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TWO-DIMENSIONAL HELMHOLTZ RESONATOR WITH TWO
CLOSE POINT-LIKE WINDOWS: REGULARIZATION FOR THE
NEUMANN CASE

A. G. BELOLIPETSKAIA, A. A. BOITSEV, S. FASSARI, I. Y. POPOV, AND F. RINALDI

ABsTrACT. Explicitly solvable model for two-dimensional Helmholtz resonator with
two close point-like windows is constructed. The model is based on the theory of
self-adjoint extensions of symmetric operators. Limiting procedure is studied for
the case where the distance between the windows tends to zero. A regularization is
suggested.

ITo6ymoBaHo sIBHO pO3B’si3yBaHy MOJEJb [Jisl JBOBUMIDHOTO pE30HATOPA
lestbMronbia 3 gBoMa OJIM3BKHUMH TOYKOBHUMH BikHaMu. Mojesb 6a3yeTbcss Ha
Teopil CAaMOCIPSI?KEHUX PO3IIMPEHb CUMETPUYHUX ONEepaToOpiB. BuBueHO mpouenypy
TPAHUYHOIO [IEPEXOY [IJIsi BUIIAJIKY, KOJIU BiJICTaHb MiXK BIKHaAMU IPSIMYE J0O HYJIsl, Ta
3alIPOIIOHOBAHO PEryJIAPUIAIIO.

1. INTRODUCTION

Devices operating on the principle of the Helmholtz resonator, according to Junger,
could have been used by the ancient Greeks [10]. Today Helmholtz resonators are actively
used in acoustics [9, 7, 2, 23], aircraft construction [3, 6, 27], hydraulics [11] and optics [5].
Also the Helmholtz resonator can be the basis for metamaterials [13, 15] and can even
be used to measure the volume of liquids and solids [26]. But it was not until 1860 that
Helmholtz formulated the first mathematical theory of Helmholtz resonators [9]. One
of the directions in the study of Helmholtz resonators is the study of resonances that
arise in many problems of mathematics, physics and technology [4, 12, 14, 16, 20, 24, 25].
Although the study of the resonances of the Helmholtz resonator was carried out by
Rayleigh [22], it is still relevant. In this article, the mathematical description will be based
on the meromorphic continuation of the Green’s function. The poles of this meromorphic
continuation will contain physical information: the real part of the pole is the oscillation
frequency, the imaginary part of the pole is the decay rate [28]. The model of the theory
of operator extension with Neumann boundary conditions will be used as a model of the
Helmholtz resonator. This model has been described in [21, 17, 18, 19].

2. PROBLEM SETTING AND MODEL CONSTRUCTION

2.1. Construction of a symmetric operator. From here on we consider R? to be the
main space, the elements of the considered space we denote by

r=(x1,22), xz; €R, i€{1,2}.
Consider a smooth unbounded curve + : I — R? with the support I' that is
I'=~(I)
dividing the main space into two unbounded open sets Q™ and Q°*, i.e.,
N =90 =T, Q"mUQUl =R~

2020 Mathematics Subject Classification. 47TA52, 47A20, 47TN50.
Keywords. Operator extensions theory, Helmholtz resonator, solvable model.

95


https://doi.org/10.31392/MFAT-npu26_2.2022.01

96 A. G. BELOLIPETSKAIA, A. A. BOITSEV, S. FASSARI, I. Y. POPOV, AND F. RINALDI

Let us introduce the notations

Q=Q"p Q= o0=T.
Now we consider Laplace operators —A®® and —A™ in Ly(Q°%) and in Ly (2™), respec-
tively. We consider Laplace equation with Neumann boundary conditions on 9Q%*"

namely

Ain,eacf =0 ﬂ =0

’ an oQin,ex ’
where n denotes the external unit normal vector to 9Q7¢%. Let
o' = (21,23), i€{L,2},

be two different points on I' = 90 = 9™ ie., 2° € T', i € {0,1}. Let us restrict the
considered operators onto the set of smooth functions that vanish in a neighbourhood of
2! and 22. Tt is well known that the closures —A§® and —A}" of the considered operators

are symmetric operators with deficiency indices (2,2).
Thus, we can consider a symmetric operator

Ag = A" @ AL”
acting in Q with the described boundary conditions on 92 having deficiency indices (4, 4).

Let us describe the domain of the adjoint operator —A*. Using the Neumann formula,
we conclude that the domain ®(—A*) consists of the functions u having the form

" — u\  (u§” 4 ac G (2,29, ko) e 0 +
- uin - uzon 0 0 0 Gm(x,xo,ko)
ex Gea:(‘r?xlak()) in 0
+ ay < 0 + ay Gin(m7 .1'17 kO) )

where 4" € D(AL"*") and G¢* are corresponding free Green functions, k2 is a
regular point for the operators Aj"“". Let us find the conditions for which the considered
operator is self-adjoint.

