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ROTHE TIME-DISCRETIZATION METHOD FOR NOLINEAR
PARABOLIC PROBLEMS

N. ELHARRAR, J. IGBIDA, AND H. TALIBI

Abstract. In this paper we consider a class of nonlinear parabolic problems whose
model is\left\{   

\partial u
\partial t

 - \mathrm{d}\mathrm{i}\mathrm{v}
\bigl[ 
| \nabla u - \Theta (u)| p - 2(\nabla u - \Theta (u))

\bigr] 
+ \beta (u) = f in QT := (0, T )\times \Omega ,

u = 0 on \Sigma T := (0, T )\times \partial \Omega ,
u(\cdot , 0) = u0 in \Omega .

(\ast )
Using time discretization technique and Rothe method we prove existence and unique-
ness results for bounded weak solutions.

Використовуючи технiку дискретизацiї за часом та метод Рота, доведено
iснування та єдинiсть слабкого обмеженого розв’язку для нелiнiйних параболiчних
задач вигляду (\ast ).

1. Introduction

This paper is devoted to existence and uniqueness results for bounded weak solutions
to the following nonlinear parabolic problem:

(P )

\left\{   
\partial u
\partial t  - \mathrm{d}\mathrm{i}\mathrm{v}(\Phi (\nabla u - \Theta (u))) + \beta (u) = f in QT := (0, T )\times \Omega ,
u = 0 on \Sigma T := (0, T )\times \partial \Omega ,
u(\cdot , 0) = u0 in \Omega .

Here \Omega \subset \BbbR d(d \geq 3) is an open bounded domain with Lipschitz boundary \partial \Omega , T is a
fixed positive number; \nabla u is the gradient of u and \Phi (\xi ) := | \xi | p - 2\xi for all \xi \in \BbbR d with
1 < p < d. We make the following assumptions:

(A1): \beta is a non-decreasing continuous real-valued function on \BbbR , surjective, satisfies
\beta (0) = 0, and | \beta (x)| \leq M | x| , where M is a positive constant.

(A2): f \in L\infty (QT ) and u0 \in L\infty (\Omega ) \cap W 1,p(\Omega ).
(A3): \Theta is a continuous function from \BbbR to \BbbR d, \Theta (0) = 0, and | \Theta (x)  - \Theta (y)| \leq 
\lambda | x - y| for all x, y \in \BbbR , and \lambda is a positive constant such that

\lambda <
(d - p)(\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{s}(\Omega )) - 1/d

2(d - 1)p
.

The problem (P ) arises in various physical contexts like chemical heterogeneous cata-
lysts, non-Newtonian fluids,and the theory of heat conduction in electrically conducting
materials (see for example [9, 24, 26]). Here we shall mention two of them which are
related to turbulent flows.

Model 1: Filtration of a fluid in a partially saturated porous medium. This
flow is governed by the equation

\partial c(p)

\partial t
= \nabla a[k(c(p))(\nabla p+ e)], (1.1)
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where p is an unknown pressure, c the water content, k the conductivity of the porous
medium, a the matrix heterogeneity and  - e the direction of gravity. The Kirchhoff
transformation equation

u =

\int p

0

k(c(\xi ))d\xi 

leads to a differential equation (1.1) of the form

\partial b(u)

\partial t
= \nabla a[\nabla u+ k(b(u))e],

where the function b has the same behavior as c.
Model 2: Flow through a porous medium in a turbulent regime This model

is governed by the continuity equation

\partial \theta 

\partial t
+ \mathrm{d}\mathrm{i}\mathrm{v} v = 0,

and Darcy’s law
v =  - K(\theta ) \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\phi (\theta ),

where \theta (x, t) is the volumetric moisture content, k(\theta ) is the hydraulic conductivity, and
the total potential \phi is given by

\phi (\theta ) = \psi (\theta ) + z,

where \psi (\theta ) is the hydrostatic potential and z is the gravitational potential. In turbulent
regimes, the flow rate is different from that which can be predicted by the Darcy law,
and so several authors proposed a nonlinear relation between v and K(\theta ) \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\phi ,

| v| q - 2v =  - K(\theta ) \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\phi (\theta ), q > 2.

