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INDETERMINACY CONDITIONS FOR THE MATRIX
NEVANLINNA-PICK PROBLEM AND RATIONAL MATRIX
FUNCTIONS OF THE FIRST AND SECOND KIND

YU. M. DYUKAREV

ABSTRACT. We obtain new indeterminacy conditions for the matrix Nevanlinna-Pick
interpolation problem. These conditions are formulated in terms of the convergence
of two matrix series. The elements of these series are rational matrix functions of the
first and second kind.

OTpuMaHO HOBI YMOBU HEBU3HAYEHOCTI JJisl MATPUYHOI IHTEPHOIAIIAHOT 3a0adi
Hesanninuwp-ITika. 11i ymoBu dhopmy/toeTbest B TepMiHax 361XKHOCTI JBOX MATPUYHUX
psagiB. EslemenTaMu mux psifiB € panioHaJIbHI MaTPUIb-DYHKIN] IEPIIOro i Ipyroro
poxny.

1. INTRODUCTION

By C™ denote the linear space of columns of complex numbers = = col(z1 @ ... Z;,)
of size m with the inner product (z,y) = 3271, Z;y;. By C"™*" denote the set of complex
matrices with m rows and n columns. By C7*™ denote the set of all Hermitian matrices.
An Hermitian matrix A is called nonnegative if (z, Az) > 0 Vo € C™. By CZ*™ denote
the set of nonnegative matrices. A nonnegative matrix A is called positive if (z, Az) > 0
for any nonzero vector z € C™. By CZ*™ denote the set of positive matrices. By
I, € C™*™ denote the identity matrix and by O,,x, € C™*" denote the zero matrix.
We will often omit the subscripts of the identity matrix and the zero matrix if these
subscripts are clear from the context. For Hermitian matrices A, B we write A > B
(A>B)if A— B e CZ*™ (A— B e CU*™). If a matrix A is invertible, then by A~*
denote the matrix (A’l)*. If f(z) is a matrix-valued function, then by f*(z) denote the
matrix-valued function (f(z))*. Let f(z) be an invertible matrix function. By f~1(z)
and f~*(z) denote matrix-valued functions (f(z))~! and ((f(z))_l)* respectively. Let
Ci={z€C:Imz>0}and C_ ={z € C:Imz < 0}.

A holomorphic matrix-valued function w : Cy — C™*™ is said to be Nevanlinna if

w(z) — w'(2)
24
By R,. denote the class of Nevanlinna matrix-valued functions of fixed order m > 1.

In the Nevanlinna—Pick matrix interpolation problem, it is required to describe all

Nevanlinna matrix-valued functions w € R,,, such that

ZO, VZE(C+

w(zj) = wy, J€EN, (1.1)
given a sequence of interpolation nodes
217227"'7ZTL3"'CC+7 Zj7ézka ]%ka

and a sequence of interpolated values

mXm
Wi, W, ..., Wp,... C C .
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By Foo we denote the set of all solutions of problem (1.1).

The Nevanlinna—Pick matrix interpolation problem and its numerous analogs were
studied in the works of many authors [3, 4, 5, 6, 7, 8, 9, 12, 13, 14, 15, 16, 18]. The
monograph [2] contains an analysis of the state-of-the art of the theory of interpolation
problems for Nevanlinna functions and their analogs.

We will also consider truncated Nevanlinna-Pick matrix interpolation problems,

w(zj) =w;, 1<j<n (1.2)
By F,, we denote the solution set of problem (1.2). Note that
Foo = N5 Fs Fn+1 C F.

With the truncated Nevanlinna—Pick matrix interpolation problem, we associate the
following block matrices:

_ w1 —wy wy—w,,
Zl 1I 21—211 T zi—in
T, = , K,=T;" : : T, (1.3)
-1 Wy — W Wy —wW),
zn T nPl ... Znofw
w1 I
Uy = . vn=1| |, Rp(z)=I-2T,)"" (1.4)
W I
It is easy to see that the fundamental identity
T.K, — K, T = vyu, — unv,. (1.5)

holds. The fundamental identities play an important role in the theory of interpolation
problems (see, for example [16, 18, 25]).

We first recall some facts about the matrix Nevanlinna-Pick interpolation problem (see
[16, 17, 18]). Assume that the truncated problems (1.2) are completely indeterminate,

K, > Onmxnm, n € N. (1.6)

In this case, the sets F,, and F are nonempty (see [16, 18]).
Consider the sets

Zn=1z1,...,2n}, Zoo = szn, Z,={z1,..., 2}, Zoo = G?n.
n=1

Let us fix a point zy € C4 \ Zo and consider the set of matrices
Koo(z0) ={w(z0) : w € Fo }.

