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ABsTrACT. Factorizations of Pontryagin space operator-valued generalized Schur
functions are studied. Main tools are products of contractive operator colligations,
or cascade connections of passive discrete-time systems. The well-known notion
of regular factorizations of ordinary Schur functions is extended to the generalized
Schur class functions by using canonical reproducing kernel Pontryagin space models.
Factorizations stronger than the regular factorization are also introduced to obtain
characterizations in the case where the products of observable co-isometric (controllable
isometric) systems preserve the observability (controllability). These factorizations
are related to backwards shift invariant regular subspaces of de Branges—Rovnyak
spaces, and they can alternatively be viewed as regular factorizations of generalized
Schur functions with certain extreme properties. Moreover, their properties are linked
with how the optimality is preserved under the product of optimal passive systems.

Hocutimkeno akTopu3aliiio onepaTropHO3HaYHuX y3arajabHennx dyHkuiit [lypa
un upocropi ITonrpsarina. OcHOBHMMU iHCTpyMEHTaMH € JOOYTKH CTHCKAIOYUHUX
orepaToOpHUX 3’€JHaHb, ab0 KAaCKaIHUX 3B’SI3KiB ITACUBHUX CHUCTEM 3 JIUCKPETHUM
gacoMm. JloGpe BijlomMe NMOHATTSA peryiasipHux (akTopusaliiii 3pudaiHux QyHKIIH
IITypa momruproeTses Ha y3araiabHeni dyukimil kaacy [lypa 3a JOMOMOrowo KaHOHITHIX
BiATBOPIOIOYMX sifep JAJjsi Mojesieit mpoctopy IlonTpsirina. Tako»k BBOIATHCS
dakTopuzarnii Oinpmr cuabHi, HiXK 3BHuYaiiHa (akTOpH3alis, A OTPHMAHHS
XapaKTEPUCTUK, Yy BHUIIQJKY, KOJIM JOOYTKU CIIOCTEPEXKYBAHHUX KOISOMETPHUYHHUX
(kepoBaHMX I30METPHYHUX) CHCTEM 30epiraloTh CIHOCTEPEXKYBaHICTh (KEpOBAHICTD).
I1i dbakTopusalil oB’si3aHi 3 peryJasipHUMH IiIIPOCTOPAMH IIPOCTOPiB Je Bpamxka-
Poeusika, siki € iHBapiaHTHUMU BiJJHOCHO 3BOPOTHBOI'O 3CYBY, 1 IX MOXKHa TAKOXK
po3IryIsAgaTH SIK peryidapHi dpakropusalil ysaragbuenux pyukiii [lypa 3 neBHumn
EeKCTPEMaJIbHUMU BJIACTUBOCTSAME. KpiM Toro, X BJIACTUBOCTI IOB’si3aHi 3 TUM, SIK
30epiraeTbCsi ONTUMAJIBHICTD BiJJHOCHO JIOOYTKY ONTHMAJIbHUX HACHBHHUX CHUCTEM.

1. INTRODUCTION

Let U and Y be separable Pontryagin spaces with the same finite negative index. A
function 6 analytic at the origin with values in the set of bounded linear operators from
U to Y, which is denoted by L(U,)), belongs to the generalized Schur class S, (U,Y) if
the £(Y)-valued Schur kernel

1—6(2)0*(w)

1—zw

Ky(w, z) = ; w, z € p(6), (1.1)
where p(f) is the maximal domain of holomorphy of 6, has k negative squares (k =
0,1,2,...). That is, no Hermitian matrix of the form

n

(<K9(wj)wi)fjafi>y)i’j:17 wla"'vwnep(0)7 f17~-~7.fn€y7
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where (-, ->y is the indefinite inner product of the space ), has more than x negative
eigenvalues, and there exists at least one such matrix with exactly « negative eigenvalues.
The class So(U,Y) is denoted by S(U, ), and the values of § € S(U4,)) are contractive.
If U and Y are Hilbert spaces, then S(U/,)) is the ordinary Schur class, i.e., the unit ball
of H*(L(U,Y)).

In this paper, the factorizations of the generalized Schur function 6 € S (U,)) of the
form

0 = 6204, 01 € Sk, (U, ), 02 € Sk, (V1,)), (1.2)

where ) is a Pontryagin space with the same negative index as U/ and ), are studied by
using products of contractive operator colligation realizations of the generalized Schur
functions. An operator colligation, or as it will be called by using the notations arising
from the system theory, linear discrete-time system X = (Ts; X,U,Y; k) consists of the
state space X which is a Pontryagin space with the negative index k, Pontryagin spaces
U and Y with the same negative index, which is not related to , and the bounded linear
system operator T of the form

we (D)) ()

where (’Mf ) is the direct orthogonal sum X @U with respect to the indefinite inner product.
The transfer function of the system (1.3) is an L(U, Y)-valued function defined by

Os:(2) = D+ 2C(I —2A)™'B, 27! € p(A),

where p(A) is the resolvent set of A, so at least fy is defined and holomorphic in a
neighbourhood of the origin. The operator A € L(X) is called the main operator of X.
The notation ¥ = (A4, B,C, D; X,U,Y; k) is often used instead of ¥ = (Tx; X, U,V; k).
For systems 21 = (Al, Bl, 017 Dl; Xl,Z/{, yl; Kjl) and 22 = (AQ, BQ, 027 DQ; XQ, yh y, Kjg)
with transfer functions 0y, and Oy, a product or cascade connection, see (3.32), produces
a system X, 0 31 = X with the system operator

A1 0 Bl I)(l 0 0 A1 0 Bl Xl Xl
Tg = BQC1 AQ Bng = 0 AQ Bg 0 IX2 0 : XQ — Xg
D;Cy Cy DsoDy 0 Cy Dy cCi 0 Dy u Y

and the transfer function 0y, = 0x,0x,.

A system ¥ = (Ts; X, U, V; k) is called passive (isometric, co-isometric, conservative)
if the system operator T% of ¥ is contractive (isometric, co-isometric, unitary), with
respect to the underlying indefinite inner products. In the literature, conservative systems
are often called unitary. The system ¥ = (Tx; X, U, YV; k) is a realization of 0 € S (U, V),
if the transfer function of ¥ coincides with 6 in some neighbourhood of the origin. It is
well-known that every 6 € S,.(4,)) has the so-called canonical isometric, co-isometric
and unitary realizations, see [2, Chapter 2|, with certain minimality properties, which
are, in the language of system theory, respectively, controllability, observability and
simplicity. By taking restrictions of canonical realizations, one obtains minimal passive
realizations of §. Consider now the functions 6, 6; and 6, as in (1.2), and the realizations
¥ = (Ts,; X,U, V1 k1) and 2o = (T, ; Xo, V1, Vs ke) of 81 and 5. Then the product
Y = X5 0¥ is a realization of 6, and ¥ is passive (isometric, co-isometric, conservative)
if 31 and X5 are. Other system theoretical qualitative properties are not necessarily
preserved under the cascade connection of passive systems, and the aim of this paper is
to obtain necessary and sufficient conditions when such properties are preserved.

In the case where U and ) are Hilbert spaces and 6, #; and 6, are ordinary Schur
functions, it is known that the product ¥ = 35 o 31 of simple conservative realizations of
0, and 65 is simple conservative if and only if the corresponding factorization is regular
in a sense of Brodskil [17] and Sz.-Nagy and Foias [39], see Definition 4.3. Regular
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factorizations are widely studied, and accounts are given, for instance, in [13] and [14]. Tt
in well-known, that finding a regular factorization is equivalent to finding an invariant
subspace of a completely non-unitary Hilbert space contraction. In [9, Theorem 8.1], Arov
et al. generalized the notion of a regular factorization to the setting where 6, € S, (U, 1)
and 6y € S,,(V1,Y), but where U, Y1 and Y are still Hilbert spaces. Their definition, as
well as the original one for ordinary Schur functions in [17] and [39], depends strongly on
the Hilbert space specific functional model of Sz.-Nagy and Foias from [39], and therefore
cannot be instantly applied to Pontryagin space operator-valued functions. However,
another well-known model, which goes back to the work of de Branges and Rovnyak
[19, 20], can be also applied in Pontryagin space setting, see [2, Chapter 2|. By using
the de Branges—Rovnyak reproducing kernel model, the notion of regular factorization is
extended to the Pontryagin space operator-valued generalized Schur functions in Definition
3.2 and Theorem 3.3.