If e denotes the unit vector in the vertical direction, we obtain

\partial \theta 

\partial t
 - \mathrm{d}\mathrm{i}\mathrm{v}

\bigl( 
| \nabla \varphi (\theta ) - K(\theta )e| p - 2(\nabla \varphi (\theta ) - K(\theta )e)

\bigr) 
= 0,

where

\varphi (\theta ) =

\int \theta 

0

K(s)\phi \prime (s)ds, p =
q

q  - 1
.

In the last years, the problem (P ) or special cases of it have been extensively treated
by many authors in elliptic or parabolic case, we invite the reader to see for example the
works [2, 3, 4, 5, 10, 13, 16, 18].

We recall that the Euler forward scheme has been used by several authors while
studying time discretization of nonlinear parabolic problems, we refer for example to the
works [6, 12, 14, 15, 17, 23, 25] for some details.

The advantage of our method is that we can not only obtain existence and uniqueness
of weak solutions to the problem (P ), but also compute numerical approximations. In
the particular case where \Theta = 0, the author in [17] showed existence and uniqueness of
entropy solutions in Orlicz spaces by using our Rothe time-discretization method.

This work is divided into four sections. In Section 1, we introduce the problem (P ) and
we state the assumptions. In Section 2, we show some preliminary results and notations,
also we state our main result. In Section 3, we discretize the problem (P ) by the Euler
forward scheme, we show existence and uniqueness of a weak solution for the discretized
problems and we give some stabilty results. In the last section, we finish this work by
treating convergence and existence results for the problem (P ), moreover we confirm the
uniqueness of solution.
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2. Preliminary results and notations

In this section, we give some notations and definitions and state some results that will
be used in this work. For a measurable set \Omega in \BbbR d, meas (\Omega ) denotes its measure, the
norm in Lp(\Omega ) is denoted by \| \cdot \| p, and \| \cdot \| 1,p denotes the norm in the Sobolev space
W 1,p(\Omega ). For a Banach space X and a < b we have

Lp(a, b;X) =
\Bigl\{ 
u : [a, b] \rightarrow X is measurable ;

\int b

a

\| u(t)\| pXdt <\infty 
\Bigr\} 
,

endowed with the norm

\| u\| Lp(a,b;X) :=
\Bigl( \int b

a

\| u(t)\| pXdt
\Bigr) 1

p

,

if p = \infty , we have
\| u\| L\infty (a,b;X) := \mathrm{s}\mathrm{u}\mathrm{p}

[a,b]

\| u\| X <\infty . (2.2)

Lemma 2.1. For \xi , \eta \in \BbbR d and 1 < p <\infty , we have
1

p
| \xi | p  - 1

p
| \eta | p \leq | \xi | p - 2\xi (\xi  - \eta ). (2.3)

Proof. We consider the function f : \BbbR + \rightarrow \BbbR defined by x \mapsto \rightarrow xp  - px+ (p - 1). We have

f(x) \geq \mathrm{m}\mathrm{i}\mathrm{n}
y\in \BbbR +

f(y) = f(1) = 0 for all x \in \BbbR +.

Therefore, we take x = | \eta | 
| \xi | (if | \xi | = 0, the result is obvious) in the inequality above to get

the result of the lemma by using Cauchy-Schwarz inequality. \square 

Lemma 2.2 ([9]). Let p, p\prime be two real numbers such that p > 1, p\prime > 1 and 1
p + 1

p\prime = 1,

Then | | \xi | p - 2
\xi  - | \eta | p - 2\eta 

\bigm| \bigm| p\prime 

\leq C
\bigl\{ 
(\xi  - \eta )

\bigl( 
| \xi | p - 2\xi  - | \eta | p - 2\eta 

\bigr) \bigr\} \alpha 
2 \{ | \xi | p + | \eta | p\} 1 - 

\alpha 
2 ,\forall \xi , \eta \in 

\BbbR d, where \alpha = 2 if 1 < p \leq 2, and \alpha = p\prime if p \geq 2.