Then there are matrices coo(20) € C™*™, 1o (29) € (C’Z"X’”, and peo(29) € (C’anm such
that (see [16, 17, 18])

Koo(20) = {Coo(20) + Too(20)Vpoo(20) : V¥V < I} (1.7)
From the geometric point of view, the set K (z0) can be regarded as the matrix disk
centered at the point ¢y (20) with the left radius 7+, (29) and the right radius pso(20).

The set of matrices Koo (z0) is called the Weyl limit disk at the point zg. Let
my = rank 7o (20), m_ =rank po(20).

The matrix Nevanlinna-Pick interpolation problem (1.1) is called completely indeterminate
if my = m_ = m. We will only consider the completely indeterminate case. The
application of Orlov’s theorem [20] yields

rank roo(z) = rank poo(2) =m Vz € Cy \ 2.
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Therefore, in order that the matrix Nevanlinna-Pick interpolation problem (1.1) be
completely indeterminate, it is necessary that

Too(2) >0,  poc(2) >0 (1.8)

for any points z € C; \ 2 and it is sufficient that the inequalities (1.8) were satisfied at
least at one point z € C; \ 2.
For n > 1, consider the block partition of the matrices

_ anl Bn
K= (Mg ).

By definition, put

Ki=K,, K,=C,—B:K,' B, n>1 (1.9)
The following expressions are obvious (n > 1):
3 I O0\(Kua1 O I K.'\B,
Fon = ( BiK,!, I ) ( o K, ) ( o 1) (1.10)
Whence,
K, > Onxcom, n > 1.

With a Nevanlinna—Pick matrix interpolation problem (1.1) we associate two sequences
of rational matrix-valued functions of the first and second kind as

Pi(2) = Ky PRy (2)or, Pi(z) = K; P (~BiK;Y, DRy (2)v;, §> 1, (1.11)
Q1(2) = —K; PRy, (2)ur,  Qj(2) = —K; *(~BIK;Y), DRy, (2)uy, j>1, (1.12)
respectively.

A finite and infinite Blaschke products are defined as (z € C4 \ Z)

n

(=112 =2 Be=]]2 =7 (1.13)

— = 7
Zj Z—,Zj Z—Zj

j=1
respectively.
We consider infinite matrix column vectors of the type

V:COI(Vl,‘/Q,Vg,...), VjEmem.

We denote by £2(C™*™) the set of all infinite matrix columns V for which the matrix
series Z;’il V'V converges.

Using the rational matrix-valued functions (1.11) and (1.12), we construct the infinite
matrix columns

7(z) = col (Py1(2), P2(2), P3(2),...), (1.14)
5(2’) = col (Q1(2)1Q2(2)7Q3(Z)7) (115)

The following theorem is the main result of this paper.

Theorem 1.1. Suppose the Nevanlinna—Pick matriz interpolation problem (1.1) is given,
the conditions (1.6) are satisfied, and the infinite matriz columns w(z),&(z) are defined
by (1.14), (1.15) respectively. Then the following conditions are equivalent:

1) the Nevanlinna—Pick interpolation problem (1.1) is completely indeterminate;

2) for some point zg € C1\ Zwo, the infinite matriz column m(zq) belongs to £2(C™*™)
and the infinite Blaschke product B(zg) converges;

3) for some point zg € C,\ 2o, the infinite matriz column &(zo) belongs to £2(C™*™)
and the infinite Blaschke product B(zy) converges;

4) for some point zg € C1 \ Zo, both infinite matriz columns m(zo) and m(Zy) belong
to £2(Cmxm),
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For the classical Hamburger moment problem (m = 1) similar statements 1)-3) listed
in Theorem 1.1 have been proved in [26, Theorem 3| (see also [1] and [19]). For matrix
Hamburger moment problem (m > 1) similar results have been obtained in [11]. In this
paper we prove the similar results to the case of the Nevanlinna—Pick matrix interpolation
problem. We use methods of the theory of J-contractive analytic matrix-valued functions
due to V. P. Potapov (see[16, 17, 18, 21, 22, 23, 24]).

