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EXISTENCE OF SOLUTIONS FOR NONLINEAR
INTEGRO-DYNAMIC EQUATIONS WITH MIXED PERTURBATIONS
OF THE SECOND TYPE VIA KRASNOSELSKII'S FIXED POINT
THEOREM

ABDERRAHIM GUERFI AND ABDELOUAHEB ARDJOUNI

ABsTrRACT. We prove the existence of solutions of a nonlinear integro-dynamic
equation with mixed perturbations of the second type on time scales. The main tool
employed here is Krasnoselskii’s fixed point theorem. An example is given to illustrate
the main results.

HoBeneno icHyBaHHSI PO3B’aA3KiB HEJIHINHOTO iIHTErpOAMHAMIYHOTO piBHAHHS 3i
3MimaHuMu 30y PEHHSIME 3a JaCOBOIO MIKAJIOK JIpyroro tuiry. OCHOBHUM BUKOPHCTaHIM
incTpymenToM € Teopema Kpacrocesnbcbkoro npo mepyxomy Touky. Haeneno mpukiaf
JUIs irocTpaliil OCHOBHUX Pe3yJIbTaTiB.

1. INTRODUCTION

A time scale is an arbitrary nonempty closed subset of real numbers. It combines
the traditional areas of continuous and discrete analysis into one theory. This concept
is a fairly new idea and was introduced by the German mathematician Stefan Hilger in
his Ph.D. thesis [7]. Next, Bohner and Peterson [4] and [5] published two textbooks in
this area, more and more researchers were getting involved in this fast-growing field of
mathematics. The study of dynamic equations on time scales is a fairly new subject, and
research in this area is rapidly growing (see [1, 2, 3, 4, 5, 6, 7, 8|, [10, 11, 12] and papers
therein).

Dhage [6] discussed the following first order hybrid differential equation with mixed
perturbations of the second type

& [MOTLCAD] — b (1,u (1)), t € [to,to + ],
’u(to) = Ug € R,

where tg,a € R with a > 0, g : [to,to +a] xR — R\ {0} and f, h: [to,to +a] xR — R are
continuous functions. The author developed a theory of hybrid differential equations with
mixed perturbations of the second type and gave some original and interesting results.

Let T be a time scale and J = [to, to + aly = [to,to + a] N T be a bounded interval in
T for some tp,a € R with a > 0. Let C,4(J x R,R) denote the class of rd-continuous
functions f:J x R — R. In [11], Zhao et al. discussed the following dynamic equation
with mixed perturbations of the second type on time scales:

A
{{“ﬁﬁ%@ﬂ —h(tu(®), te
u (to) = uo,

where g € Crq(J x R,R\ {0}) and f,h € Crq(J x R,R). The authors established an
existence theorem for the dynamic equation under mixed Lipschitz and Carathéodory
conditions using a fixed point theorem in Banach algebra due to Dhage.
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In this paper, we discuss the existence of solutions for the following nonlinear integro-
dynamic equation with mixed perturbations of the second type

A

u(t)—f(t,u(t)) _

{ (p(t)-&-fot g(s,u(s))As) =h (t’ w (t)) , te [07 T}T’ (11)
u(0) = f(0,u(0)) +p(0)0,

where 6 € R, g, f,h € Crq([0,T]; x R,R) and p € Crq ([0,T];,R\ {0}). To show the
existence of solutions, we transform (1.1) into an equivalent integral equation and then
use Krasnoselskii’s fixed point theorem. The mixed perturbation in (1.1) is the second
type because it is under derivative.

This paper is organized as follows. In Section 2, we introduce some notations and
definitions, and state some preliminary material needed in later sections. Also, we present
Krasnoselskii’s fixed point theorem. In Sections 3, we give and prove our main results on
the existence. Finally, we provide an example to illustrate our obtained results.

2. PRELIMINARIES

A time scale T is a closed nonempty subset of R. For ¢t € T, the forward jump operator
o and the backward jump operator p, respectively, are defined as o(t) = inf {s € T : s > t}
and p(t) =sup{s € T: s < t}. These operators allow the elements in the time scale to
be classified as follows. We say ¢ is right scattered if o(t) > ¢ and right dense if o(t) = t.
We say t is left scattered if p(t) < t and left dense if p(t) = ¢. The graininess function
p: T — [0,00) is defined by p(t) = o(t) —t and gives the distance between an element and
its successor. We set inf ) = sup T and sup @ = inf T. If T has a left scattered maximum
M, we define T¥ = T\ {M}. Otherwise, we define T¥ = T. If T has a right scattered
minimum m, we define T* = T\ {m}. Otherwise, we define T* = T.