Remark 2.3. Hereinafter, ci, i \in \BbbN , are positive constants independent of N .

Definition 2.4. A measurable function u : QT \rightarrow \BbbR is a weak solution to nonlinear par-
abolic problems (P ) in QT if u(., 0) = u0 in \Omega , u \in C

\bigl( 
0, T ;L2(\Omega )

\bigr) 
\cap Lp

\bigl( 
0, T ;W 1,p(\Omega )

\bigr) 
,

\partial u
\partial t \in L2 (QT ) and we have\int T

0

\int 
\Omega 

\partial u

\partial t
\varphi dxdt+

\int T

0

\int 
\Omega 

\Phi (\nabla u - \Theta (u)).\nabla \varphi dxdt+
\int T

0

\int 
\Omega 

\beta (u)\varphi dxdt

=

\int T

0

\int 
\Omega 

f\varphi dxdt, \forall \varphi \in C1 (QT ) . (2.4)

Given a constant k > 0, we define the cut function Tk : \BbbR \rightarrow \BbbR as

Tk(s) :=

\biggl\{ 
s if | s| \leq k,
k sign(s) if | s| > k,

where

\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(s) :=

\left\{   1 if s > 0,
0 if s = 0,
 - 1 if s < 0.

The following theorem is the main result of this paper.

Theorem 2.5. Under the assumptions (A1), (A2), and (A3) there exists a unique weak
solution for the nonlinear parabolic problem (P ).
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3. The semi-discrete problem and stability results

3.1. The semi-discrete problem. In this section, we discretize the problem (P ) by
Euler forward scheme and we study the questions of existence and uniqueness under the
assumptions (A1), (A2) and (A3) to the following discretized problems:

(Pn)

\biggl\{ 
Un  - \tau \mathrm{d}\mathrm{i}\mathrm{v} (\Phi (\nabla Un  - \Theta (Un))) + \tau \beta (Un) = \tau fn + Un - 1 in \Omega ,
Un = 0 on \partial \Omega ,

where U0 = u0, N\tau = T, 0 < \tau < 1, 1 \leq n \leq N , tn = n\tau , and

fn(\cdot ) =
1

\tau 

\int tn

tn - 1

f(s, \cdot )ds, in \Omega .

A weak solution to the discretized problems (Pn) is a sequence (Un)0\leq n\leq N such that
U0 = u0 and Un is defined by induction as a weak solution to the problem\biggl\{ 

u - \tau \mathrm{d}\mathrm{i}\mathrm{v}(\Phi (\nabla u - \Theta (u))) + \tau \beta (u) = \tau fn + Un - 1 in \Omega ,
u = 0 on \partial \Omega ,

(3.5)

i.e., for Un \in L\infty (\Omega ) \cap W 1,p(\Omega ) and \forall \varphi \in W 1,p(\Omega ),\forall \tau > 0, we have\int 
\Omega 

Un\varphi dx+ \tau 

\int 
\Omega 

\Phi (\nabla Un  - \Theta (Un)).\nabla \varphi dx+ \tau 

\int 
\Omega 

\beta (Un)\varphi dx =

\int 
\Omega 

(\tau fn + Un - 1)\varphi dx.

Theorem 3.1. Under the assumptions (A1), (A2), (A3), and 1 < p < d, the problem (Pn)
has a unique weak solution (Un)0\leq n\leq N and for all n = 1, . . . , N , Un \in L\infty (\Omega )\cap W 1,p(\Omega ).

For n = 1, we denote U = U1, and rewrite the problem (3.5) as\biggl\{ 
 - \tau \mathrm{d}\mathrm{i}\mathrm{v}(\Phi (\nabla U  - \Theta (U))) + \=\beta (U) = F in \Omega ,
U = 0 on \partial \Omega .