Instead of products of simple conservative systems, one can consider the product of
another canonical realization or other realizations with certain minimality or optimality
properties. In finite dimensional system theory, transfer functions are rational matrix
functions, and their factorizations via cascade connections of systems are widely studied,
see for instance [15]. However, for non-rational (generalized) Schur functions, these
subjects are not widely studied. An account was given by Khanh in [25], where he
introduced (4)-regular and (—)-regular factorizations of ordinary Schur functions, based
on the functional model of Sz.-Nagy and Foias. For Khanh’s definitions, see Definition
4.3. These factorizations are, in system theoretical sense, stronger than the Brodskii’s
regular factorizations, and Khanh proved that the product of observable (controllable,
minimal) conservative system is observable (controllable, minimal) conservative if and
only if the corresponding factorizations § = 626; of the transfer functions is (4)-regular
((—)-regular, (+)- and (—)-regular) [25, Corollary 1 and Theorem 4]. Nevertheless, such
realizations exist only for certain (generalized) Schur functions. Namely, for those with
zero right (left, right and left) defect functions, see [8, Proposition 4] for ordinary Schur
functions and [31, Theorem 4.8] for generalized Schur functions. When this happens,
(4)-regular ((—)-regular, (4)-regular and (—)-regular) factorizations turn out to be
equivalent to regular factorization, as it follows from Proposition 4.2. However, by
using de Branges—Rovnyal model instead of the model of Sz.-Nagy and Foias, Khanh’s
definition of (+)-regularity can be extended to cover the class S, (U,Y), where Y and Y
are Pontryagin spaces with the same negative index. Finding a (+)-regular factorization
of 0 is equivalent to finding a backward shift invariant subspace of the generalized de
Branges—Rovnyak space induced by the kernel (1.1). A typical example of (+)-regular
((—)-regular) factorization of 8 € S.(U,Y), where U and ) are Hilbert spaces, is the
right (left) Krein-Langer factorization § = 6, B! (§ = B; '6;), where B;"! and B; ! are
inverse Blaschke products and 6,. and 6; are ordinary Schur functions. It will be shown
in Theorem 3.3 that the product of the observable co-isometric (controllable isometric)
systems is observable co-isometric (controllable isometric) if and only if the corresponding
factorization is (+)-regular ((—)-regular). Moreover, a product X5 o ¥1 of k-admissible
(see the definition from the page 70) observable (controllable, simple, minimal) passive
systems is x-admissible observable (controllable, simple, minimal), if the corresponding
factorization is (+)-regular ((—)-regular, regular, (+)- and (—)-regular). Such results
are new also in the standard Hilbert space settings. In the case of rational functions,
the results obtained here do not fall under the known results of minimal factorization of
rational matrix functions either, as Example 3.5 shows.

The rest of the paper is organized as follows. In Section 2, the background and known
fundamental results of passive systems and their connections to the generalized Schur
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functions needed in this paper are recalled, mostly without proofs. However, Lemma 2.7
and Proposition 2.8 are new, and their proofs are provided.

In Section 3, the definitions of regular and (4)-regular factorizations are given. The
results covering the products of canonical realizations, passive realization and (4)-regular
factorizations are derived. In the last part of this section, products of optimal or *-optimal
systems are considered. In the standard Hilbert space case, such products were studied
by Hang in [24] and Hang and Khanh in [26]. Their results do not cover Theorem 3.8
even in the standard case.

Section 4 concerns the connection between regular invariant subspaces and factorization
of Pontryagin space operator-valued generalized Schur function. It is also shown in
Proposition 4.2, that for generalized Schur functions with certain extremality properties,
regular factorizations are equivalent to (4)-regular or (—)-regular factorizations.

2. CONTRACTIVE OPERATOR COLLIGATION REALIZATIONS

Consider a system ¥ = (Tx; X, U, V; k) = (A, B,C,D; X,U,Y; k), where U and ) are
Pontryagin spaces with the same negative index, with transfer function 6. Define the
adjoint, or dual system of ¥ to be ¥* = (T35, X, Y, U; k) = (A*,C*, B*,D*; X, Y, U; k),
where the adjoints are, as well as all the adjoints in this paper, calculated with respect
to the indefinite inner product. For general theory of indefinite inner product spaces
and their operators, we refer to [11, 16, 23]. An easy calculation shows that the transfer
function of ¥* is % (z) = 6* (%), where the notation 6*(z) is used instead of (6(z))". It is
known that 6 € S, (U,)) if and only if % € S, (),U); see [2, Theorem 2.5.2].

The following subspaces

X¢:=span{ran A"B: n=0,1,...}, (2.4)
X¢ :=span{ran A*"C* : n=0,1,...}, (2.5)
X° :=span{ran A" B,ran A*C* : n,m =0,1,...}, (2.6)

of the state space X of ¥ = (A, B,C, D; X,U,Y; k) are called the controllable, observable
and simple subspaces, respectively. All the notions related to the topology and continuity
are considered to be with respect to unique strong topology induced by any fundamental
symmetry of Pontryagin space in question. The system is said to be controllable (observable,
simple) if X¢ = X (X° = X, X* = X) and minimal if it is both controllable and observable.
When 2 is some sufficiently small symmetric neighbourhood of the origin, that is, Z € Q
whenever z € Q and (I — 2zA)~! exists for all z € 2, then also

X¢ =span{ran (I —zA)"'B:z € Q}, (2.7)
X° =span {ran (I — zA*)7'C* : 2 € Q}, (2.8)
X* = span {ran (I — 2A) "' B,ran (I — wA*)"'C* : z,w € Q}. (2.9)

It is clear from (2.4)—(2.6) that X is controllable (observable, simple, minimal) if and
only if the adjoint ¥* is observable (controllable, simple, minimal). Moreover, since
contractions between Pontryagin spaces with the same negative index are bi-contractions
(cf. eg. [23, Corollary 2.5]), 3 is passive (isometric, co-isometric, conservative) whenever
3* is passive (co-isometric, isometric, conservative). It is known from [31, Proposition
2.4] that the transfer function of the passive system ¥ = (T%; X', U, V; k) belongs to the
generalized Schur class S,/ (U,)) with the index £’ not larger than the negative index
k of the state space X. Passive systems and generalized Schur functions are deeply
interconnected. For Pontryagin space operator-valued case, isometric, co-isometric and
conservative systems were studied, for instance, in [1, 2, 18, 23], and for Hilbert space
operator-valued case, in [21, 22]. Passive systems for Pontryagin space operator-valued
case were studied in [30, 31] and for Hilbert space operator-valued case, in [9, 10, 29, 32].
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In general, if the negative index of the state space of passive system Y coincides with
the index of its transfer function, X is called k-admissible, and its behaviour resembles
Hilbert space passive systems in many aspects.

For 6 € S,,(U,D), it is usually desirable to have a realization of 8 such that the system
operator is unitary, or close to, and the state space is as small as possible in a certain
sense. The following combinations are always possible. For proofs of part (i)—(iii), see |2,
Chapter 2|, and for part (iv), [31, Lemma 2.§].

Lemma 2.1. Let 0 € S;(U,)), where U and Y are Pontryagin spaces with the same
negative index. Then there exist a k-admissible passive realization ¥ = (Tx; X,U,YV; k) of
0, and if desired, it can be chosen such that it has one of the following properties:

(i) simple conservative;
(ii) controllable isometric;
(iii) observable co-isometric;
(iv) minimal passive;

A realization with one of the properties (i)—(iii) of Lemma 2.1 is essentially unique,
since if ¥’ is another x-admissible realization of ¥ such that ¥ and ¥’ both have the same
property of (i)—(iii) of Lemma 2.1, they are unitarily similar, which means that they differ
only by a unitary change of state variable; see [2, Theorem 2.1.3]. The precise definition
is that two realizations

El = (AlaBlaCth;leuvy; K/l)u E2 = (AQ,BQ,CQ,DQ;XQ,U,:)}; ‘%Z)

of the same function § € S, (U, ) are called unitarily similar if D1 = Dy and there exists
a unitary operator U : A7 — X, such that

Ay =U1'AU, By =U"'B,, C;=CU. (2.10)

Minimal passive realizations of 6 are not, in general, unique in the sense described above.
Instead, they are weakly similar, see [31, Proposition 2.2], [33, Theorem 2.17] and [37, p.
702]

One way to produce the realizations in Lemma 2.1 is to use reproducing kernel theory,
reproducing kernel Pontryagin spaces and apply de Branges—Rovnyak complementary
space theory. For ordinary Schur functions, this idea goes back to [20, 19]. It is well-
known; see [2, 5, 23, 28, 35, 36], that if 6 € S, (U4, )), then the kernel (1.1) generates the
reproducing kernel Pontryagin space H(6) with the negative index . The spaces H(6)
are called generalized de Branges—Rovnyak spaces, and the elements in #(6) are functions
defined on p(#) with values in Y. Under the assumption that the negative index of the
Pontryagin spaces U and Y coincides, for a L(U, Y)-valued function 6 holomorphic in a
neighbourhood ) of the origin, the kernel (1.1) has k negative squares if and only if the
related £(Y @ U)-valued kernel

Ko(w,z) 22 =0@
Dy(w, z) = 0% (=) — 0% (w) KZ z w | ) w,z € Q, (2.11)
f@ g# (W, 2

has k negative squares; see [2, Theorem 2.5.2]. The Pontryagin space generated by the
kernel (2.11) is denoted by D(#). The spaces H(¢) and D(f) can be chosen as state
spaces of an observable co-isometric realization and a simple conservative realization of
0 € S.(U,Y), respectively. For the proof, see [2, Theorems 2.2.1 and 2.3.1].