2. PRELIMINARIES

In this section, we summarize a number of basic well known definitions and facts about
the Nevanlinna—Pick matrix interpolation problem.
If w € Ry, then (see [2])

w(z) :,uz—FV—i—/oo (1 ! )a(dt), (2.16)

ceo \E—2 14t

where € CZ*™, v € C*™, and o is a matrix Hermitian non-negative measure on R
such that the integral [* (1 + ¢*)"1o(dt) is convergent.

A matrix-valued function w € R, is a solution of the truncated matrix Nevanlinna—Pick
problem (1.2) if and only if it satisfies the Fundamental Matriz Inequality (FMI) of
V.P. Potapov,

( K, . Ry, (2)(vhw(z) — up)
(R, (2)(vnw(2) —up))”  (w(2) —w*(2))/(2 — 2)

FMI follows from (1.2) and (2.16) (see [16, 18, 25]).
We multiply FMI (2.17) on right by the matrix

(1 K )

) >0, :eCi\Z, (217)

0] 1

and on the left by the adjoint matrix. We obtain that FMI (2.17) is equivalent to the
following matrix inequality:

U (0(2) ) Ry (2) K B(2) (qt(2) — ) 2 O, 2 € €\ 2y (218)
Consider the resolvent matriz for the truncated problem (1.2) (see [16, 18]),
Un(2) = oan(2) Bu(z) \ _ ( I+ 20;Rr:(2)K un  —205 Rps (2) K tog

T n(z) on(2) ) zur Ry (2) K 'un I — zuf Rys (2) K Moy,

v

:IZm+Z<

<
I *3 ¥

)RT;(Z)Knl( Uy —Vp ). (2.19)

By definition, put

_ O _ZI 2mx2m
J—(U 0 )G(C .

It is obvious that J2 = I, J*=J. We have
. I O
A% (O —I>'

Here the matrix

is unitary. Therefore,
det J = (—1)™. (2.20)
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Lemma 2.1. If U,(z) is the resolvent matriz (2.19), then

T = UTUE0) = i€ = D)) By (R R, (o ). (220)

n

Proof. Using (2.19) and (1.5), we get
T = Un(2)TU,(N) =T

*

_ {]2m + Z(Z;E)RT’T ()K" (uy — vn)} J {Izm + A(ZZ>RT: (NK (uy, — Un)}*

n n

_ _Z(Z;j)RT; (VK —vn)T — AT (“jl*)K;lR*T; () (U )
s ( Vn -1 Uy, —1 v

(K T —TnKy)

X (zK,;l(I AT — NI — 2THKY - o ATEK T+ zXK;lTn)R*T; () (v )

=it = 2 ) B () R ) 00,

n

This shows that formula (2.21) is true. O

Substituting z for A in (2.21), we get J — U, (2)JU;(Z) = O. This immediately implies
the invertibility of U,,(z) and the equality
U lz)=JUZ)J. (2.22)
Substituting z for z and A into (2.21) and multiply (2.21) on the left and on the right by
J. Using (2.22) and the obvious equality Rr:(2) = R}, (2), R7.(2) = Rz, (2), we get

*

TV ATV ) = i - 7 (18 R (VK B, ()00 )T

s —quR}n(z)KglRT"(z)un uy Ry (2)K, 'Rt (2)v,
“’(z‘z)< ViR, () R, (2)un —0sRE, (VK By, (2o, ) (22)

Hence,

i(Z — 2) iz —2)

U, ()0, (=) _ T _j(ﬁ)R}n<z>K;1RTn<z><vn wn)J.

n

Multiply this equality on the left by the matrix (I w*(z)) and on the right by the adjoint
matrix, we obtain

U, (2)JU (= 1
e o R V)
- w — (vw(2) — wn)" By, ()K" R, (2) (vaw(2) — ). (2.24)
Combining (2.18) and (2.24), we obtain
(I w*(2)) W (wfz)) >0, 2€Cy\Zn (2.25)
By definition, the matrix-valued function
Wi(z) = U, *(2)TU, " (2) (2.26)

is called the Weyl matriz for the truncated problem (1.2) (see [16, 18]). It follows from
(2.26) and (2.22) that
W, (2) = TW,L(2)J,

n
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i.e., the Weyl matrix is invertible. Consider the m x m block partition of the Weyl matrix
—a11(z)  ai2(2) )
W, = .
»(7) ( aja(z)  —a(z)
Using (2.23), we get
—an(z) alz(z)
Wn = % =
@=( s L

iz = 2Jup Ry, (Ko B, (2 = Ry (K Ry (o =)y

i(z — 2)vi Ry, (2) K, 'Ry, (2)un + il —i(z — 2)v Ry, (2) K, Ry, (), T
It now follows (see (1.3)-(1.4)) that a11(2) > O, a22(z) > O, a11(Z) < O and a0 (z) < O
for any z € C; \ Z,. Therefore,

