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ABsTRACT. In this paper, we consider some self reference or state dependent func-
tional equations. Also, we shall discuses a continuous dependence of the solutions of
that functional equations on the delay functions.

PosrisanyTo geski camornocuiaodi abo 3as1exkHi 3a CTaHOM QYHKI[IOHAJIbHI PIBHSIHHS,
Ta HellepepBHA 3aJIeXKHICTb PO3B’A3KIB IIbOr0 (PYHKIIOHAJIBHOTO PIBHSHHS Big yHKIIT
3aTPUMKH.

1. INTRODUCTION AND PRELIMINARIES

Differential equations with state-dependent delays attract interests of specialists since
they widely arise in application models such as two-body problem of classical electrody-
namics, position control, mechanical models, infection disease transmission, population
models, the dynamics of economical systems, etc. This type of differential equations that
have been called self-referred and hereditary has been studied in [9] and [23]-[25].

Let I = [0,b], and C(I) consist of all real-valued functions defined and continuous on
I with values in R and endowed with the norm

[|z]| = max{|z(t)| : t € I}.

Functional equations have been studied in several papers and monographs (see for
examples [3]-[6], [11, 12] and [13]). Banas [3]| proved existence of a monotone integrable
solution for the functional equation

x(t) = f(t,z(o(1),  t€]0,1],

under certain monotonicity condition by using the technique of measure of noncompactness.

In most of the differential and integral equations with deviating arguments that appear
in many literature, the deviation of the argument usually involves only the time itself,
However, another case, in which the deviating arguments depend on both the state
variable z and the time ¢, is of importance in theory and practice. Several papers have
appeared recently that are devoted to such a kind of differential equations, see references
therein.

One of the first papers studying this class of functional equations is the one by Eder [10]
who considered the functional differential equation

2'(t) = x(x(t)), te ACR,
while Fe¢kan [20] studied a functional differential equation of the form

' (t) = f(a(z(t))), (L.1)

with f € C'(R) by applying the Leray-Schauder theorem. Also, the existence of a Picard
iteration method enabled him to approximate a solution of (1.1).
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This kind of problems has been studied by Coman Pravel [§], Oberg [7] and [26].
In [7] existence, uniqueness, and continuous dependence theorems were proved for the

differential equation
a'(t) = f(t, x(2(1)))

with a certain initial condition. Nguyen Minh Tuan et al [28] presented local and global
solutions of a system of hereditary and self-referred partial-differential equations.

Here, we shall study existence of a unique solution for some functional equations with
state-dependent deviated arguments

z(t) = f(t,x(z(4(1))), tel, (1.2)
z(t) = f(t,z(g(t, 2(t))), tel, (1.3)

and
z(t) = f(t, z(x(d(1)), 2(g(t, (1)), tel (1.4)

The present paper is organized as follows. In Section 1, we introduce some preliminaries
and a brief survey on differential equation with deviating argument. In Section 2, we
prove some existence theorems of continuous solution for the functional equations (1.2)
and (1.3). In Section 3, we discuss continuous dependence of the state argument on each
other.

The existence results will be based on the contraction mapping principle.

In what follows we will need the following property of the superposition operator in
the space Cla, b].

Lemma 1.1. [2] Assume that F is the superposition operator generated by the function
f :la,b] x R — R. Then F transform the space Cla,b] into itself and is continuous if and
only if the function f is continuous on the set [a,b] X R.

2. SOLVABILITY OF THE FUNCTIONAL EQUATION (1.2)

2.1. Existence Theorem. Now, equation (1.2) will be investigated under the following
assumptions:

(i) f:1I xI — R is continuous.
(ii) There exists a positive constant k such that

[ft,z) — f(s,9)] < k(|t —s|+ |z —y|) Vt,sel and =x,yel.
(iii) ¢ : I — I satisfies ¢(0) = 0 and
6(t) —o(s)| <[t —s| Vi, sel
Define a subset Sy, of C(I) by
Sp={xeC):|zt)—x(s)|<Llt—s|, L>0, t,s e},
and define the operator
Fz(t) = f(tz(x((1))),  tel.

For z € Sy, we have

jz(t) —x(0)] < Lt =0
= |z < [x(0)] + Lit|
< |z(0)| + Lb.