Lemma 2.2. Let 0 € S, (U,)), and let H(0) and D(0) be the Pontryagin spaces induced
by the reproducing kernels (1.1) and (2.11). Then:
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(i) The system £y = (A1, B1,C1, D, H(0),U, Y, k), where

Alzh(z)Hw, Blzunu, (2.12)

Cy : h(z) — h(0), D:uw— 6(0)u,

is an observable co-isometric realization of 6. Moreover, for every h € H(0), we
have C1(I — 2A1) " h = h(z).
(ii) The system Yo = (Ag, B2, Co, D, D(0),U, Y, k), where

y <h(z)> < h(z) — h(0) ) . ( bz) ~60),, )
2! = z ) 21U z )
k(2) 2k(2) — 6% (2)h(0) (= 0#(2)0%*(0) u)  (2.13)

C (Z) s h(0), D 6(0)u,

is a simple conservative realization of 0. Moreover, for (Z) € D(9),

Co(I — 2A5) ! (Z) —h(z) and B(I—=2A})"" (Z) — k(2).

The systems in Lemma 2.2 are called the canonical co-isometric realization and the
canonical unitary (or conservative) realization of 0, respectively, and the operator A; in
(2.12) is a backward shift. These realizations will be used in Sections 3 and 4.

A dilation of a passive system ¥ = (A, B,C, D; X,U,Y; k) is any system of the form
S = (A\,E,57D;.5€\,L{,y;n), where

X=DeXoD, ADCD, A*D,cD, CD={0}, B*D,={0}.

The spaces D and D, are required to be Hilbert spaces. The system operator T of S is
of the form

A A Asgs By D D
[0 A Ay || [~ X
Ts = 0 0 Asp o/ [ \o.) | 7| \p.) |
(0 C ) D hY%
R Apn A Agg R By ~
A=|0 A An|, B=[B|. ¢=0 ¢ ).
0 0 Ass 0

The system Y is called a restriction of 5. Since X clearly is a regular subspace of X ,
i.e., it is a Pontryagin space with the inherited inner product, there exists the unique
orthogonal projection Py from X toX. Let A [ v be the restriction of A to the subspace
X. Then, the system X has a representation 3 = (PXA\[X, PX§7 6[;(, D; PX./'?,Z/{,J); K).
Dilations and restrictions are denoted by S = dil yopxand X = resp_, Xfl, mostly
without subscripts when the corresponding state spaces are clear. A calculation shows
that the transfer functions of the original system and all of its dilation coincide in a
neighbourhood of the origin. By taking suitable restrictions, one can often obtain new
realizations with desired properties, as the lemma below, taken from [31, Lemma 2.8|,
shows.

Lemma 2.3. Let ¥ = (A, B,C,D; X, U,Y; k) be a passive system such that the spaces
(X)L, (X°)* and (X*)* are Hilbert subspaces of X. Then the system operator T of ¥
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has the following representations;

(5 %) () (CﬁfL) - <()§2L)>, (2.11)
0 &) D u y

e- (40 @) (5 ((5)), o2
(¢, ¢) D u Y

e (@ 4) @) ((5) - ((5), o2
Ay sA’u Als B (xo)* (Ao)*

(07 3 G L) (A
0 ¢ ) D u y

The restrictions
Yo =(40,Bo,Co,D; X° .U, Y; k), (
Y. = (Ac, Be,Ce, D; XU, V3 K), (
Y5 = (A, Bs, Cs, D; X°, U, Vs ), (2.20
Y = (A, B,C',D; PxoX¢,U,Y; k) (

of ¥ are passive, and X, is observable, ¥, is controllable, ¥, is simple and X' is minimal.
If ¥ is observable or controllable, then so are ¥,, X and Xs. For anyn € Ng = {0,1,2,...}
and any z in a sufficiently small symmetric neighbourhood of the origin, the following
holds:

A"B = A!'B. = A” B,
(I —2zA)"'B=(I-2A,)"'B, = (I —zA.)"'B,,
ATTCr = ALCr = AL CE
(I —2zA")71C* = (I — 2A2)71Cr = (I — zAN) 71O,
Moreover, if ¥ is co-isometric (isometric), then so are ¥, and Xs (L. and Xg).

Remark 2.4. The restrictions (2.18)—(2.21) are called the observable, the controllable,
the simple and the first minimal restrictions of X, respectively. It is not explicitly stated
in [31, Lemma 2.8 that X,, X. and X are controllable or observable whenever ¥ is.
However, in those cases it easily follows from (2.14)—(2.17) that the systems either coincide
with 3 or they are first minimal restrictions, which are shown to be minimal, and the
claim follows. Moreover, if the transfer function 6 of ¥ belongs to S, (U, )), i.e., when ¥
is a k-admissible realization of 6, the conditions of Lemma 2.3 are always satisfied.

Contrary to Lemma 2.3, dilations of a given x-admissible realization ¥ of § may not
have such strong properties. There always exists x-admissible conservative dilation of
Y [31, Proposition 2.2], and if ¥ is observable co-isometric or controllable isometric, a
simple conservative dilation can be obtained [2, Section 2.4]. However, it may happen
that a minimal passive k-admissible realization has no simple conservative dilation, see
[9, Example 6.8].

Denote Ex(x) = (z,z)x for the vector z in an indefinite inner product space X. For
0 € S.(U,Y), where U and Y are Pontryagin spaces with the same negative index, a
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k-admissible passive realization ¥ = (A4, B,C,D; X, U,YV;k) of § € S,(U,Y) is called
optimal if, for any k-admissible passive realization X = (Ag, Bo, Co, D; Xo,U, V; k) of 0,

N N

EX (Z A"Bun> S EXO <Z AonBoun> (222)
n=0 n=0

for any N € Ny and {u,}Y_, C U. Conversely, an observable passive r-admissible

realization ¥ = (A, B,C,D; X,U,Y;k) of 0 € S,(U,)) is called *-optimal if, for any

observable k-admissible passive realization X = (Ao, Bo, Co, D; Xo, U, V; k) of 6,

N N
EX (Z A"Bun> Z EXO <Z AO”Boun>
n=0 n=0

for any N € Ny and {u,}Y_, C U. The requirement that the considered realizations
are k-admissible is essential; see [31, Example 3.1], as well as the requirement of the
observability in the definition of *-optimality. Indeed, otherwise any isometric x-admissible
realization would be *-optimal, as follows from Lemma 2.5 below. Lemma 2.5 illustrates
also another point; to prove the optimality of a system, it is sufficient to check the
inequality (2.22) for all minimal x-admissible realizations; see (2.23) below. For a proofof
Lemma 2.5, see [31, Lemma 3.3].

Lemma 2.5. Let
Y =(AB,C.D;X.U V), S=(ABCD;X UV, K),
¥ =(AB,C',D; X' U,Y; k),

be realizations of 0 € S, (U,Y) such that ¥ is passive, Sisa passive dilation of ¥ and X’
is the first minimal restriction of . Then

Eyr (Z A/kB'uk> < FEy (Z AkBuk> s n € Ng, up €U. (223)

k=0 k=0
Moreover, for any isometric realization 31 = (A1, B1,C1, D; X1, U, Y, k) of 0,

Ex (Z AkBuk> < Ex, (Z A’fBluk> ., mneNy, upel, (2.24)
k=0 k=0

and for any co-isometric realization Yo = (Ag, By, Co, D; Xo,U, Y, k) of 0,

Ey (Z A*kC*yk> < Ex, (Z A;kcgyk> , n €Ny, yp €, (2.25)

k=0 k=0

In the Hilbert space case, the existence of optimal minimal realizations of an ordinary
Schur function 6 was first proved by Arov in [6]. He constructed such a realization by
using (right) defect function, or what is the same thing, the maximal analytic minorant of
I—0*(¢)0(¢). In [7], Arov et al. proved that the first minimal restriction, see Remark 2.4,
of the simple conservative realization of € is optimal minimal passive. The same is true for
the generalized Schur class S, (U, )); see [31, Theorem 3.5], or [32, Theorem 4.3] for the
case where U and Y are Hilbert spaces. However, an optimal realization needs not to be
minimal. Indeed, any co-isometric observable realization is optimal. In Hilbert space case,
this is known, and seems to be first stated by Ando in [4, Corollary 5.6], without using the
notion of the optimality. Ando’s approach is to use the canonical observable co-isometric
realization, where the state space is de Branges—Rovnyak space, see Lemma 2.2. His result
holds also in general, and a direct proof, which does not use properties of the canonical
realization, will be given. It then directly follows, that an optimal minimal realization can
also be obtained by taking controllable restriction of the observable co-isometric system,



74 LASSI LILLEBERG

as it will be proved in Proposition 2.8 below. For ordinary Hilbert space operator-valued
Schur functions, such realizations are considered in [7, Section 5].