Wi(z) = <é —alz(zl)azzl(z)) <—a11(2) +a12g)a22( z)aiy(2) _ai(z)>
1

x <a;;(z)a;2( ) ?) 2eCy\ 2o (2.28)

We have
— a5y (2) = —an(2) + aa(2)agy (2)afy(2), 2 €Cy\ Z,. (2:29)
Indeed,
1y — sy g — ( —022(2)  —aia(Z)
W, (z2) =JW)(2)J = ( —ann(3) —an(z) ) ze€Ci\ Z,.
Hence,

(2l ) (8 22)-(6 7)) weena
Therefore,
az(2)a11(z) — ajy(2)aia(2) =1, —ag2(Z)arz(z) + ajy(2)an(z) =0, z€Ci\ Z,.
It now follows that
an(2)—az; (2)ais(2)aia(2) = a3y (2),  —aze(2)arn(z)az, (2)+aix(2) = O, 2 € Ci\Z,.
Combining these formulas, we obtain
ayy (2) = an1(2) — ara(2)ag (2)aiz(2), z € Cy\ 2,

Formula (2.29) is proved.
Using (2.28) and (2.29), we get (z € C \ Z,) that

o= (o O EEO) (20 0 N e )

By definition, put
_ X o . o _ -1
cn(2) =agy (2)ata(2) = (i(2 — 2)vy Ry, (2) K, R, (2)vn)

x (i(z — 2)us Ry, (2) K, 'R, (2)vn, — i), (2.30)
rn(2) =a25(2) = (i(2 — 2)03 Ry, (2)K; R, (2)vn) % > 0, (2.31)
pn(2) = — ag(2) = (i(z — )03 R;, (K7 Ry, (2)va) /% > 0. (2.32)

It now follows that

W, (z) = (é _c:}(z) ) (p%(()z) _TOQ(Z) > ( _Ci(z) ?) L 2€CL\ Z,. (2.33)
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Combining (2.25) and (2.33), we obtain that w € F, if and only if it satisfies the
inequality

ao (o ") (O L0%0) Lo ) () 20 s 2

It now follows that

{Pn' (D)W (2) — () ()} () (w(z) — en(2))py ()} < T, 2 € Ty \ 2,0
Therefore,
r (2)(w(z) = ea(2)pn () =V, VIV <L
ie.,
w(z) = cp(2) +rn(2)Vpp(z), V'V I (2.34)

Conversely, if V€ C™*™ and V*V < I, then there is w € F,, such that equality (2.34)
holds. Consider the set of matrices

Kn(z) ={w(z) : w € F,}.
We have proved that
Kn(2) ={cn(2) + rn(2)Vpn(z) : VIV < I} (2.35)

From the geometric point of view, the set IC,,(2) can be regarded as a matrix disk centered
at the point ¢,(z) with the left radius r,(z) and the right radius p,(z). The set of
matrices K, (2) is called the Weyl disk at the point z (see [16, 17, 18]). Let no > ny >0
be given integers. It follows from the obvious inclusion F,, C F,, that IC,, C K, .
Let Koo(2) and K, (2) be recorded as (1.7) and (2.35) respectively. We have (see [2])
that Koo(2) =~ Kn(z) and
Coo(2) = lim ¢y (2), 7oo(2) = lm 7,(2),  poo(2) = lim pu(2). (2.36)

For n > 1, consider the block partition of the matrices T,,, Rr, , Un, Upn, Kp,

Tn = ( 19) Tnil O(n:%)me > ) RTn(Z) = < RTn_l(Z) O(n_l)mxm > )

mx(n—1)m Zn Im Omx(nfl)m (1 _ertl)_l*[m

_ Un—1 _ Un—1 _ Kn—l Bn
Uy = ( w, ) , Uy = ( I ) , K, = < B C, ) . (2.37)
We have (see (1.10))

o (1 -K; B, K1 K I o)
" O I o K;! -BiK; I
I -K;'\B, K'' O O

O I O O O

_|_
1
K;', O (1 ~-K,; "B, 0O O I o)
O O 0 I O K;! -BIK;', T

Hence,
—1 g1 N
Kol = < Ky O >+< Ku—1Bn > “Y_grR-lD. (2.38)