2.2. Boundary form construction. Now we start with examining the boundary form
for the introduced operator. It is clear that the boundary form for the operator —A*
reduces to the expression

(=A%, v) = (u,—A%v) = lim (=AU 4 y T A*VET) dz+
e—0+0
Qew\(Be (2°)UB: (z1))
+ lim / (—A*umﬁ + ui”A*W) d,
e—0+0
Qin\(Be(2°)UB. (z1))

where B.(z?) is a ball of radius € centered at z%, i € {0,1}. Using the asymptotics for the
Green’s function, we can obtain the following relation:

(=A%, 0) = (=A%) = 3 (@B — BEEE + ol b,
i=0,1

where a$®, ai", b%® = u§®(z%),b" = ul"(z') are the coefficients corresponding to the
function u and a¢®, @™, b = vg®(z), bin = vi"(z') are the coefficients corresponding to
the function v, ¢ € {0,1}.
It is clear that any self-adjoint extension can be given by equating the latter expression
to zero, that is,
D (agmhET — bETET + al"bi" — bial") = 0.
i=0,1
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We choose the following condition:

0 = —al", b =b", ie {01},

3 (A

2.3. Construction of an extension. To construct an extension, we find the form of
the coefficients of aew/ o ,Bm/ " of the Green function, which is written in the following

form:
ex ex 0 ex 1
Gz, y, k) = G (Cf)ay,k)) +as? <G (2,27, k) gG (z,z ak)>
ex Gez(x’xo’k) 7Gez(x,$1’k) in 0
o < 0 oy G"(z, 20 k) + G (x, 2, k)

oo (Gi"(aﬂ,xo,k) — G (x, 2t k)) ’

Glrs:k) = (gungy, ) 8 (70T )
er Gex(x’ 3307 k) - Gew(m7 xla k) in 0
+ B < 0 ) + BY (Gzn(x 20, k) + G (x, k;)>

+52 (Gm(x 20k) —

x € 0%,

x € Q.

Gin(z, 2! k))

Theorem 2.1. The coefficients aez/m7ﬂez/m from the formulas above have the following

form:

aff = (G (2%, y, k) - (G (2%, 2 k) + G (2°, ' k) — gl ™)

+ G (2t y, k) - (G (a0, 2t k) + G (a0, 2t k’) T—g) -9
a® = (=G (2% y, k) - (G (2°, 2", k) + G (2, 2t k) + gfx + gi")

+ Gex(-rlvya k) : (Gex<x0,x1, k) + Gm(xoﬁ'rlv k) + ng + g(z)n)) .g—l,

= (G (2% y, k) - (G (2%, 2t k) — G (2% 2t k) + giT + gi")
+ G @ty k) - (=G 2 k) = G 2t k) + g5+ g0") g
B = (G (20, y, k) - (G (2, 2, k) + G™ (2, 2t k) + g5 4 gim)
—G(a k) - (G (a0l k) + G a0, ) — g — i) a7
B =BT, B =B,

where g = (95" + gb") - (95* + gi") — (G (2, ', k) + G (a0, 2", k))?.
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Proof. At first consider the case where x € Q. The Green function can be written as
follows:

G (x 3 ex Gew in 0
G(:C yvk) ( (0 Y > +aO ( > +a0 <Gln(.’L‘,.’L'O,k’)>

G (x xl,k 0
#atr (F70) 4 ( )
_ (G(x,y, k ez (G (2,29, ko) in 0
= ( 0 ) +a > +Oéo (Gm(x,xo,ko))

4 s Gex(xvxlakO) 4 in 0
aq 251 Gm(x 33 kO)

Ge””(:lc,ajo7 k) — G (x,2°, ko) >

G (z, 21, k) —Gem (z, xl k:o )

mn
ton (Gm(x,x k) — Gm (x, 21, ko)
From this expansion we immediately get that

af® =af, " =al", ie{0,1},

therefore af® = —ai™.
Now let us find the values of the coefficients b¢®, bi". It is clear that they can be
obtained from the following expressions:

e = G (2%, y, k) + af® (G(x,2°, k) — G (z, 2, ko) ‘ e 5T G (20, 2t k),
b = G (al, y, k) + o (G (z, 2t k) — G (z, 21, ko)) }x et G (ot 20 k),
bzln—oz0 (G z,2°% k) — Gi"(x,aso,ko))b $0+ofl" (20 2l k),
bt = o™ (G (x, 2t k) — Gin(l’,$17ko))|I:12 + ol gzl 20, k).