(3.6)

By the assumption (A2), the function F = \tau f1 + u0 is an element of L\infty (\Omega ) and the
function \=\beta (s) = \tau \beta (s) + s is a non decreasing continuous real-valued function on \BbbR ,
surjective, and is such that \=\beta (0) = 0. Therefore, according to [7], problem (3.7) has a
unique weak solution U1 in L\infty (\Omega )\cap W 1,p(\Omega ). By induction, we deduce in the same manner
that the problem (Pn) has a unique weak solution (Un)0\leq n\leq N such that n = 1, . . . , N ,
Un \in L\infty (\Omega ) \cap W 1,p(\Omega ).

3.2. Stability results. In this section, we prove some a priori estimates for the discrete
weak solution (Un)1\leq n\leq N , which we use later to derive convergence results for the Euler
forward scheme.

Theorem 3.2. Under the assumptions (A1), (A2), (A3), and 1 < p < d there exists a
positive constant C(u0, f, F ) depending on the data but not on N such that for all n = 1,
. . ., N , we have

\| Un\| \infty \leq C (u0, f, F ) ,
n\sum 

i=1

\| Ui  - Ui - 1\| 22 \leq C (u0, f, F ) ,

\tau 

n\sum 
i=1

\int 
\Omega 

\Phi (\nabla Ui  - \Theta (Ui)).\nabla Uidx \leq C (u0, f, F ) .

Proof. For (3.8). Let k > 0 and 1 \leq n \leq N , we have Un \in L\infty (\Omega ). Then, multiplying
(Pn) by | Un| k Un and integrating over \Omega , we obtain that\int 

\Omega 

| Un| k+2
dx - \tau 

\int 
\Omega 

\mathrm{d}\mathrm{i}\mathrm{v} (\Phi (\nabla Un  - \Theta (Un))) | Un| k Undx+ \tau 

\int 
\Omega 

\beta (Un) | Un| k Undx

=

\int 
\Omega 

(\tau fn + Un - 1) | Un| k Undx.



ROTHE TIME-DISCRETIZATION METHOD 45

Using Holder’s inequality, (A1), (A2), (A3), and that \Phi (\nabla Ui  - \Theta (Ui)).\nabla Ui is monotone,
we get

\| Un\| k+2
k+2 \leq \tau c1 \| Un\| k+1

k+1 + \| Un - 1\| k+2 \| Un\| k+1
k+2 . (3.7)

Hence,

\| Un\| k+2 \leq \tau c1 \| Un\| k+1
k+1 + \| Un - 1\| k+2 . (3.8)

By simple induction, we get that

\| Un\| k+2 \leq Nc2T + \| U0\| k+2 . (3.9)

Finally, as k \rightarrow \infty , we obtain the result (3.8).
For (3.9). Let 1 \leq i \leq N , replacing \varphi with Ui, as a test function in (3.6), we get\int 
\Omega 

(Ui  - Ui - 1)Uidx+ \tau 

\int 
\Omega 

\Phi (\nabla Ui  - \Theta (Ui)).\nabla Uidx+ \tau 

\int 
\Omega 

\beta (Ui)Uidx =

\int 
\Omega 

\tau fiUidx.

With the elementary identity,

a(a - b) =
1

2
a2  - 1

2
b2 +

1

2
(a - b)2,

we get from (3.15) that

1

2
\| Ui\| 22 - 

1

2
\| Ui - 1\| 22+

1

2
\| Ui  - Ui - 1\| 22+\tau 

\int 
\Omega 

\Phi (\nabla Ui - \Theta (Ui)).\nabla Uidx \leq \tau c3 \| Ui\| 2 . (3.10)

Now, we take the sum of (3.16) from i = 1 to n to get

1

2
\| Un\| 22 - 

1

2
\| U0\| 22+

1

2

n\sum 
i=1

\| Ui  - Ui - 1\| 22+ \tau 
n\sum 

i=1

\int 
\Omega 

\Phi (\nabla Ui - \Theta (Ui)).\nabla Uidx \leq c4. (3.11)

Hence,

1

2

n\sum 
i=1

\| Ui  - Ui - 1\| 22 + \tau 

n\sum 
i=1

\int 
\Omega 

\Phi (\nabla Ui  - \Theta (Ui)).\nabla Uidx \leq c4 +
1

2
\| U0\| 22 . (3.12)