Further, let (n > 1)

~ ~ ~ * 7-—1 ~ * 7-—1
V1=w1, U1 =u1, Up=—BK, “jvp_1+1, U, =—-B K, ~jup_1+ wy. (2.39)
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Let us substitute the block representations (1.10) and (2.37) into the main identity (1.5).
Using (2.39), we obtain the induced identities (n > 1)

Ko T (K. ' B, — Bnz, I, = v, 107 — up_105, (2.40)
(27 L) Ky — K (27 ,,) = 0,0 — a0 (2.41)

The matrix-valued functions

N (—K ' B, 1 -
bj(Z) = I+Z<vi)< J—1 j)Kj_l(B;Kj__ll I)(Uj 71)]')

——1
u; I 1-27"2
6* ]. ’\_1 —~ o~ .
=I+z( 0 )—K; (u; —v5), j=>1 (2.42)
uj 1fzj z

are called Blaschke—Potapov factors.

Theorem 2.2. The resolvent matriz U,(z) for the truncated problem (1.2) defined by
(2.19) can be expressed as a product of Blaschke—Potapov factors defined by (2.42),

Un(2) =b1(2) - b2(2) ... - bp(2). (2.43)

Proof. The proof is conducted by induction on n. For n = 1, there is nothing to prove.
By the inductive assumption, formula (2.43) is true for U,,_1(z). This implies that

v*
Un_l(z)bn(z) = {Igm +z <’u,:f_1)RT"t1 (z)K;_ll(un_l — Un—l)}

n—1

1 n—t 1—2z, 2
2 (e K (=) (07) TR 0
~Kn 1 Tr K. ' By,+Bnz,"
=71+ z(Zi) Rr+(2) (IO{nll g) (up — vp)
T Z:) —K;I_lan) - églngl(_B:K;‘ll Dlun = vn)

\
I\
[ V)
R
SIS
S* 3% I% 3%

L ROCBED, I)} (o)

v Kl 0
_Hz(u; T;@){(O O)
1

=
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vy, Kr:EIO —K,;lan > *7—1
_I+z<u*>RT:(z){<O O)+< I >Kn (-B:K, I)}(un — Up)

n

_1+z<ﬁ>3ng@Kﬁumlmg_c@@y

The third equality in this chain follows from (2.40) and the seventh from (2.38).
Consequently formula (2.43) is true for any n € N (see also [8, 10, 16, 21]). O

Now if we recall (2.42), (2.41), and Lemma 2.1, we get

J—bj(Z)Jb;*(/\)zi(z—/\)(Z) L — K1 ! (@) YiEN.  (244)

ui)1—z7z 71—z
Substituting z for A in (2.44), we get
J —b;(2)Jbi(z) = O. (2.45)
This immediately implies the invertibility of b;(z) and the equality
by (z) = Tb(2)T .
Substituting = € R for z into (2.45) we obtain
J = bj(x)Jbj(x) = O.
Hence,
b; () Tb; " (x) =T = O.

Theorem 2.3. Let the Blaschke—Potapov factors bj(z) be defined in (2.42) and let the
resolvent matriz U, (z) be defined in (2.19). Then:

1) the matrices I?j can be expressed as

PO
~ UVE—vu
j U _
K. =z—2 2 J7 50
J J j
Zj—Zj

and, for all j > 1, the matrices u; and v; are nondegenerate;
2) the Blaschke—Potapov factors (2.42) have the representations

R C )Py
%) I+2j(5j—z)793

in which the matrices P; are expressed by the formulas

v ’ib\ji}\’.f —ﬁjﬂ* -

Pj = (a]) (%) (@ u;)T
J

and satisfy the conditions

Pj=-P; P;J=0;

3) the J-forms (2.44) of the Blaschke—Potapov factors can be calculated by the

formulas
. z—zj|?
T =435 () = (|7==2| 1) P,

Z =z

4) the determinants of the Blaschke—Potapov factors can be calculated by the formulas

derty(e) = (2222 )

Zj Z—Zj

L zi z—2z\"
det U, (z) = I | (_J . J) ; (2.46)
i=1 Zj z — Zj
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6) the traces of the matrices P; are
trP; = —m
Proof. The proof of Theorem 2.3 was given in [13, 16, 18§]. O

3. RATIONAL MATRIX-VALUED FUNCTIONS OF THE FIRST AND THE SECOND KIND

Theorem 3.1. Suppose the sequence (P; (z));’i1 of rational matriz-valued functions of
the first kind (1.11) is associated with a Nevanlinna—Pick matriz interpolation problem
(1.1), the matriz-valued function w(z) is a solution of the interpolation problem (1.1), and

w(z)uerl/Jr/Z <tizl_itz)o(dt).