Definition 2.1 ([4]). A function f : T — R is called rd-continuous provided it is
continuous at every right-dense point ¢ € T and its left-sided limits exist, and is finite
at every left-dense point ¢ € T. The set of rd-continuous functions f : T — R will be
denoted by

Crig = Cra (T) = Cypq (T, R).

Definition 2.2 ([4]). For f: T — R, we define f2(¢) to be the number (if it exists) with
the property that for any given £ > 0, there exists a neighborhood U of t such that

|f(o(t) — f(s) — o) o) — s]| <elo(t) — s| forall s € U.
The function f2 : T* — R is called the delta (or Hilger) derivative of f on T*.

If T =R, then f2(t) = f'(t) is the usual derivative. If T = Z, then f2(t) = Af(t) =
f(t+1) — f(t) is the forward difference of f at t.
We are now ready to state some properties of the delta-derivative of f. Note that

fo(t) = f(o(t).

Theorem 2.3 ([4]). Assume f,g : T — R are differentiable at t € T* and let a be a
scalar. We have

() (f+9)° () = F2(0) + g5(0).
(i) (af)™ (1) = af2(1).
(iii) The product rules
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(iv) If g(t)g°(t) # 0, then

<f)A () = fAMg(t) — Ft)g> ()
g 9(t)g” (1) '
Definition 2.4 ([4]). If F2(t) = f(t) and t,ty € T, we define the delta-integral by

Af@ﬂE:F@*F%)

If T =R, then f:o f (8) As corresponds to the Cauchy integral j;to f(s)ds, and if T = Z,
then ftto f(s)As= Zi;lto 1 (s).

Now, we give the following definition which will be essential in our analysis.

Definition 2.5. A map Q : [0,00); x R — R is an L}-Carathéodory function if it
satisfies the following conditions.

(c1) For each = € R, the mapping ¢t — Q(¢,x) is A-measurable.

(c2) For almost all ¢ € [0,00] N'T, the mapping x — Q(¢t, ) is continuous on R.

(c2) For each k > 0, there exists ay € L} ([0,00),RT) such that, for almost all
t € [0,00) and for all z with |z| < k, we have |Q(t,z)| < ay(t).

The proof of the main results in the next section is based upon an application of the
following Krasnoselskii’s fixed point theorem.

Theorem 2.6 (Krasnoselskii’s fixed point theorem [9]). Let M be a non-empty closed
bounded convex subset of a Banach space (B, ||.||). Suppose that A and B map M into B
such that

(i) Az + By € M for all z,y € M,

(i) A is continuous and compact,

(11i) B is a contraction with constant r < 1.
Then there is z € M, with Az + Bz = z.

3. MAIN RESULTS

In this section, we discuss the existence results for (1.1). Let [0,7]; = [0,7] N T be
a bounded interval in T with 7" > 0. And let C,4([0, T} ,R) be the Banach space of all
rd-continuous functions defined on the compact interval [0, T, endowed with the norm

Jull = sup |u(t)].
telo,

T

By LA ([0,T];,R), we denote the space of Lebesgue A-integrable functions on [0, 7]y
equipped with the norm ||| ry, defined by

T
fulls, = [ uo)] A

We consider the following set of assumptions:
(AO) g, fa h S C’r‘d([07 T]’]l‘ X Ra R) and pe Crd ([Oa T]’I[‘ 7R\ {0})
(A1) There exists a constant [ > 0 such that

|f(t7u) - f(t7’())| SZ|U—U|,
for all t € [0,T]; and u,v € R.
(Ag) There exist functions H, G € L} ([0, T]y,RT) such that

|h(t,u)] < H(t), |g(t,u)| <G(t), t€[0,T];, uekR.
(A3) There exists a constant K, > 0 such that
Ip(t2) —p(t1)| < Kp|ta —t1| for all t1,t5 € [0, T .
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Let us start by defining what we mean by a solution of the problem (1.1).
Definition 3.1. A function u € Cq([0,T];,R) is said to be a solution of (1.1) if u

satisfies the equation
( u(t) = f (tu(t)
p(&)+ [y g(s,u(s)) As

with the initial condition

A
) =h(t,u(t), t €[0,T);, (3.2)

u(0) = f(0,u(0))+p(0)0. (3.3)
For the existence of solutions for the problem (1.1), we need the following lemma.