In Hilbert spaces, it is easy to deduce that a contractive densely defined linear relation
can be extended to everywhere defined contractive linear operator. The same is true
for Pontryagin spaces with the same negative index. For a proof, see for instance [2,
Section 1.4].

Lemma 2.6. Let S be a linear relation in U x Y, where U and Y are Pontryagin spaces
with the same negative index, such that the domain of S is dense in U and

(Su, Su)y < (u,u)y, (2.26)

for every u € dom(S). Then S has a unique continuous ertension to a contractive operator
S e LU,Y). If the equality holds in (2.26), the operator S is an isometry which is unitary
if and only if the range of S is dense in ).

By using the extension results of Lemma 2.6, another extensively used lemma can be
obtained.

Lemma 2.7. Let
¥ =(A,B,C,D; X, U,Y; k), ¥ =(A,B,C,D;X U Y;k), (2.27)

be passive k-admissible realizations of 6.

(i) If X' is isometric controllable, then there exists a contractive linear operator
Z : X' — X such that the identites

ZA"B = A"B, Z(I—2A")"'B = (I — zA)"'B, (2.28)
Z*ACr = AR Z5(I — 2A*) M0 = (I — zA™)~1C™ (2.29)

hold for every n € Ny and every z in a sufficiently small symmetric neighbourhood
of the origin. In addition, if ¥ is also controllable, then Z has a dense range.

(ii) If X' is simple conservative, then there exists a contractive linear operator Z :
X' — X which has a dense range such that the identity (2.28) and

ZA O = Ao, Z(I — zA")71C" = (I — 2A*™)~10¥, (2.30)
hold. In addition, if ¥ is also simple, then Z has a dense range.

Proof. Both cases will be proved simultaneously, the expressions in brackets refer to the
case where the realizations in (2.27) are simple passive and X’ is conservative. For vectors
of the form

i i ARB

k=0

+ Z A*'ko*'yk

k=0

) nGNo, {uk}LLZO CZ/[, [{yk}Z:O Cy]?

define a linear relation,

Zx = Z AF Buy,
k=0

+y A*kC*ykl .

k=0

Since Y’ controllable [simple|, Z is densely defined, and if ¥ is controllable [simple], it has
a dense range. We have CA"B = C' A" B’, since the transfer functions of the systems
coincide. Moreover, since X' is isometric [conservative|, it follows from (2.24) [and (2.25)]
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of Lemma 2.5 that

E(Z;z;’)X_E<ZAkBuk> +2§R<ZAkBuk,ZA*jC*yj> +FE (ZA*kc*yk>
X X X

k=0 k=0 §=0 k=0

gE(iA'kB’uk> +2R Xn:zn:<CAjAkBuk,yj>y +E<Zn:A*’kc*’yk>
x| X’

k=0 j=0 k=0

n [ n n n
—E (ZA *B uk> 2R ZZ <C’A iA kB’uk.,yj>y +E<Z Ak yk)
xr L k=0 75=0 k=0 X’
= (l‘/))(,
which implies that Z is contractive. By Lemma 2.6, it has an extension, still denoted
by Z, which is a contractive everywhere defined linear operator, and if ¥ is controllable
[simple], it has a dense range. By definition, ZA "B = A"B [and ZA *"C * = A*"C*].
Then by continuity and the Neumann series, (2.28) [and (2.30)] hold, and the part (ii) is
proved. By using the identity CA"B = C’A™B’ and (2.28), one obtains
B*AmARC = Br AT AR CT = B* A 25 AR O for n,k € N.

Since ¥ is controllable, this implies Z* A**C* = A™**C"* and (2.29) follows, so the proof
is complete. O

Here is the result on optimal systems, which was promised before Lemma 2.6.

Proposition 2.8. An observable co-isometric realization of 0 € S,.(U,Y) is optimal, and
its controllable restriction is optimal minimal.

Proof. Let ¥ = (A", B',C", D; X;U,Y; k) and ¥ = (A, B,C, D; X,U, Y; k) be an observ-
able co-isometric and a minimal passive realization of 6, respectively. To prove that ¥’ is
optimal, it follows from Lemma 2.5 that it is enough to ensure that

n n
Ex (Z A’kB’uk> < Ex (Z AkBuk> ., neNy, upel. (2.31)

k=0 k=0

The duals ¥'* and X* are controllable isometric and minimal passive realization of
0%, respectively. By Lemma 2.7, there exists a contraction Z : X’ — X such that
Z*A"B = A"B’ , and therefore inequality (2.31) holds. By Lemma 2.3, the controllable
restriction ¥, = (AL, B.,C", D; X'e.u,y; ) of ¥’ is minimal, and it holds A/C"Bé = A"B.
Therefore ¥/, is also optimal. O

3. PRODUCTS, REGULAR AND (#)-REGULAR FACTORIZATIONS
The product or cascade connection of two systems
Y1 = (A1, B1,C1, Dy X1, U Vs k), Yo = (Ag, B2, Co, Da; X2, V1, V; K2)
is a system Yg 0 Xy = (Tx,ox,; X1 B Xo, U, YV; k1 + Kk2) such that
Al 0 Bl X1 Xl
TEgoEl = BQCl A2 BQDl XQ — XQ . (332)
DQC1 02 D2D1 U y

Written in the form (1.3), one has X = (il) and
2

A 0 B
A= (Bgél A2> , B= ( 1 ) , C= (DQCl 02) , D= DyD,. (3.33)
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In particular, Ay = Aly,, Ay C &> and

A1 0 Bl IXl 0 0 A1 0 Bl Xl Xl
BQCl A2 BQDl = 0 AQ BQ 0 IX2 0 : XQ — XQ
DQC1 CQ D2D1 0 02 D2 Cl 0 D1 U Yy

The product X5 o X7 is defined when the incoming space of ¥, is the outgoing space
of ;. It is easy to check that 0x,o5, = 05,0, whenever both functions are defined.
For the dual system one has (33 0 31)* = X% o X5. From the identity (3.34) it follows
that the product X5 o ¥; is conservative (isometric, co-isometric, passive) whenever ¥
and ¥y are. Also, if the product is isometric (co-isometric, conservative) and one factor
of the product is conservative, then the other factor must be isometric (co-isometric,
conservative). If ¥ 0 3 is controllable (observable, simple, minimal), then so are ¥; and
Y9; see [2, Theorem 1.2.1]. The converse statement is not true. The following lemma
gives necessary and sufficient conditions when the product is observable, controllable or
simple. If the incoming and outgoing spaces are assumed to be Hilbert spaces, the simple
case is first treated in [9, Lemma 7.4], and the other cases in [29, Lemma 3.3|. The proofs
given therein can be applied word by word. In particular, the definiteness of the incoming
and outgoing spaces used in [29] do not play any role.

Lemma 3.1. Let
Y1 = (A1, B1,C1, Dy X1, U Vs k), Yo = (Ag, By, Co, Da; X2, D1, Vs k2)

and ¥ = Yo 0 X1. Let Q be a neighbourhood of the origin such that the transfer function
Oy = 0x,0s, of ¥ is analytic in Q. Consider the equations

Os, (2)C1(I — zA1) 'y = —Co(I — 2A5) Yoy for all z € (3.35)
0% (2)B3(I — zA3) 'ag = —Bj(I — 2A}) a1 for all z € Q, (3.36)

where 1 € Xy and x5 € Xo. Then X is observable if and only if (3.35) has only a trivial
solution, and % is controllable if and only if (3.36) has only a trivial solution. Moreover,
Y is simple if and only if the pair of equations consisting of (3.35) and (3.36) has only a
trivial solution.

Consider 6, € S, (U, V1) and 03 € S, (V1,)), where U, Y, and ) are Pontryagin
spaces with the same negative index. Then 656, € S,/ (U,)) where &’ < k1 + K2 [2,
Theorem 4.1.1]. Conditions when equality holds are derived in |2, Theorem 4.1.1]. When
U, V1, and Y are Hilbert spaces, this happens when there are no pole cancellations,
see [21, Proposition 7.11] and [2, Theorem 4.2.1]. In a setting where 6 € S, (U,)) and
02 € Sk, (V1,)) are fixed, an extended version of Leech’s factorization theorem, see [3,
Theorem 8|, can be used to determine if there exists 6 € S, (U, Y1) such that § = 626,
and k1 + ko = k. In the case k1 + ko < K, the product ¥ = X5 o ¥y of passive k-
admissible realizations of 6; and 65 is a passive realization of #, but it is not x-admissible.
Consequently, factorizations with the index condition k1 4+ ko = K are the most interesting.