Then the rational matriz-valued functions Pj(z) are orthonormal in the sense that
: 2 * 13 .7 =/
P ode) P} (1) + Jim £ Py(0pPE(6) = Djel, 850 =

0, j#t
Proof. 1) Using (1.1) and (2.16), we get (p,q € N)

wp — wy 1 > 1 t
— = - dt
Zp — 24 Zp = Zg <u2p+y+/oo(t_zp 1+t2>0( )
e 1 t
—UZg — UV — _— dt
wamv- [ (75 m) )
1 e 1 1

H+ ,/ ( — )a(dt)

Zp—Zqg ) _so \t—2p t—24

o 1 1

= ,u—f—/ . —o(dt).

o t—2p t—2Z

(3.47)

Therefore, we have (j > 1)
/ R, (t)vjo(dt)v; Ry, (t) + tllglo t* Ry, (t)vjpvj Ry (t)
= / R (t)vjo(dt)v; Ry, () + Tj_lvjuv;-‘Tj_l*

= ijl (/ T Rr; (t)vjo(dt)o; Ry, (1)1} + vj/w;) Tj*l*

— 00

= ijl (/ (tI — T{l)_lvja(dt)v;(tl — T{l T+ vj/w;»‘) Tfl

— 00

N 1 J -
T . dt T
J (/—ootzp t—qu( )+N) J

p,q=1
N\ J
w w «
_ D _
_Tj1< q) -1 —Kj.

— J
Zp Zq p,q=1

It now follows that (j = ¢ > 1)

/oo P;(t)o (dt) Py (1) + lim t 2P(t)uP;(t) = K; ' (-B K, 1)

J Jj—1
— 00

0 , - ~K;Y B\ o
X (/ R, (t)vjo(dt)v; Ry, (t) + tli>nolo t* Ry, (t)vjpv; Ry, (t)) ( JI 1 J)Kj 1/2

_ : N\ (~K74Bj\ 5 S 1 sl
_K 12 BIK, 1) ( Ké;l gj ) < 3I_1 ]>Kj 1/2 ~ & l/ngKj 2 _ g
J
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Now let us prove (3.47) under the condition that j # ¢. Let, for example, j > £ > 1. We
obtain

(oo}
/ R, (6uyo(dt)o R, (8) + lim ¢ R, (6o, R (1)
—0o0
wy — w\ . Lo,
- Tj_l (pq> Te_l =Kj- ( ' )
2p = 2q ) pg=1 Ovmx (j—tym
Thus we have

| Pt ri o + in £p,0nR 0 = BB K D

J
—00

oo —K; Y B)\ ~_
x ( / R, (t)vjo(dt)o} B, (t) + lim ¢*Rr, (t)ujuvZR}e(t)> ( L’;l Z)KZ 12

_ _ K;_1 B; Im —K; "B/ ~-1/2
— K 1/2 B K74, I < J*l J > < ) < -1 K /
( I 1 ) Bj Cj Olmx(jff)m I ¢

=K; 20, K)( Lem >(_KfllBé)f(1/2:0.
Ofmx(j —0)m I ¢

In the same way, equality (3.47) can be proved for other cases (see also [10]). O
Lemma 3.2. Suppose the sequences (P;j(2))32; and (Q;(2))52, of rational matriz-valued
functions of the first and the second kind (1.11) and (1.12), respectively, are associated

with a Nevanlinna—Pick matriz interpolation problem (1.1). Then

v KR - P (z)P;(A —P* j A
where the block matrices Ky, Uy, vn, Rr:(2) are defined by (1.3) and (1.4).

Proof. We will use formulas (1.9) and (2.38). The proof is by induction on n. The basis
step n =1 says

UT —1 px Pl*(Z)Pl( ) 1( ) )

R * K R * )\ = - = S

(i) om0 = (L GRRT) S )

which is true. Here is the induction step.