Thus
1

2

n\sum 
i=1

\| Ui  - Ui - 1\| 22 + \tau 

n\sum 
i=1

\int 
\Omega 

\Phi (\nabla Ui  - \Theta (Ui)).\nabla Uidx \leq c5. (3.13)

So
1

2

n\sum 
i=1

\| Ui  - Ui - 1\| 22 \leq c5. (3.14)

This implies the stability result (3.9).
For (3.10). In view of (3.19) and (3.9), we obtain the stability result (3.6). \square 

Theorem 3.3. Let the assumptions (A1), (A2), (A3), and 1 < p < d be satisfied. Then
there exists a positive constant C (u0, f, F ) depending on the data but not on N such that
for all n = 1, . . . , N, we have

\tau 

n\sum 
i=1

\| \beta (Ui)\| 1 \leq C (u0, f, F ) ,

\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow 0

n\sum 
i=1

\tau 

k

\int 
\{ | Ui| \leq k\} 

\Phi (\nabla Ui  - \Theta (Ui)).\nabla Uidx \leq C (u0, f, F ) ,

n\sum 
i=1

\| Ui  - Ui - 1\| 1 \leq C (u0, f, F ) .
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Proof. For (3.21) and (3.22). Replacing \varphi with Tk (Ui) as a test function in (3.6), and
dividing this equality by k, taking limits as k approaches 0, we get

\| Ui\| 1+\tau \| \beta (Ui)\| 1+\mathrm{l}\mathrm{i}\mathrm{m}
k\rightarrow 0

\tau 

k

\int 
\{ | Ui| \leq k\} 

\Phi (\nabla Ui - \Theta (Ui)).\nabla Uidx \leq \tau \| fi\| 1+\| Ui - 1\| 1 . (3.15)

Summing (3.24) from i = 1 to n, we conclude the stability results (3.21) and (3.22).
For (3.23). Replacing \varphi with T\tau (Ui  - Ui - 1) in (3.6) and dividing this equality by \tau 

we get\int 
\Omega 

(Ui  - Ui - 1)
T\tau (Ui  - Ui - 1)

\tau 
dx+

\int 
Bi

\tau 

\Phi (\nabla Ui  - \Theta (Ui)).(\nabla Ui  - \nabla Ui - 1)dx

\leq \tau \| \beta (Ui)\| 1 + \tau \| fi\| 1 , (3.16)

where Bi
\tau = \{ | Ui  - Ui - 1| \leq \tau \} . Applying Lemma 2.1, we obtain

1

p
| \nabla Ui  - \theta (Ui)| p  - 

1

p
| \nabla Ui - 1  - \theta (Ui)| p \leq | \nabla Ui  - \theta (Ui)| p - 2| \nabla Ui  - \theta (Ui)| .(\nabla Ui  - \nabla Ui - 1).

Hence,\int 
\Omega 

(Ui  - Ui - 1)
T\tau (Ui  - Ui - 1)

\tau 
dx+

\int 
Bi

\tau 

(
1

p
| \nabla Ui  - \theta (Ui)| p  - 

1

p
| \nabla Ui - 1  - \theta (Ui)| p)dx

\leq \tau \| \beta (Ui)\| 1 + \tau \| fi\| 1 .
Summing these inequalities from i = 1 to n, using the stability result (3.21), we obtain

n\sum 
i=1

\int 
\Omega 

(Ui  - Ui - 1)
T\tau (Ui  - Ui - 1)

\tau 
dx \leq 1

p

\int 
\Omega 

| \nabla U0| pdx+ c6. (3.17)

Then, we let \tau tend to 0 in the inequality above to deduce the stability result (3.23). \square 

4. Convergence and existence results

In this section using the results obtained above, we construct a weak solution of
problem (P ) and we show that this solution is unique.