For ordinary Schur function 6, the factorization 8 = 656,, where 6; and 6> are ordinary
Schur functions, is regular, if 3¢9 = 3y, o Xy, is a simple conservative realization of 6
whenever Yy, and Xy, are simple conservative realizations of 6; and 62 [17]. Instead of
the system theoretical definition above, an equivalent function theoretical definition of
regularity that goes back to [39, Chapter VII] and [17] is often used. That definition is
generalized to a Pontryagin state space case in [9, Section 8]. It is needed only in the last
results of this paper, and it is stated in Definition 4.3. In the standard case Khanh [25]
defines (+4)-regular and (—)-regular factorizations by using modified and strengthened
versions of the function theoretical definition, see again Definition 4.3. He shows that
if the factorization is (4)-regular ((—)-regular), Xy, o Xy, is observable conservative
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(controllable) whenever ¥y, and Yy, are. Khanh’s definition, as well as the function
theoretical definition of regularity depends strongly on the functional model of Sz.-Nagy
and Foias from [39], which is Hilbert space specific. In the standard Hilbert state space case,
the characterizations of regularity that uses the canonical unitary de Branges—Rovnyak
model, are derived in [12], see also [13, Section 7]. The general definitions of regularity
and (4)-regularity, based on the de Branges—Rovnyak models instead of Sz.-Nagy and
Foias, which covers also the classes Sy (U, )) where U and Y are Pontryagin spaces with
the same negative index, can be stated. The notation follows [2, Chapter 1], especially,
02H(61) means the space generated by the kernel K'(w, z) = 02(2) K, (w, 2)05 (w), where
Ky, is the Schur kernel (1.1) for 6.

Definition 3.2. Let 0 = 650, € S,(U,Y), where 0, € S,;, (U, 1) and 05 € S, (V1,D).
Then the factorization 8 = 050 is called:

(I) (+)-regular if the following two conditions hold:
(a ’H(@) = 927‘[(91) 5>} 7—[(02),
(b) the mapping hq — 02k, is an isometry from H(61) to O2H(61);
(IT) (—)-regular if the following two conditions hold:
(a) H(O%) = 07 H(OF) © H(O);
b) the mapping ho — Q#hg is an isometry from H 07 to 07 H (0% ;
1 2 1 2
(III) regular if the following two conditions hold:
(a) D(0) = R¥D(6) & RyD(6;), where

w3 ). m- (50 )

(b) the mappings

hl 92h1 h2 h2
()= () () (42, (3:37)
are isometries from D(6;) to RyD(0;) and D(6) to R¥D(0,), respectively.

In general, the regularity, (4)-regularity and (—)-regularity are rather strong properties,
see [39, Chapter VII, Proposition 3.5] and Example 3.5 and the discussion that follows it.

Theorem 3.3. Let
Y= (AlaBlaCth;Xl;uayl;ﬁl)v Yo = (A2,BQ,CQ,D2;X273}1,37;/€2)

be passive realizations of 61 € 0., U, 1) and 02 € S,,(V1,U), respectively. Denote
0 = 056,.
(i) If 1 and 3o are observable co-isometric, then the product ¥ = Xy 0 ¥y is
observable co-isometric if and only if the factorization 0 = 090, is (+)-reqular;
(ii) If X1 and Xy are controllable isometric, then the product ¥ = Y903 is controllable
isometric if and only if the factorization 0 = 0301 is (—)-regular;
(iii) If X1 and 3o are simple conservative, then the product ¥ = X5 0 Xy is simple
conservative if and only if the factorization 6 = 02601 is regular.
Moreover, if the factorization is ((£)-)regular, then 6 = 0301 € S, 41, (U, V).

Proof. The parts (i) and (ii) with the additional condition that the incoming and outgoing
spaces are Hilbert spaces, are proved in [29, Theorems 3.6 and 3.7]. The same proofs can
be applied word by word in the general case. Therefore, only the proof of part (iii) will
be given.

Since simple conservative realizations are unitarily similar, it can be assumed in part
(iii) that X, and X, are canonical unitary realizations defined similarly as in (2.13).
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Then, it follows from Lemma 2.2 that the identities (3.35) and (3.36) in Lemma 3.1 are
equivalent to

02(2)h1(2) = —ha(z) forall ze€Q, (3.38)
0F (2)ka(2) = —k1(z)  forall zeQ, (3.39)

where (Zi € D(6y), (Z;) € D(62), and Q is some sufficiently small symmetric neigh-
bourhood of the origin. Suppose that the realization ¥ = ¥ o 3, is simple conservative.
Then, § = 026, € S,(U,)), where k is the negative index of the state space X; ® Xy of X,
and therefore kK = k1 + k2. Then, [2, Theorem 4.1.5] and the discussion therein show that
the spaces RyD(0;) and R¥ D(6;) are contained contractively in D(6), and the mappings
in (3.37) are partial isometries. Since X is simple, it follows from Lemma 3.1 that the

pair of equations consisting of (3.38) and (3.39) has only the trivial solution. Since

hl(z) . 92(2)]11(2) 2 hQ(Z) B hQ(Z)

r () = ("R07) w6 (i) ~ (op ) @0
it can be deduced that the mappings in (3.37) have only the trivial kernel, and therefore
they are isometries. Moreover, R D(6,) N RyD(6;) = {0}, and it follows from the results
of [2, Theorem 1.5.3] that D(0) = R¥D(6,) ® RyD(6:), and necessity is proved.

Assume then that the factorization 6 = 626, is regular. From the condition (III) (a) in
Definition 3.2 and the identities in (3.40) it follows that the equations (3.38) and (3.39)
can hold only if he = 0 and k; = 0. But in that case, it follows from the condition (IIT)
(b) in Definition 3.2 that hy = 0 and ks = 0 also. That is, the pair of equations consisting
of (3.38) and (3.39) have only the trivial solution. Then by Lemma 3.1 the system X is
simple, and the sufficiency is proved. O

Theorem 3.4. Suppose 8 = 020, € S.(U,Y), where 01 € S, (U, 1) and 03 € S, (D1,)),
where U, Y1 and Y are Pontryagin spaces with the same negative index. Let

Y1 = (A1, By, C1, Dy; X1, U, Y15 k1), Yo = (Ag, By, Oy, Do; Xo, Vi, U; K2) (3.41)
be k-admissible observable (controllable, simple, minimal) passive realizations of 61 and
s, respectively. If the factorization 0 = 0260, is (+)-regular ((—)-regular, regular, (4)-
and (—)-regular), then the product ¥ = ¥y 031 = (A,B,C,D; X, Y, U; k1 + k2) is a
k-admissible observable (controllable, simple, minimal) passive realization of 6.

Proof. The factorization @ = 6,0, is (+)-regular if and only if the factorization 6% = 67 6%
is (—)-regular. Therefore it suffices to prove the claims involving (—)-regular and regular
factorizations, since the other claims then follow by duality. Both cases will be proved
simultaneously, the expressions in brackets refer to the regular case. Let the realizations
in (3.41) be controllable [simple] passive, and let

El] = (A/l,BLC{,DNX{,U,J}NK&), El2 = (A/27Béacé7D2aX2/;yl7ua H?)

be isometric controllable [simple conservative| realizations of 6, and 6s, respectively.
The existence of such realizations is guaranteed by Lemma 2.1. Let Z; : X’ — X; and
Zy : X' — X5 be contractive mappings with dense ranges such that

Ze(I — zA) " B, = (I — zA;,) "' By, [and Ze(I — zA) PO = (I - ZA;’")*C,’;’} :

for k = 1,2, and for all z €  in a sufficiently small symmetric neighbourhood 2 of the
origin. The existence of such mappings is guaranteed by Lemma 2.7. Suppose that (3.36)
[and (3.35)] hold for some z1 € Xy, x2 € X2 and for all z € Q. One obtains

07 (2)B3(I — 2A5) g = —Bi (I — 2AT) 'y
— 07 (2)By (I — 2A45) " Zizy = —B*(I — 2A7) ' Ziay



FACTORIZATIONS OF GENERALIZED SCHUR FUNCTIONS 79

|and
02(2)C1(I — 2A1) ay = —Co(I — 2A45) ay
= 0(2)C (I — 2A)) Zixy = —CL(I — 2zAL) " Z3as .

Since the factorization 026, is (—)-regular [regular|, the system ¥’ = ¥/ 0¥ is controllable
isometric [simple conservative] by Theorem 3.3, and it follows from Lemma 3.1 that
Zix1 =0 and Zize = 0. Since Z; and Z, have dense ranges, the adjoints Z} and Z3
have only the trivial kernels, and therefore z; = 0 and zo = 0. It follows then from
Lemma 3.1 that ¥ = X5 0 5 is controllable [simple]. O

The converse to Theorem 3.4 is not true. A counterexample below provides a product
of observable passive systems that is observable, but the corresponding factorization is
not (+)-regular.