(08 ) e R )0 ) =

o { (N5t 0)+ (TP R D) R ) )

v _ 1 e
_ ( ") Ry (KT R () (01 1)

vk —1
+ uZ>RT;(z)< Knl—lB">K (=BLKY, DR () (0n un)
([ PaPG) —PQ;0 2 (2)Pa () —P*( 2)Qn(N)
a jzl( —Q;(2)P; (N Q3(2)Q;(N) )+( Qr(2)Pa(N)  Qn(2)Qn(N) )
N Pr(z)Pi(A)  —Pr(2)Q;(M)
—2( Gidkn doem )
This implies that equality (3.48) is true for any n € N. O

Theorem 3.3. Under the conditions of Lemma 3.2, we have:
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1) inequality (2.18) can be written as

S0l + Q) () + (e < YR L eci\ gy (349
2) the resolvent matriz (2.19) can be written as
~ ([ —F;(2)Q;(0) —P*( )P;(0)
= tns: 3 (Qf5gi  aionty ) )

3) the Blaschke—Potapov factors (2.42) can be written as
z ( —P;(0)Q;(0)  —P;(0)F5(0) )
z 'z \ Q5(00Q;(0)  Q5(0)F(0) )7

1— Z; 2
4) the J-form (2.21) of the resolvent matriz can be calculated by the formula

s PIEOP) PR Y
J ‘UWVUM‘“Z‘A)Z( —QEAP0) QN )

b](Z) =1+

j=1
5) the J-form (2.23) can be calculated by the formula
_ iz Py (= P(A) —P7(2)Q;(A) > ,
R ZZJ( GORM Geeh )7

6) the J-forms (2.44) of the Blaschke—Potapov factors can be calculated by the
formulas

i(z =) ( Pr(0)P;(0)  —P;(0)Q;(0) )
(1-z"2)(1—2z'N) \ —Qj0)P;(0)  Q5(0)Q;(0) /)~

7) the center (2.30), the left radius (2.31), and the right radius (2.32) of the Weyl
disk (2.35) can be calculated by the formulas

w2 (G- Y P pe) (i fjcz; 2 —il)
j=1

rn(2) :(i(é —2) i P} (2)P; (z))_1/2 > 0,
j=1

pul2) =(i(z ~ 2) ij p;(g)pj(z))fl/2 >0,

respectively;
8) the center, the left radius, and the right radius of the limit Weyl disk (1.7) can be
calculated by the formulas (see (2.36))

T~ bi(2)TH(N) =

Coo(2) = lim {(2(2 —2)

n—oo

Too(z) = lim {(2(2 —2)

n—oo

P@)
) 1/2}, (3.51)
R@)

I MS I MS H

Poo(2) = lim {(Z(Z —2)

n—oo

respectively.
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Proof. 1. We claim that
(vaw(z) — un) R (2) K, 'Ry (2) (vaw(z) — uy,)

= Z ) +Qi(2)" (B (2)w(2) + Q;(2)).

The proof is by induction on n. The basis step n = 1 says
(vw(z) = u1)“Ri (2) K1 ' Ra(2) (v1w(z) — w1)
= ([A(fl/QRl(z)vlw(z) - IA(fl/le(z)ul)*(f(;l/le(z)vlw(z) - IA(fl/le(z)ul)
= (P(z)w(z) + Q1(2))" (P (2)w(z) + Q1(2)),
which is true. Here is the induction step.
(Unw(2) = un)* Ry (2) K R (2) (v (2) — un)
~ ) - wrm@ { (M5 G )+ (TP ) R n)
X R(2) (0a0(2) = 4n) = (vn-100(2) = ttn1)* By_y (2) K7y Rt (2) (0 10(2) — un1)
KL

+ (0w (2) —un>*R;<z>(‘ TP B DR () - )

Z_: 2) + Q;(2))"(P(2)w(2) + Q;(2)) + (Pa(2)w(2) + @n(2))*

n

+ (Pa(2)w(z) + Qu(2) = Y (Pj(2)w(2) + Q;(2))" (Py(2)w(2) + Q;()).

j=1

This and (2.18) imply that the matrix inequality (3.49) is true for any n € N. Statements
2) — 7) follow from (3.48). Statement 8) follows from (2.36) and statement 7). O

Lemma 3.4. Let (4;)72, C C™*™ and (B;)52, C C™*™ be the sequences of matrices

such that the series
> AzA;, D BB (3.53)
j=1 §j=0

converge. Then the series

oo

—Bj), Y _BjA, (3.54)
j:l j=1
converge.