4.1. Proof of Existence. Let us introduce a piecewise linear extension, called a Rothe
function, by\Biggl\{ 

uN (0) := u0,

uN (t) := Un - 1 + (Un  - Un - 1)
(t - tn - 1)

\tau , \forall t \in 
\Bigr] 
tn - 1, tn

\Bigr] 
, n = 1, . . . , N in \Omega ,

and a piecewise constant function\biggl\{ 
\=uN (0) := u0,
\=uN (t) := Un \forall t \in ] tn - 1, tn] , n = 1, . . . , N in \Omega ,

(4.18)

where tn := n\tau . As already shown, for any N \in \BbbN , the solution (Un)1\leq n\leq N of problems
(Pn) is unique. Thus, uN and \=uN are uniquely defined and by construction, for any
t \in ]tn - 1, tn], n = 1, . . ., N , we have that

i) \partial uN (t)
\partial t = (Un - Un - 1)

\tau .

ii) \=uN (t) - uN (t) = (Un  - Un - 1)
tn - t
\tau .

From theorem 3.2, for any N \in \BbbN , the solution (Un)1\leq n\leq N of problems (3.5) is unique.
Thus, uN and \=uN are uniquely defined. Using the stability results of Theorem 3.3 ,
we deduce the following a priori estimates concerning the Rothe function uN and the
function \=uN .
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Lemma 4.1. Under the assumptions (A1), (A2), and (A3), there exists a positive constant
C (T, u0, f, F ) not depending on N such that for all N \in \BbbN , we have

\| \=uN  - uN\| 2L2(QT ) \leq 
1

N
C (T, u0, f, F ) , (4.19)

\| \=uN\| L\infty (0,T,L2(\Omega )) \leq C (T, u0, f, F ) , (4.20)

\| uN\| L\infty (0,T,L2(\Omega )) \leq C (T, u0, f, F ) , (4.21)

\| \=uN\| Lp(0,T,W 1,p(\Omega )) \leq C (T, u0, f, F ) , (4.22)

\| \beta (\=uN )\| L1(QT ) \leq C (T, u0, f, F ) , (4.23)\bigm\| \bigm\| \bigm\| \partial uN
\partial t

\bigm\| \bigm\| \bigm\| 2
L2(QT )

\leq C (T, u0, f, F ) . (4.24)

Proof. For (4.29). We have

\| \=uN  - uN\| 2L2(QT ) =

\int T

0

\int 
\Omega 

| \=uN  - uN | 2 dxdt

\leq 
i=N\sum 
i=1

\int tn

tn - 1

\int 
\Omega 

| Un  - Un - 1| 2
\biggl( 
tn  - t

\tau 

\biggr) 2

dxdt \leq 1

N
C (T, u0, f, F ) .

We follow the same techniques as above to show estimates (4.30), (4.31), (4.32) and (4.33).
For (4.34). We have for n = 1, . . . , N and t \in (tn - 1, tn] that

\partial uN (t)

\partial t
=

(Un  - Un - 1)

\tau 
.

This implies that\bigm\| \bigm\| \bigm\| \bigm\| \partial uN\partial t
\bigm\| \bigm\| \bigm\| \bigm\| 
L1(QT )

=

\int T

0

\int 
\Omega 

\bigm| \bigm| \bigm| \bigm| \partial uN\partial t
\bigm| \bigm| \bigm| \bigm| \mathrm{d}x \mathrm{d}t =

N\sum 
n=1

\int tn

tn - 1

1

\tau 
\| Un  - Un - 1\| 1 =

N\sum 
n=1

\| Un  - Un - 1\| 1 .

Using the result (3.23), we obtain estimate (4.34). This finishes the proof of Lemma 4.1.
Now, using the two results (4.30) and (4.31) of Lemma 4.1, the sequences (uN )N\in \BbbN 

and (\=uN )N\in \BbbN are uniformly bounded in L\infty \bigl( 
0, T, L2(\Omega )

\bigr) 
. Therefore, there exists two

elements u and v in L\infty \bigl( 
0, T, L2(\Omega )

\bigr) 
such that

\=uN \rightarrow \ast u in L\infty \bigl( 
0, T, L2(\Omega )

\bigr) 
,

uN \rightarrow \ast v in L\infty \bigl( 
0, T, L2(\Omega )

\bigr) 
.

And from the result (4.31) of Lemma 4.1, it follows that

u \equiv v.