Example 3.5. Define
1 —-az

91(2)5(0 %) bo(z) = ———. a€D\{0}, 6(x) = a(:)0n(2). (3.42)

z

By combining [29, Example 3.8] and Theorem 3.3, it follows that #; € S(C2, C), where
C and C? are considered with the usual inner products, #; € S;(C,C), # € S;(C2,C),
and the factorization 626, is (—)-regular but not (+)-regular. Define X; = {0}, A; =0,
Bi=0,Ci =0, and D; = (0 %) Then ¥, = (A1, B1,C1, D1; Xy, C2,C;0) clearly is
a minimal passive k-admissible realization of 8;. Let Xo = (Ag, By, Co, Dy; X5, C,C; 1)
be any minimal passive k-admissible realization of 5, and consider the product ¥ =
Y0¥ = (A, B,C,D; X} @ Xy,C?,C; 1), where the operators are defined as in (3.33).
The system X is a passive k-admissible realization of 8, and since the factorization is
(—)-regular, it follows from Theorem 3.4 that it is controllable. Moreover, since %5 is
observable, it holds

R Nk VK, o= 0 . — 0 —
span {A"*C 'HENO}_bpan{<A’2‘*C;>'neNO}_(XQ)_Xl@XQ’

and therefore X is observable and thus minimal.

The functions 0, and 65 in Example 3.5 are rational functions. Since the product X
of two minimal systems ¥; and ¥, with the finite dimensional state spaces is minimal,
the factorization § = 626, is minimal in a sense of rational matrix functions; see [15,
Theorem 8.23 and p. 163]. Thus Example 3.5 illustrates also that the minimality of the
factorization in the sense of rational matrix functions does not imply (+)-regularity nor
(—)-regularity. However, by combining Theorem 3.4 and [15, Theorem 8.23 and p. 163], it
follows that if the factorization 626, of two rational matrix functions is both (+)-regular
and (—)-regular, then it is also minimal.

The factorization in Example 3.5 is the so-called left Krein-Langer factorization. Indeed,
in the case where U and ) are Hilbert spaces, it is known from [27] that § € S, (U, D)
can be represented as

0(z) = 0,(2) B, (2) = B; '(2)0,(2) (3.43)
where 6,0, € S(U,Y), and the functions B, € S, (U,U) and B; € S,.(¥,)) are Blaschke
products of degree k. The factorizations in (3.43) are called the right and the left Krein-
Langer factorizations of 6, respectively. For details about Blaschke products and Krein-
Langer factorizations in the operator-valued case, see, for instance, [2, Chapter 4 and
Appendix|. By combining Theorem 3.8 and [29, Theorem 3.9], it follows that in general,
the right Krein-Langer factorization, which is essentially unique, is always (+)-regular
and the essentially unique left Krein-Langer factorization is always (—)-regular.
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It is not immediately clear from the definition, or from Theorem 3.3 and Theorem 3.4,
that regularity is by no means a weaker property than a (+)- or (—)-regularity. However,
it is, since the next lemma shows that if the factorization is (+)-regular or (—)-regular, it
is also regular.

Proposition 3.6. Let 61 € S, (U, V1), 02 € Si.,(V1,Y) and 6 = 020, € S,(U,)), where
K = K1+ K2, and let

Y1 = (A1, B1,C1, Dy X1, U, Vs k), Yo = (Ag, B2, Co, Da; X2, )1, Y; K2)

be simple conservative realizations of 01 and 0y, respectively. Then the factorization
0 = 020, is (+)-regular ((—)-regular) if and only if it holds X° = XP B XY (X° = XfBXS),
where X°, X0 and X9 (X, X{ and X5) are observable (controllable) subspaces of ¥9031, %1
and o, respectively. Moreover, if the factorization is (+)-reqular or (—)-regular, then it
is also regqular.

Proof. It suffices to prove the claims for (+)-regular factorizations, since the other claims
follow by duality. The realizations ¥; and Yo are x-admissible, so according to Remark
2.4, the spaces (X?)% and (Xg)* are Hilbert subspaces. By applying Lemma 2.3, the
systems ¥; and Yo can be represented as

A A Bn (xp)* (xp)+

To,=| 0 A, Bio|:| ap | = a |, (3.44)
0 Cio D u 8%
Asy Az Bogy (X)*+ (X9)+

TEQ = 0 AQ’O BZO : XQO — XQO s (345)
0 Cso Do NI y

where the restrictions

Y10= (Al,oaBl,mCl,ole;Xlovu;yﬁﬁl); Yoo = (Az,o,B2,0702,07D2;X2073717y; K2)

are observable co-isometric. It follows from [2, Theorem 2.4.1] that for k¥ = 1,2, the

operator Ay is either the zero operator or an isometry in (X,g)J- such that the identity
lim A}, "z =0 (3.46)

holds for every z € (A2)L. Consider ¥ = X9 0% = (A4, B,C, D; X,U,Y; k1 + K2). The

system X is a k-admissible realization of § = 656;. A computation using the representations
(3.44) and (3.45) gives

A 0 A1 0 B (Xp)* (Xp)+
0 Az BiCi, A Ba1 Dy (X9)*+ (X9)+
Tzi 0 0 Al,o 0 Bl,o : Xlo — Xlo
0 0 BoCio Aap By D1 Xy X9
(O 0 DyCi, 0270) DoD4 u
Since T%; is unitary, the restriction resxﬂxf@;@z = Y3, 0%1, = X/ is co-isometric,

and according to Theorem 3.3, it is observable if and only if the factorization 6260, is
(+)-regular. Suppose X° = X @ X$. Then by Lemma 2.3, ¥/ is an observable restriction
%, of ¥, so the factorization is (+)-regular.

Suppose then that the factorization is (+)-regular. Then ¥ is observable co-isometric.
Let # € (X°)*. The identity (2.5) shows that CA"z =0 for n =0,1,2,..., and an easy
calculation shows that Pyogxox = 0. Therefore (X°)*+ C (X?)* & (X9)*, which implies
XP @ X§ C X°, since the orthocomplement of (X)) @ (Xg)* in X is &P @ XY, Since
X° C XP @ XY holds in general by (2.5) and (3.33), one deduces XY @ X9 = X°.

Assume still that the factorization is (4)-regular. By Theorem 3.3, to prove that the
factorization is also regular, it suffices to prove that X5 o X7 is simple. It follows from
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the identities (2.9) and (2.16) that the Hilbert space (X'*)* is a subspace of (X°)+ =
(X))t o (X)L, ox)*t = {0}, B*(x*)t = {0} and (X*)* is both A-invariant and
A*-invariant. Since the system operator T is unitary, it can be deduced that

Ts r(')"‘g)L = Ar(XS)L = (All 5> A21) F(XS)L

is a unitary operator. But it follows from (3.46) that

i (A 07 (1)
n— oo 0 A21 X2 o

for every z; @ x5 € (X*)+ C (X9)L @ (X9)L, which implies (X*)+ = {0}, and thus ¥ is
a simple conservative system. O

In particular, it follows from Proposition 3.6 that for ordinary Schur functions, the
definition of (4)-regularity is equivalent to the definition given by Khanh; see [25,
Theorems 1 and 2|. Indeed, Khanh’s definition will be stated and applied for special cases
considered in Section 4.

Proposition 3.7. Suppose that § = 020, € S,(U,)), where 6, € S,, (U, V1) and
0o € S, (V1,Y). If the factorization 0201 is regular ((+)-regular, (—)-regular), every
k-admissible conservative (co-isometric, isometric) realization X of 8 can be represented
as a product of the form X = ¥ o 3y, where 31 and X9 are k-admissible conservative
(co-isometric, isometric) realizations of 01 and 0. If desired, X1 and ¥o can be chosen
such that one of them is simple (observable, controllable).

Proof. Suppose that the factorization is regular, and let

= (A,B,C,D;X,Z/Ly;lil +I€2)7
E/1 :(AllvBiaCilel;Xllauvyl;Hl)v EI2:(A/ZaBéacé7Dl2;X2/’u’yl;”2) (3'47)

be k-admissible conservative realizations of 0, 6, and 6, respectively, such that ¥} and
3, are simple. By Lemma 2.3, the system operator T of ¥ can be represented as

T= </(1)0 fi) (Bi) : ((;‘:\:‘“‘?L> — ((§2L> , (3.48)
o ¢) D u Y

where (X*)* is a Hilbert subspace, and ¥, = (A, By, Cs, D; X°,U, Y; k1 + K2) is a simple
conservative restriction of X. Theorem 3.3 shows that

Sho¥, = (A, B,C,D; X ® Xy, U,V; k1 + Kg)

is simple conservative, and thus unitarily similar with X,. Therefore there exists a unitary
operator U : X & X§ — X® such that A=U"1tA,U, B=U"'B, and C = C,U. Define

XP=UX, X5 =UX).