Lemma 3.2. Suppose that (Ag) holds. Then, v € Crq([0, Ty ,R) solves (1.1) if and only
if it is a solution of the integral equation

u(t)zf(t,u<t>>+(p<t>+/otg<svu<s>ms)(/Otms,u(s))mw). (3.4)

Proof. Let u be a solution of the problem (1.1). Applying the A-integral to (1.1) from 0
to t, we obtain
( w(t) = f (tu () )_(um)—fm,uw)))
PO+ Jyg(s.u(s) As

= / h(s,u(s))As,
0
that is,
w)=f @)+ (p0+ [ gl as)
u(0) — f(0,u(0)) '
X ( () +/0 h(s,u(s))As).
Substituting the initial condition in the above equality implies that
w) =)+ (p0+ [ gul)as)

p(0)0+ f(0,u(0) — f(0,u(0) [
X ( 2(0) +/O h(s,u(s))As).

So,
t t
u(t)=f(tu(t)) + (p(t) +/ g(s,u(s))As) </ h(s,u(s))A5+0> )
0 0
Therefore, (3.4) holds.
Conversely, suppose that u satisfies the equation (3.4). We rewrite (3.4) in the form
u(t) — f(tu(t)
p()+ [y g(s,u(s))

By direct differentiation and substituting ¢ = 0 in (3.4) we obtain (1.1). The proof is
completed. O

~ :/0 h(s,u(s))As+ 0.

Now we will give the following existence theorem for (1.1).
Theorem 3.3. Assume that the hypotheses (Ao )—(As) hold. Furthermore, if
1<1, (3.5)
then the problem (1.1) has a solution defined on [0,T)r.
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Proof. Set B = C,4([0,T];,R) and define a subset M of B by
M={ueB:|ul| <N},

where

. Fo+ (KPT+ p (0)] + ||G||L1A) (HH”Lz + ‘9|)
= 1—1 ’

with Fo = sup,¢(o,7)_ |f (¢, 0)[. Clearly, M is a closed, convex and bounded subset of the
Banach space B.
Define two operators A, B : M — B by

t t
(Au)(t) = (p (t) +/ g (s,u(s) As) (/ h(s,u(s) As + 0) L te[0.T)y,  (3.6)
0 0
and
(Bu)(t) = f (t,u(t), t€0,T]y. 3.7)
Now, by Lemma 3.2, the problem (1.1) is equivalent to the operator equation
(Au)(t) + (Bu)(t) = u(t), t € [0,T]y.
We shall use Krasnoselskii’s fixed point theorem to prove that there exists at least one
fixed point of the operator A + B in M. The proof will be given in several steps.

Step 1. We prove that B is a contraction with constant [ < 1. Let u,v € M. Then by
(Ay), we get

[(Bu)(t) = (Bu)()] = |f (¢, u(t) = f (& v @) < u() —v @) <Tllu—2].
for all ¢ € [0, T];. Taking supremum over ¢, we have
[Bu — Bul| < |ju— |
for all u,v € M. Then, by (3.5), B is a contraction operator on M with the constant [ < 1.
Step 2. We prove that A is a compact and continuous operator on M into B. Firstly,
we prove that A is a compact operator on M. It is enough to show that A(M) is a

uniformly bounded and equicontinuous subset in B. On the one hand, let u € M be
arbitrary. Then by (Az), we obtain

01 < (1p01+ [ ot ss) ([ 10t as o)
< (m+wor+ [16@1as) ([1He18s+10)
< (KT + O]+ 1Gl ) (IH1 L +161)

for all t € [0, 7). Taking supremum over ¢, we get
ull < (K, + 1 ) + Gl ) (11, + 161)

for all uw € M. This shows that A(M) is uniformly bounded.