If we choose L = %, then |z(t)] < band L = % < 1. Therefore, z : [ — I =
z(z(t)) =xzox(t): I =1,

Theorem 2.1. Let assumptions (i)—(i4) be satisfied. Furthermore, if k+ kL < 1, then
the functional equation (1.2) has a unique solution x € C(I).
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Proof. Observe that in view of assumptions (i)—(iii), Fy : S — C(I) is a continuous
operator in & € Sp. Now for ¢1,ts € I such that [t —t;| < 6 and z € Sp, we have

|(Frz)(t2) — (Fiz)(t1)] = | f(t2, 2(z(8(t2)))) — f(tr, z(z(d(t1))))]
< kl[t2 — ta] + |z(2(9(t2))) — z(2(d(t1)))]]
< kl[ta — ta| + Lz (o(t2)) — 2((t1))]]
< Kllta — t1] + L?[(t2) — ¢(t1)]]

< K[|ty — t1] + L2|ta — t1]]

(k+KkL* + kL — kL)|ty — 1]

(1+kL?* — kL)|ty — t4]

(1+ EL(L —1))[t2 — t1]

(1+L—1)ty —t]

Ity — t1].

A

VAN VAN VAR VAN

L
Then F; : S, — Sr. Now, for z,y € S,

[(F12)(t) — (Fuy) ()] = [f (&, 2(2(o(1)))) — [t y(y(o(0))))]
= [f(t;x(z(o(1)))) — [t y(y(6(1))))
+ 1t 2(y(e(1))) — [t 2(y(o(t))))]
< [f( x(2(o(1))) = [t 2(y(o(t))))]
+ 11 yy(e®)) — ft2(y(6(1)))]
< kL|z(o(t) — y(d(0)] + klz(y(o(1)) — y(y(e(t)))]

so that
|[Fiz — Fiyl| < kL||z — y|| + kl|lz — y[| = (L + k) [z — y]].

Since kL + k < 1, F} is a contraction mapping and hence there exists a unique solution
reS,cC (I ) O

2.2. Continuous dependence of solutions of (1.2) on the function ¢. Here, we
shall study the continuous dependence of solutions of the self referred functional equations
(1.2) on the function ¢.

Definition 2.2. The solutions z € C(I) of (1.2) is continuously dependent on the
function ¢ if Ye > 0,30 > 0 such that ||¢ — ¢|| < e implies that ||z — Z|| < §, where

B(t) = f(t, 2(3(4(1))),t € L.
Theorem 2.3. Let the assumptions of Theorem 2.1 be satisfied. Then solutions x € C(I)

of the functional equation (1.2) depend continuously on ¢.

Proof. Let x and & be two solutions of the state dependent functional equation (1.2).
Then

ja(t) = 2(8)] = | F (¢, 2(x(6(1)))) — f(H, 2(E(S(2))))]
= [ f(t,2(@(6(t))) = f(8, B(@(6(t))) + F(8, B(@((2))) — (¢, ZE(S(E))))]
< klz(t) — &(t)] + kL|z(6(t)) — 2(H(1))]
< klz(t) — &(8)] + kL|z(6(1)) — 2(6(1)) — F(o(1)) — E(S(t))]
< kla(t) = 2(@)| + kL(|l2(t) — 2(1)] + 1),



SET-VALUED FUNCTIONAL INTEGRAL EQUATIONS OF HAMMERSTEIN-STIELTJES TYPE 53

so that
(1 — (k + kL))||z — || < kLey,
o~ < T =
“1—(k+kL)

Since kL + k < 1, the solutions z € C(I) of (1.2) are continuously dependent on the
function ¢. O

3. SOLVABILITY OF THE FUNCTIONAL EQUATION (1.3)

3.1. Existence Theorem. Now, equation (1.3) will be investigated under the following
assumptions:

(¢*) f:1I xR — R is continuous.
i ere exists a positive constant k such tha
/i*) Th ists a positi tant k such that

[Ft,x) — f(s,9)| < k(|t —s|+ |z —y|) Vt,s €l and z,y € R.
(#4i*) g : I x R — I is continuous and satisfies the Lipschitz condition
lg(t,x) — g(s,9)| < k1 (Jt — s| + |z — y]) Vt,s €l and z,y € R.
(iv*) 1+ L%kky < L.
Define an operator Fy by
Br(t) = ft,2(9(t, (@),  tel

Theorem 3.1. Let assumptions (i)—(iii) be satisfied. Furthermore, if k(1 + Lk1) < 1,
then the functional equation (1.8) has a unique solution x € C(I).

Proof. Observe that in view of assumptions (i*)-(iv*), Fy : Sp, — C(I) is a continuous
operator in x € Sp,.
Now, for t1,ty € I such that |ty —¢;| < § and x € Sy, we have

[(Foz)(t2) — (Fox)(t1)] = | f(t2, 2(g(t2, 2(t2)))) — f(t1, z(g(t1, 2(t1))))]
< Kllte = ta] + |z(g(te, z(t2))) — z(g(t1, z(t1)))]]
< k[lta — t1| + Llg(ta, 2(t2)) — g(t1, 2(t1))]]
< K[|ty — t1| 4+ Lky|x(ts) — x(t1)] + Lk |ta — t1]]
< kl[t2 — ta| + L?ka[ta — t1] + Lk [t2 — t1]]
< [k + Lkky + L?kk:]|t2 — t1]
<1+ L?kky]|ts — t1]
< Lty — ).