Proof. By A;(kl) and A% A;(kl) denote the components of the matrix A; and A7A4;, i.e.,

A = (A (kz))kl o AjA = (A*A ) . (ZA (pk) - )>:l:1

It follows from (3.53) that the sequences of the diagonal components

(a34,00) ™ (ZA B0 400) ™ = (LIA0E) T 1<k<m

1 < p,k < m belong to
/%(C). By the same argument, any m? sequences (B; (Pk))521, 1 < p,k < m, belong to

(2(C). This implies that series (3.54) converge. O

converge. It now follows that any m? sequences (4; (Pk))5<4,
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Lemma 3.5. Let two sequences (P;)52, and (Q;)32, of rational matriz functions of the
first and the second kind be given by (1.11) and (1.12), respectively. Then:

1) for any matriz-valued function w(z) € Foo and any z € C4 \ Zo, the series

Z(Pj(z)w(Z) —Qj(2)) (Pj(2)w(z) = Qj(2)) (3.55)
converges;
2) if for some z € C4 \ Zo one of the series

Y PP, Y Q(2)Q) (3.56)
j=1 j=1

converges, then both series (3.56) converge.

Proof. 1) This statement follows from inequality (3.49).
2) Without loss of generality, we can assume that the series Z P} (2)P;j(2) converges
for some z € C; \ Z. Consequently both series (w € Fio)

> (Pi(z)w(2))" Py . 2 (P —Q;(2))" (Pi(2)w(2) — Q;(2))

j=1 j=1

converge. From Lemma 3.4 it follows that the series

> Q5 (R)Q5(2) = Yo (Pia)ule) ~ Piayulz) + Q5(2)) (Pi(ahulz) - Pilyuw(z) + Qs ()
converges. O

4. PROOF OF THEOREM 1.1

Proof. Now we are able to present the proof of Theorem 1.1.

1) = 2) Suppose that the Nevanlinna-Pick matrix interpolation problem (1.1) is
completely indeterminate and some point zy € C4 \ Zo. Then (see (1.8))

Too(20) > O, poo(z0) > O. (4.57)
Using (2.26) and (2.33), we get

det (Un**(zo)jUnfl(zO)) = det (pi(zo)) det (77“;2(20)).
Now if we recall (2.46) and (2.20), we obtain

P[IT(EE22) = ) st

Using (1.13), we get

-2

det(rn(zo)) = |B,(20))|™ det <pn(z0)).
It now follows that
det (roo(zo)) = |B(z))|™ det (poo(zo)), (4.58)

i.e., the infinite Blaschke product B(zp) converges. It follows from (3.51) and (4.57) that

rec(z0) = Jim { (i€20 — 20) iPﬂzo)PJ(zo))” 150
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Consequently the series Z;il P?(20)Pj(20) converges, i.e., the infinite matrix column
7(20) (see (1.14)) belongs to ¢2(C™>™).

2) = 3) Suppose for some point zg € Cy \ Zo the infinite matrix column 7(zg) belongs
to £2(C™*™) and the infinite Blaschke product B(zg) converges. Then it follows from
Lemma 3.5 that &(zg) belongs to £2(C™*™).

3) = 4) Suppose for some point zg € C, \ Z4 the infinite matrix column &(zy) (see
(1.15)) belongs to £2(C™*™) and the infinite Blaschke product B(zg) converges. Then it
follows from Lemma 3.5 that 7(zp) belongs to £2(C™*™). This implies that

n— oo

n —1/2
roo(z0) = lim { (i(z — 20) 3 P (20)Ps(z0))  } > O.
j=1
By (4.58), we have that p(2z0) > O. Now if we recall (3.52), we get

J

P%(zo)Pj(zo))_l/Q} > 0.

-

Poo(20) = lim {(i(éo — 20)

n—oo

<
I
—

Consequently the infinite matrix column 7(Zp) belongs to £2(C™*™).

4) = 1) Suppose for some point zg € C, \ Z5 both infinite matrix columns 7(zg) and
(%) belong to £2(C™*™). Then two series Y ° | P (20)Pj(z0) and }°2 | P (%) Pj(Zo)
are convergent. It now follows that

ros(eo) = Jim { (it - Ztl)iP;(zO)Pj(z&)_m} >0,

n—oo
j=1
. . - —1/2
poo(20) = n1520{ (z(zo —z) ) P;(zO)Pj(zo)) } > 0.
j=1
This completes the proof of Theorem 1.1. O
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