t) — (Ty)(@)||* < V(T)/O E||z(s) — y(5)|* ds,

where
+(T) = 4M>T (||B|\2TMM +T(Ch+Cy) + Cg) .
Moreover,
E ||(¥22)(t) — (‘I’Qy)(lt)H2 < V(T)/0 E|[|(¥2)(s) — (Ty)(s)]* ds
< AT / AV(T)E llo(s) — y(s) > ds

= (v(T)>2t/O E||z(s) — y(s)| ds.

For any natural number n, using mathematical induction, one can get

E|(¥")(t) — (L") O] < ’Y(T)/O E [[(@"12)(s) — (" y)(s)]” ds

(ty(T))"

2
< ey,
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Then taking the supremum over [0, 77,

H(wnxxw-—<wnyxwuigrzﬁzjgngHw-—yHig-

For sufficiently large n we have (T"Yflﬂ < 1. It follows that W™ is a strict contraction

mapping on A" so that The Banach fixed point theorem ensure that ¥ has a unique
fixed point, which is a mild solution for (4.17). Which implies that the system (4.17) is
controllable on [0, T7. O

5. EXAMPLE

Consider the control system driven by the process w and Zp to illustrate the obtained
theory

8|2z _p, (t,x(t,z))] = Za(t,2)0t + (v(t,2) + f1 (t,2(t, 2))) Ot
+g1 (¢, 2(t,2)) dw(t) + o(t)dZy, t€]0,T[, =ze€]0,n],

2(0,2) = mo(2), 2 € 0,7, (5.21)
% = x00(2), z € 10, 7],

x(t,0) =x(t,m) =0, tel0,1].
Let X =K =Y =U = Ly[0, 7] and g, zoo € L2[0,7]. Let A C D(A) : X — X be the
linear operator given by Ay = y”, where
DA)={ye X /v, y are absolutely continuous y € X, y(0) = y(m) = 0}.

Here w(t) denotes a one dimensional standard Brownian motion and Zy is a Rosenblatt,
the processes w and Zj; are independent. Suppose hy, fi, g1 : RT x R — R are continuous,
satisfy Lipschitz condition and linear growth condition and are uniformly bounded.

First of all, note that there exists a complete orthonormal set {e,},~ of eigenvectors
of A with

en(z) =/ (2/m)sinnz, 0<z<m n=12,...,
and the following properties hold:
i): If y € D(A), then

Ay==Y n’(yen)enly),  y € D(A).
n=1
ii): The operator C(t) defined by

C(t)y =) cos(nt) (y,en) en,  y € X,

n=1

is the cosine family in X generated by (A, D(A)), and the associated sine family

is given by
> sin(nt)
Sty = n) €n, X.
(t)y ; — (y,en)e y €
It is clear that C'(-)x and S(-)x are periodic functions, and ||C(¢)]| < 1, [|S(t)] <
1, teR.

Now define the functions: h, f:[0,7] x X — X, and ¢g: [0,T] x X — L2(K,X) as
follows:
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for t € [0,7), z € X and 0 < z < w. The function o : [0,7] — L£3(Y, X) is bounded.
Let B: U — X is a bounded linear operator defined by

Bu(t)(z) = v(t,2), 0 <z <, ue L*[0,T],U).

The operator I' : L?([0,7],U) — X is given by

T
T'u :/0 S(T — s)u(s, z)ds.

Then I'" is a bounded linear operator but not necessarily one-to-one. Let

ker(T') = {z € L*([0,T],U), 'z = 0}

be the null space of T' and [ker(I')]* be its orthogonal complement in L2([0,T],U).
Let T : [ker(T)]" — Range(T) be the restriction of T' to [ker(I')]", T is necessarily
one-to-one operator. The inverse mapping theorem says that ! is bounded since
[ker(F)]L and Range(T) are Banach spaces. So That I'"! is bounded and takes values in
L2([0,T],U)L ker(T'), hypothesis (H4) is satisfied. Hence, all conditions of Theorem(4.3)
are satisfied, and consequently system.(5.21) is controllable on [0, T7.
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