Then Uy = UlX] — X¢ and Uy = U X} — X5 are unitary operators. Since AX} C Xj,
also AXS C &X5. Define

Ag, = UpAYUY, By, =UpBj, Cay=CUY, Dyp=D,, k=12
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and then

(Ao O (xs)+
Al - ( 0 Ask;) ( Xls ) A2 - A827
_( 0. (x)* _
By = (le) U= ( P ) . By= B, (3.49)

XS 1
=(0 Cu): (( ) >%y17 Cy = Csa,
= (A1, B1,C1, D1 X, U, Vs Ky, Yo = (Ag, Ba,Co, Doy Xo, U, V15 K2).

Calculations show that ¥q, Y5 and ¥ 0 ¥; = ¥ are conservative x-admissible realizations
of 01, 65 and 6 = 050, respectively. Moreover, Y5 is simple. Thus X5 o X7 is a desired
representation. By choosing X} = &7 and Xy, = (X*)* @ &5 in (3.49) and then the
operators in a corresponding way, one deduces that 3 is simple instead of 35, but all
the other results remains the same.

In the case where the factorization is (+)-regular ((—)-regular), and the systems are
co-isometric (isometric), one has to consider the observable (controllable) restriction of
the form (2.14) ((2.15)) instead of (3.48), and to include appropriate restrictions and
projections in (3.49). Otherwise the proofs are analogous, and so other details will be
omitted. O

An observable co-isometric realization of 6 € S, (U,Y) is optimal by Proposition 2.8,
and therefore the product of two observable co-isometric realizations is optimal if the
factorization is (+)-regular. In general, (+)-regularity of the factorization affects that
how optimality and *-optimality are preserved under the product of systems, see Theorem
3.8 below. In the Hilbert space setting for ordinary Schur functions, such properties are
studied by Khanh in [25], Hang in [24] and by Khanh and Hang in [26]. Their results do
not cover the following theorem.

Theorem 3.8. Suppose that = 0201 € S, (U,Y), where 01 € S, (U, Y1) and 05 €
Sk, (01,Y), and let

Y= (AlaBl,Cl,DuXl,uayl;fﬁ)a Yo = (A2,Bz,CQ,D2;X2,y1,y;/€2)

be optimal realizations of 61 and 0y, respectively. If the factorization 026, is (+)-regular,
then X = Y5 0 X1 is an optimal realization of 6.

Proof. Let the systems in (3.47) be observable co-isometric realizations of 8; and 65,
respectively. By Proposition 2.8, they are optimal, and so Ey;, (ZZ:O A?Bjuk) =

Ex; (ZLO A;-kB;uk) for every n € Ny and {ux}p_, C U or {ug}i_y C J1. The
polarization identity then gives

n1 n2 ny no
<ZA;€BJU/’€7ZA§:BJ]£]€> :<ZAJkB;fkvaJkB;fk> 7uk7fk €U or uk:afk S y1~
k=0 k=0 X; k=0 k=0 X]{

(3.50)
Denote the products Yo 0% = ¥ and ¥, 0 ¥} = ¥/ by

= (A7B707D;X1 @X27uay7lil +K32)7 Y= (A/,B/,C/,D,X{@X217u’y7,‘$1 +52)'
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By induction, we have
k
A 0 B
kp _ 1 1
AL = (BQCl A2> (B2D1>
- A} 0)( B (3.51)
ASTIByCy + ASTEBoCl AL 4 - 4 BoCLAYTY AL ) \ BoDy

ARB,
‘(g*&q&+£4&am&+m+&qﬁ*&+@&m
for every k € Ny with the obvious interpretation for the cases n = 0 or n = 1. Denote
Oé(k’) = Ag_lBgclBl + A§_23201A131 + -+ BgClA]f_lBl,
o' (k) = AL U BLOL B, + ALY TPBLC AL B, + -+ + BLCL AT B

Since the transfer functions of 3; and E; coincide, C’jA?Bj = C;A;kB} for every k € Np.
By applying the identity (3.50), one deduces {(a(k)uk, a()u;) , = (& (k)uk, a'(j)uj>X2,,
and then

M N M N
<Z a(k)ukvza(j)uj> = <Z O/(k)ukazal(j)uj> ; (3.52)
Ko X5
)

k=0 Jj=0 k=0 =0
M N M N
<Z ak Uk,ZA';BQU/j> = <Z o/(k)uk,ZAQJBéuj> . (3.53)
k=0 §=0 X k=0 §=0 X
The identities (3.50)—(3.53) then yield

S _ S AfBruy, o "k
Fraon (ZA B“’“)‘E’“@*z (a5 i ) =0 (35 A

k=0 k=0
+ EX2 (Z a(k)uk> + 2R <Z a(k)uk, Z AngD1uk> -+ EXZ (Z AISBQDl’LLk)
k=0 k=0 k=0 X k=0

n

= B (ZA'lkBiuk> + Ex; <Z o/(k)uk> + 2R <Za/(k)uk,ZA/2kB§D1uk>
k=0 k=0 k=0 k=0 x}
+EX2/ <ZA/2]€B£D1U1€> :EXI’EBXz’ <Z A'kB/uk> .

k=0 k=0
(3.54)
Since the factorization is (4)-regular, the product ¥’ is observable co-isometric by Theorem
3.3, and therefore optimal by Proposition 2.8. It follows from the identity (3.54) that ¥
is also optimal. O

A *-optimal realization must be observable by definition, and therefore Proposition 3.8
has no straightforward symmetric counterparts for (—)-regular factorizations and *-optimal
systems. However, a realization ¥ of 6 € S, (U,)) is optimal minimal if and only if
the dual ¥* is *-optimal minimal realization of ## [31, Theorem 3.5], and therefore for
minimal systems, symmetric results can be obtained. In the Hilbert space settings for
ordinary Schur functions, the following result, obtained by a different approach and
different, but equivalent, definitions of (+)-regularity and (—)-regularity, is due to Khanh
[25, Proposition 6].

Corollary 3.9. If a factorization 0 = 0260, € S,.(U,Y) is both (+)-regular and (—)-
reqular, then the product ¥ = ¥g 0 31, where 1 and X1 are optimal (*-optimal) minimal
realizations of 01 and 05, respectively, is an optimal (*-optimal) minimal realization of 0.



84 LASSI LILLEBERG

Proof. For optimal systems, the result follows by combining Theorems 3.4 and 3.8. Since
3 = ¥y 0%, is *-optimal minimal if and only if ¥* = ¥ o X3 is optimal minimal, the
claim involving *-optimality follows by duality. U

4. INVARIANT SUBSPACES AND FACTORIZATIONS

As it can be seen from (3.33), for every product representation Yo o 31 of the system
Y, there is a corresponding invariant Pontryagin subspace of the main operator of
Y. The converse is also true. For isometric (co-isometric, conservative) system 3, a
product representation corresponding to a given invariant Pontryagin subspace of the
main operator can be constructed by using the method of [2, Theorem 1.2.2]. For a
passive system X, one may consider an isometric embedding, see [31, Section 2], ¥ of
3, construct a product representation of f], and then choose suitable blocks to get a
product representation of ¥. By applying the method of [2, Theorem 1.2.2] to canonical
co-isometric realization of 6 € S, (U,)) and (4)-regular factorizations, one obtains a
correspondence of the backward shift invariant regular subspaces of the generalized de
Branges—Rovnyak spaces and (+)-regular factorizations. Similar results hold for regular
((—)-regular) factorizations and invariant Pontryagin subspaces of the main operator of
the canonical unitary (isometric) realizations. For ordinary Schur functions and regular
factorization, this is stated in [13, Theorem 6.1]; see also [17].

Theorem 4.1. The space H is a backward shift invariant Pontryagin subspace of H(0),
where 0 € S, (U, ), if and only if there exists a (+)-regular factorization 0261 of 6 such
that UH(02) = H, where U is a unitary operator. The negative indices of H* and H
coincide with the indices of the generalized Schur functions 61 and 02, respectively.

Proof. Let 3 be a canonical observable co-isometric realization of 6, given in (2.12).
The main operator of Y is a backward shift, and if H is a backward shift invariant
Pontryagin subspace with negative index x/, then H* is a Pontryagin subspace with
the negative index K =k—FK. By applying [2, Theorem 1.2.2] one obtains a product
representation ¥y 0 ¥ = ¥, where ¥y = (Tx,; H,U; Vi; /Q”) and Yo = (Ts,; H, V1; V5 k')
are co-isometric; the details and notations are as in [2, Theorem 1.2.2]. Since ¥ is
observable, so are ¥; and ¥, and since Ty, and 7%, both are co-isometric, }; has the
same negative index as U and ). Then by Lemma 2.1, the transfer functions 6; and 6o
of ¥1 and X, respectively, belong to S, (U, Y1) and S,/ (V1,)), respectively. Moreover,
the the factorization is (+)-regular by Theorem 3.3. The system X is unitarily similar
with the canonical co-isometric realization of 6, and therefore UH(62) = H, where U is
the unitary similarity from #(62) — H.