Furthermore, by Lemma 4.1 and the assumption (A2), we get that
\partial uN
\partial t

\rightarrow \partial u

\partial t
in L2 (QT ) ,

\=uN \rightarrow u in Lp
\bigl( 
0, T,W 1,p(\Omega )

\bigr) 
.

From the assumption (A1), we know that

\beta (\=uN ) \rightarrow \beta (u) a.e. in QT ,

| \beta (\=uN )| \leq M | \=uN | \in L1 (QT ) .

Then, thanks to the Lebesgue dominated convergence theorem, we deduce that

\beta (\=uN ) \rightarrow \beta (u) in L1 (QT ) . (4.25)

On the other hand, since \{ \nabla \=uN  - \Theta (\=uN )\} is equiintegrable by the assumption (A3)
and the boundedness of (\=uN ) it results that

\Phi (\nabla \=uN  - \Theta (\=uN )) \rightarrow \Phi (\nabla u - \Theta (u)) weakly in L1 (QT ) .
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By reflexivity of Lp\prime 
(\Omega ) and boundedness of \{ \Phi (\nabla \=uN  - \Theta (\=uN ))\} , we deduce that

\Phi (\nabla \=uN  - \Theta (\=uN )) \rightarrow \Phi (\nabla u - \Theta (u)) weakly in
\bigl( 
Lp\prime 

(QT )
\bigr) d
. (4.26)

According to Lemma 4.1 and Aubin-Simons compactness result, we get that

uN \rightarrow u in C
\bigl( 
0, T, L2(\Omega )

\bigr) 
. (4.27)

Now, we show that the limit function u is a weak solution of problem (P ). Firstly, we
have uN (0) = U0 = u0 for all N \in \BbbN , then u(0, .) = u0. Secondly, let \varphi \in C1 (QT ), we
rewrite (2.4) in the form\int T

0

\int 
\Omega 

\partial uN
\partial t

\varphi dxdt+

\int T

0

\int 
\Omega 

\Phi (\nabla \=uN  - \Theta (\=uN )).\nabla \varphi dxdt+
\int T

0

\int 
\Omega 

\beta (\=uN )\varphi dxdt

=

\int T

0

\int 
\Omega 

fN\varphi dxdt, (4.28)

where
fN (t, x) = fn(x), \forall t \in ] tn - 1, tn] , n = 1, . . . , N.

Taking limits as N \rightarrow \infty in (4.40) and using the above results, we deduce that u is a
weak solution of the nonlinear parabolic problem (P ).

4.2. Proof of Uniqueness. We suppose that there exist two weak solutions u and v of
the nonlinear parabolic problem (P ), setting \varphi to u - v as a test function for solution u in
(2.4) and replacing \varphi with v  - u as a test function for solution v in (2.4), we obtain that\int T

0

\int 
\Omega 

\partial u

\partial t
(u - v)dxdt+

\int T

0

\int 
\Omega 

\Phi (\nabla u - \Theta (u)).\nabla (u - v)dxdt

+

\int T

0

\int 
\Omega 

\beta (u)(u - v)dxdt =

\int T

0

\int 
\Omega 

f(u - v)dxdt,

and\int T

0

\int 
\Omega 

\partial v

\partial t
(v  - u)dxdt+

\int T

0

\int 
\Omega 

\Phi (\nabla v  - \Theta (v)).\nabla (v  - u)dxdt

+

\int T

0

\int 
\Omega 

\beta (v)(v  - u)dxdt =

\int T

0

\int 
\Omega 

f(v  - u)dxdt.

By summing up the two above equalities, we get\int T

0

\int 
\Omega 

\partial (u - v)

\partial t
(u - v)dxdt+

\int T

0

\int 
\Omega 

(\Phi (\nabla u - \Theta (u)) - \Phi (\nabla v  - \Theta (v))).\nabla (u - v)dxdt

+

\int T

0

\int 
\Omega 

(\beta (u) - \beta (v))(u - v)dxdt = 0.

Using assumption (A1), (A3) and the fact that \Phi (\nabla u - \Theta (u)) is monotone, we deduce
that

u \equiv v. \square 
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