Then Fy : S, — Sr. Now, for z,y € S,
|(F2z)(t) — (Fay) ()] = | (L, z(g(t, (1)) — f(t y(g(t, y(1))))
= [f(t,z(g(t, (1)) — f(t, z(g(t, y(¢))))
+ f(t,2(g(t,y(1)))) — f(t,y(g(t, y(1))))]
< kL[g(t,2(t)) — g(t,y(t))| + klz(g(t, y(t)) — y(g(t, y(t))]
< kLky|z(t) — y(t)| + klz(t) — y(1)]
< [kLk1 + K]|z(t) — y ()]
< k(Lki 4+ 1[z(t) — y(@)]-

Then
|[Fox — Foyl| < k(Lky + 1)[|lz — yl|.
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Since k(1+ Lky) < 1, Fy is a contraction mapping and hence there exists a unique solution
r €S C C(I) O

3.2. Continuous dependence of solutions of (1.3) on the function g. Here, we
shall study the continuous dependence of solutions of the self referred functional equations
(1.3) on the function g.

Definition 3.2. A solution 2 € C(I) of (1.3) is continuously dependent on the function
g if Ve > 0,35 > 0 such that ||g — g|| < € implies that ||z — Z|| < ¢, where Z(¢) =
ft (gt 2t))), tel

Theorem 3.3. Let the assumptions of Theorem 3.1 be satisfied. Then solutions x € C(I)
of the functional equation (1.8) depend continuously on g.

Proof. Let x and & be two solutions of the state dependent functional equation (1.3).
Then

VAN
=
8
~—~
N
|
IS}
~
=
+
I
=~
N
=
8
—~
S—
|
IS}
~
=
+
I
=~
(=9

Hence,
(1 -k —kLky)||lz — Z|| < kL0,

kLo B
1—k—kLk

Since k(1 4 Lky) < 1, the solutions © € C(I) of (1.3) are continuously dependent on the
function g. O

o — | < 3

4. SOLVABILITY OF FUNCTIONAL EQUATION (1.4) WITH MULTI-STATE DEPENDENT
DEVIATED ARGUMENTS

4.1. Existence Theorem. Now, equation (1.4) will be investigated under te following
assumptions.

(3) f:1Ix1IxR— R is continuous.
J7J) There exists a positive constant k£ such that
( P

l[f(t, z,u) — f(s,y,0) <k(|t—s|+ |z —y|+ |u—2v]) Vt,s,xz,y € I and u,v € R.

(337) g: 1 xR — 1 is continuous and satisfies the Lipschitz condition
lg(t,x) — g(s,9)| < k1 (Jt — s| + |z — y]) Vt,s el and z,y € R.
(3U) ¢ : I — I satisfies ¢(0) = 0 and
lp(t) — @(s)| < |t — 3] Vt,sel.
(V) k(1 + Lk, + L? + L%k;) < L.
Define an operator F3 by
Fya(t) = f(t,z(x(o(t))), 2(9(t, x(1)))),t € 1.

Theorem 4.1. Let assumptions (J)—(0) be satisfied. Furthermore, if k(2+ Lk + L) < 1,
then the functional equation (1.4) has a unique solution x € C(I).
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Proof. Observe that in view of assumptions (J)-(0), F5 : S — C(I) is a continuous
operator in & € Sp. Now for ¢1,ts € I such that [t —t;| < 6 and z € Sp, we have

((Fs2)(t2) — (Fsz)(ta)] = | f (L2, x(2(o(t2))), (g (b2, x(t2))))
— [ty 2(2(@(t1))), (g (tr, z(t))))]
< Kllts — ta| + [x(2((t2))) — 2(x(¢(t1)))]
+ [2(g(tz, 2(t2))) — =(g(t1, z(tr)))l]

< K[ty — t1| + L2|to — t1| + Lkq|ta — t1] + L%k |ta — t1]]
< k[l 4 L% + Lky + L?k1]|ts — t1]
< Lty —t4].
Then Fy : S, — Sp. Now, for z,y € S,
[(F3z)(t) — (F3y) ()] = [f(t, 2(z(o(2))), 2(g9(t, 2(t)))) — f(t, y(y(o(1))), y(g(t, y())))]
< k(lz(z(o(t) — y(y(e(t))] + [z(g(t, z(2))) — y(g(t, y())
< k(lz(z((t))) — 2(y(o(1))| + [2(y(o(t)) — y(y(o(t)))]
+ |z (g(t, z(t)) — z(g(t, y(O)| + |z(g9(t, y(1))) — y(g(t, y(1)))])
| ) —y(y(e(t))]
) — ;