Suppose then that there exists a (4)-regular factorization 6261 of 6. Let ¥ and o be
canonical co-isometric realizations of #; and 6. Then Y5 0 X7 is a co-isometric observable
realization of 6, and therefore it is unitarily similar with the canonical co-isometric
realization of 6. Denote the unitary similarity mapping from H(6;) ® H(62) onto H () by
U. Since the state space H(02) of X5 is a regular invariant subspace of the main operator
of ¥4 0 31, by applying the properties (2.10) of the unitary similarity, one deduces that
H := UH(02) is an invariant regular subspace of the main operator of the canonical
co-isometric realization of . That is, H is a backward shift invariant regular subspace of
H(0), ind_ H+ = ind_H(A;) and ind_ H = ind_H(f:), and those indices coincide with
the indices of #; and 65, respectively. O

If an ordinary scalar valued 6 € S(C) is not an extreme point of the unit ball of H>,
i.e., there exists an outer function ¢ such that |0|> + |¢|? = 1 almost everywhere on
the unit circle T, Sarason proved in [34] that the space H is a backward shift invariant
subspace of H(0) if and only if H = H(0) N H(u) or H = H(f), where u is an inner
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function. If @ is an inner function, the same result holds by Beurling’s Theorem. In a case
of a non-inner extreme point, Sudrez characterized backward shift invariant subspaces of
H(#) in [38]. In that case, the characterization is more complicated.

For certain functions, there is no difference between (+)-regular ((—)-regular, (+)-and
(—)-regular) and regular factorizations. This happen when the right (left, right and left)
defect function ¢y (19) of § € S, (U,D) is the zero function. For an ordinary Schur
function, ¢y (1) is a maximal outer (co-outer) minorant such that

Po(Opo(Q) < T =07%(0)0(C),  (Pa(Ovp(¢) <T—0(¢)07(¢))  forae (eT.

For generalized Schur functions, see the definition and properties in [31, Section 4]. An
ordinary Schur function 6 € S(U/, ) is an extreme point of the unit ball of H*(L(U,)))
if and only if @y = 0 or 1y = 0 [40, Chapter 2], see also [14, Section 7].

Proposition 4.2. Let § € S,(U,)) such that pg =0 (g =0, @9 = 0 and ¥y = 0).
Then a regular factorization of 0 is (+)-regular ((—)-regular, (+)- and (—)-regular).

Proof. Since pg =0 (g =0, pg =0 and ¢y = 0), a simple conservative realization ¥ of
6 is observable (controllable, minimal) [31, Theorem 4.8]. If the factorization 6 = 6561, is
regular, then by Proposition 3.7, the system ¥ has a corresponding product representation
¥ = Y5 0%;. By [2, Theorem 1.2.1], ¥; and 35 are observable (controllable, minimal)
conservative, so it follows from Theorem 3.3 that the factorization 0 = 056, is (4)-regular
((—)-regular, (+)- and (—)-regular). O

From a point of a view of invariant Pontryagin subspaces, it is possible to consider (+)-
regular and (—)-regular factorizations as regular factorizations of functions whose defect
functions are zeros. To this end, let 62601 be a (4)-regular factorization of 6 € S, (U, ),
and let H be a backward shift invariant subspace of H(f) as described in Theorem
4.1. By applying Julia embedding techniques from [31, Section 4], one can construct a

Hilbert space ' and a function © = (Z) €S, (U,Y® YY) such that © has an observable

conservative realization whose state space is H(6) and the main operator is the backward
shift. Such a realization must be unitarily similar to the canonical unitary realization of ©,
and by using the corresponding unitary similarity mapping U, one obtains a Pontryagin
subspace UH of D(O), which is invariant under the main operator of the canonical unitary
realization. Then there exists a corresponding regular, or what is now the same thing,

(4)-regular factorization 0,0, = (g%) O1 of O. In fact, 6,0 is then another (4)-regular

factorization of €, possibly different from 6567, corresponding to the invariant Pontryagin
subspace H.
For any 6 € S (U, )), the strong radial limit values

0(¢) = lim 6(rC) (455)

exist and are contractive, with respect to the indefinite inner product of & and Y, for
a.e. ¢ € T [30, Theorem 2.8]. Suppose now that ¢/ and ) are Hilbert spaces. A function
0 € S.(U,)Y) belongs to the class of generalized inner (co-inner, bi-inner) functions
L.(U,Y) IU,Y), U.(U,Y)), if the limit values (4.55) are isometric (co-isometric,
unitary) for a.e. ¢ € T. If k = 0, these classes consist of ordinary inner, co-inner and
bi-inner functions. If 81, 65 and 6 = 050, are ordinary Schur functions, it is known,
see [39, Proposition 3.3|, that if 65 is an inner function or 6, is a co-inner function,
then the factorization 6 = 626, is regular. Corresponding results for generalized Schur,
inner and co-inner functions is true, if one assumes the index condition x = k1 + ko For
ordinary Schur functions, even more is true; if 05 is inner (67 is co-inner), the factorization
is, besides regular, also (+)-regular ((—)-regular). These results are immediate, if one
uses Arov et al.’s definition of regular factorization for generalized Schur functions, and
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Khanh’s definition of (+)-regular factorizations of ordinary Schur functions. To this end,
let L?(U) denote the Hilbert space of U-valued, where U is a separable Hilbert space,
measurable functions with the square integrable norm on the unit circle. The space
H?(U) is a subspace of L?(U) that consists of functions with vanishing negative Fourier
coefficients, see the details from [39, Chapter V]. For 6 € S, (U,Y), define

Ag(¢) = (Iu —0°(Q)0())?,  (¢eT.

Definition 4.3. Let U, V4 and ) be Hilbert spaces, and let 6, € S, (U, 1), 02 €
Sk, (V1,Y) and 0 = 0201 € S,;(U,Y) such that K = k1 + k2. Define a linear relation

Vi AGL2(U) — (AA‘);LLZ((ij))) :

by setting

v (8o(@uo) = (SRIEN). we

The factorization § = 056, is called regular in a sense of Brodskil and Sz.-Nagy and Foias,
if V has a unitary extension. If k; = k9 = k = 0, define a linear relation

VY AGH2(U) — (AA‘);%Z((J}L;))) ,

by setting

AV (C)%(C)MC)) 2
vt(a = 2 , € H*(U).
(@af0pu(@) = (B we H'W)
The factorization 6 = 6, is called (+)-regular in a sense of Khanh, if V1 has a unitary
extension.

By combining Theorem 3.3, Proposition 3.6, [25, Theorems 1] and [9, Theorem 8.1], it
follows that the definitions above, in the settings where they both can be applied, are
equivalent to those given in Definition 3.2.

Proposition 4.4. Let U, Y1 and Y be Hilbert spaces, and let 61 € S,, (U, V1), 02 €
Sk,(V1,Y) and 0 = 0260, € S.(U,Y) such that kK = k1 + k. If 02 (01) is a generalized
inner function (co-inner function), then the factorization 020, = 0 is reqular, and if
k1 = kg =k =0, then it is also (+)-regular ((—)-regular).

Proof. The factorization § = 626; is regular ((+)-regular) if and only if the factorization
0% = 0#02# is regular ((—)-regular), and 65 is a generalized inner function if and only if 9#
is a generalized co-inner function. Therefore, it suffices to prove the claims concerning the
case where 05 is a generalized inner function. When it is, Ay, () = 0 and Ayp(¢) = Ay, ()
for a.e. ¢ € T. Then Ay, L%()1) and Ay, H2(),) are zero spaces, and V and V* are
identity relations, so they do have unitary extensions, and the claims follow. O

Note that the last statement of Proposition 4.4 does not hold for generalized Schur
functions, as it already breaks down in a case where k1 = 0 and kK = k2 = 1. Indeed, in
Example 3.42, the left factor 85 of the factorization 6260, is a generalized bi-inner function,
while the factorization is not (+)-regular. Consequently, Khanh’s definition of (+)-regular
factorization of ordinary Schur functions cannot be applied verbatim for generalized Schur
functions in a consistent way with respect to the results of this paper, while Sz.-Nagy
and Foiag’s definition of regular factorization can, if the index condition is included.

Acknowledgments. 1 wish to thank Mikael Kurula and Seppo Hassi for helpful discus-
sions while preparing this paper.
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