EXISTENCE OF SOLUTIONS 63

On the other hand, let t1,t, € [0,T]; be arbitrary with ¢; < t5. Then for any u € M,
we get

[(Au)(t2) — (Au)(t1)]

= ’(p(t2)+/0t2g(s,u(s))As) (/Ot2h(s,u(s))As+9)
- (p<t1)+/0tlg(s,u<s>ms> (/Otlms,u(s)msw)‘

< (In(w) +/ 9 (s,u(6)) 8 ) \/ h(w(s)ms—/otl h(s,u(5)) As

+ (Ip(tz)—p(t1)l+ /Ohg(SW(S))As—/Otlg(s,u(s))As)

X (/0t1 |h (s,u(s))] As + |6|)

< (|p (t2)] +/ |G<s>As) / (s, (s))] As

+ (Rl -l + [ g(s,lu<s>>|As) (/ H ()] A+ 1)
< (el + 61, ) | [ s

+<Kp|t2—t1|+/ a(s ) |l + 161)
= (Ip ()l +1Gll, ) 16 (t2) = ()
+ (||H||L1 +101) (K lt2 = ta] + | (t2) = ¢ (1)),

where ¢ (t fo s)ds and ¢ (t fo s)ds. Since the functions ¢ and ¢ are
Continuous on compact 0,7, they are umformly continuous. Hence, for € > 0, there
exists a § > 0 such that

[ta —t1] <6 = |(Au)(t2) — (Au)(t1)] <, (3.8)

for all t;,t5 € [0,T]; and u € M. This shows that A(M) is an equicontinuous subset of B.
Then, A(M) is a uniformly bounded and equicontinuous subset of B, so it is relatively
compact by Arzela-Ascoli theorem. Thus, A is a compact operator on M.

Next, we prove that A is continuous on M. Let {u,} be a sequence in M converging
to u € M. Then by the Lebesgue dominated convergence theorem, we get

lim (Au,)(t) = lim [(p(t)Jr/Otg(s,un (5))As) </Oth(s,un (s))AerQﬂ

to

n—oo n—oo

= (v [ [ oo 0] 2) ([ [1m 5 oo ()] 25 0)
. <p(t)+/0tg(s,u(s))As) </Oth(t,u(t))As+9)

= (Au)(t),

for all ¢ € [0, T]y. This shows that {Au,} converges pointwise to Au on [0, T'). Moreover,
the sequence {Au,} is equicontinuous by a similar proof of (3.8). Therefore, {Auy}
converges uniformly to Au and hence A is a continuous operator on M.
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Step 3. Au+ Bv € M for all u,v € M. For any u,v € M and ¢ € [0, 7], we have
|(Au) (t) + (Bv) (t)]

< (w0l +/Ot o (s,0(3)) 85 ) (/Oth<s,u<s>>As+ 1) +17 60 ()

(st + o1+ [661as) ([ 1 ras+i)
F1F (o () = £ (LO)] + 1 (1,0)

< (KT +Ip O+ Gl ) (11 +161) + o]l + Fo
< N.

This shows that Au + Bv € M for all u,v € M.

Thus, all the conditions of Theorem 2.6 are satisfied and hence the operator equation
Az 4+ Bz = z has a solution in M. Therefore, the problem (1.1) has a solution defined on
[0,T];. O

A

IN

Example 3.4. Let us consider the following integro-dynamic equation

( ()= g sin u(t) )A =cosu(t), t €[0,1]
m+sin t+f0t sinu(s)As - ’ > HT (39)
u(0) = $sinu(0) +,

where T =1, 0 = 1, f(t,u(t)) = gsinu(t), p(t) = 7+ sint, g(t,u(t)) = sinu(t),
h(t,u(t)) =cosu(t). Let I = §, K, =1, G(t) = 1, H(t) = 1. Then hypotheses (Ag)—(As3)
hold. Since .

l - g < 1,
(3.5) holds. Therefore, by Theorem 3.3, the problem (3.9) has a solution.

4. CONCLUSION

In this paper, we have studied the existence of solutions for the nonlinear integro-
dynamic equation with mixed perturbations of the second type. We have presented
an existence theorem for the problem (1.1) under some sufficient conditions due to
Krasnoselskii’s fixed point theorem. The main results have been well illustrated with the
help of an example.
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