< k(Llz(o(t)) — y(o())] + [2(y(4(2))
+ Lk fa(t) = y(6)] + [ (g(t, y(1))

(L + 2+ Lky)|a(t) — y(t

(L +2+ Lky)|x(t) —y

<k T
<k x
Thus

||Fsz — Fay|| < k(L + 2+ Lky)| |z — y||.
Since k(L + 2+ Lky) < 1, F3 is a contraction mapping and hence there exists a unique
solution z € S, C C(I). O

4.2. Continuous dependence of solutions of (1.4) on the function g. Here, we
shall study continuous dependence of solutions of the self referred functional equations
(1.4) on the function g.

Definition 4.2. A solution x € C(I) of (1.4) is continuously dependent on the function
g if Ye > 0,36 > 0 such that ||g — g|| < e implies that ||z — Z|| < ¢, where Z(t) =
f(,2(2(0(1))), 2(g(t, £(t)))), t € 1.

Theorem 4.3. Let the assumptions of Theorem J.1 be satisfied. Then solutions x € C(I)
of the functional equation (1.4) depend continuously on g.

Proof. Let z and Z be two solutions of the state dependent functional equation (1.4). We
have

jx(t) = 2(@)] = [f(t, 2(z(o(t))), 2(g(t, 2(1)))) — f(t, 2(2(o(1))), T(g(¢, Z(1))))]
= [t z(x(o(1))), x(g(t, x(1)))) — f(t, 2(2((1))), (g (¢, Z(1))))
+ f(t2(@(0(1))), x(g(t, (1)) — f(,2(2(0(1))), 2(9(4, (1))
< kLlg(t,x(t)) = gt ()| + kL|z(o(t)) — 2(6(8))] + K[z (t) — 2(1)]
+k2(g(t, (1)) — 2(g(t, () + 2(g(t, 2(1))) — 2(g(t, 2(1)))]
< kLlg(t, x(t)) — g(t, 2(t) + g(t, 2(t)) — g(t, 2(1))]
+RLIz(0(t) = 2(o(1)] + Klz(t) — 2()] + k|2(g(¢, 2(1))) — 2(9(t, 2(1)))
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Hencce,
(1 =2k — kL — kLky)||x — Z|| < 2kL¢
o — 7] < 2k Lo _
~1—-2k—kL—kLk
Since k(2 + L + Lk;) < 1, solutions x € C(I) of (1.4) are continuously dependent on the
function g. O

4.3. Continuous dependence of solutions of (1.4) on the function ¢. Here, we
shall study continuous dependence of solutions of the self referred functional equations
(1.4) on the function ¢.

Definition 4.4. A solution z € C(I) of (1.4) is continuously dependent on the function
¢ if Ve > 0,36 > 0 such that [[¢ — ¢|| < € implies that ||z — Z|| < J, where Z(t) =
f2(@(0(1))), #(g(t, 2(1)))), t € 1.

Theorem 4.5. Let the assumptions of Theorem J.1 be satisfied. Then solutions x € C(I)

of the functional equation (1.2) depend continuously on ¢.

Proof. Let = and & be two solutions of the state dependent functional equation (1.2).
Then

(t) = 2()] = [f (£, 2(2(6(1))), 2(9(L, 2(1)))) = [ (8, 2(2(e(1))), 2(g(t, 2(1))))]
= [f(t2(z(o(t))), 2(9(t, 2(1)))) — f(t, 2(x(¢(1))), 2(g(t, x(1))))
+ (8,2 (2(0(1))), &g (t,2()))) — f(E,2(E(S(E))), 2(9(t, (1))l
< 2klar — &| + kL|z(9(t)) — Z((t))| + kLk1|2(t) — &(t)]
< 2k|z — & + kL|z(9(1) — &(6(1)) — F((t)) — T(S(1)| + kL1 |z (t) — Z(t)]
< 2klw — 2| + kL(Jx(t) — 2(t)| + e1) + KLk [ (t) — 2(2))]

Hence,
(1= (2k + kL + kLk1))||z — Z|| < kLe;
el < el -
~1—(2k+kL+kLky)

Since 2k + kL + kLky < 1, solutions € C(I) of (1.4) are continuously dependent on the
function ¢. O
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