Let us introduce the following auxiliary notations:

g;n eT (Gin,er(x’xi’ k?) _ G«in,ez(mwxi7 ko))‘x:zz , ic {07 1}.
The solution to the system of equations = b§", bi" = bi" are the following expressions:
8% — _Gex(x ., k)(gf” + gin) + Gex( 17y’ k)(Gew(.’L‘O,xl, k‘) + Gin(xo’wl7 k‘))
’ (96" + 90") (95" + g1") — (Ge*(a®, 2zt k) + Gi”(fﬂO zl, k))? ’
gor = —GU @y R (957 + 97) + G (2% y, (GO (@, 2t k) + G (a0, 2 F))
' (96" + 96") (95" + 91") — (G (a0, t k) + G (a0, 21, k))?

Let us now rewrite G(x,y, k) for z € Q°* in another way,

Gex ) ) k exr Gem ) 0’ k: + Gex ) 1’ k
G(x’y’k):< (ﬂ(ﬁ)y ))+a+< (z, )0 (z, ))

G (z,2° k) — G (z, 21, k) in 0
+al < 0 oy G (z,2° k) + G (2, 21, k)
0

oo (Gi”(%mo, k) — G (x, 2t k)) ’
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where

exr __ ex ex er __ ex ex ex m ex
al =oay tay, a =0y —Oo7, a+—foz+, ol = —a”

Thus, the coefficients s/

4/ are obtained. Now consider the case where z € Q. We

have,

0 exr Gez(x’mo’k) n 0
G(l‘ y’k) (Gzn(x y7k)> +/BO < 0 ) +60 <Gzn($7x0’k)>
1 k .
+ Bf"c ( (I(,)SC 5 )) + ﬁin (Gln(woxl k))
_ 0 ex (G (2,2° ko)
= ()~ (F7" ) i (
exr 1 .
(T g )
ez (G (x,2% k) — Go®(x, 2° k
+60 ( 0 0 > <Gzn LL' l’ Gzn(w .’L’O kO))

ex (l‘ 1‘ ) GEI(I ‘T k ) in 0
+61 ( 0 0 > +61 <Gi”(x,x1,k) _ Gm(ac 2t /‘60)) .

It is clear that 3¢® = —3". Now we can find the value of the coefficients b$*, bi",
b = 55 (G (2,2, k) — G (2%, ko)) oo + BE7C4 (2, 2 ),
bs® = B (G (z, 2t k) — G (2,21, ko)) |gmar + BETG (2, 20, K),
bt = G (20, y, k) + BE(G™ (x, 20, k) — G (2, 20, ko)) |pmgo + BING (20, 2 K),
B = Gty k) GG e, w K) — G Ko amar + BTGP (0,2 B).

G (x, 330 k0>

A solution to the system of equations b§® = b$¥, bi" = bi" are the following expressions:

er _ G0y, k) (95" +g1") — G (2t y, k) (G (20, 2t k) + G (2%, 2t k)

- (96" + gi™) (g5* + gi™) — (Ge= (20, 21, k) + G (20, 21, k))? ’
e Gty B) (96" + 90") — G (2, y, k) (G (2, 2 k) + G (a0, 2! k)
! (96" + 96" (95" + gi") — (Ge= (a0, 21, k) + Gin(a, 21, k)2 '

Now we wish to rewrite G(x,y, k) for x € Q™ in the following way:

Gy k) = (Gi"(0 k:)> +5Y <Gw($ " )3(;6% " k))

1‘7 y’
ex Gez(x’xo’k) _Gew(wilvk) in 0
+/B_ < 0 +B+ Gi”(;v,xo,k) —I—Gi”(x,xl,k)
B Gin(xaxoak) _Gin(xaxlak) ’
where
iCE — 8./1? + /Bfflf’ ﬂel — E.T _ f{lj, IL I —C;’_.T, B’L_’I’L — 7/6i{1?.
Thus, the theorem is proved. O

Corollary 2.1. For a better understanding of the result given by the theorem above,
consider a special case, where the regions Q% Q™ are half-planes and the two points are
given by Fa° = (Fx0,0), 29 > 0. The formulas turn out to be as follows:

1
er _ Ger(— 0, 7]{ +Ge O7 ,k ,
Oé+ %ln% _ 2G(—$O,x07k)( ( x y ) (.’E y ))
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e 1 €T ex

o = 2 lIl + 2G( 20 20 k) (G (_1,07 Y, k) -G (xov Y, k))7
o 1 in 0 in (.0

ﬂ+ - 21 ki+2G( I07I07k) (G (7‘% Y k)+G (I 7yak))7
er 1 in 0 in (.0

== 21k —2G(—a0, 20, k) (G"(=2",y,k) = G (27, y, k).

3. REGULARIZATION OF THE GREEN FUNCTION AND EXISTENCE OF THE LIMIT AS
0
¥ — 0

As a consequence of the considerations in the previous section, the external Green
function can be expressed as

Gem k Ge:r 0 k ex 0 k
G(z,y, k) ( (:g’y’ )> +a ( sym(o )) e (Gasym(g,x , ))

toy (Gm (m,x07k)> to (Gm (amxo,k))
sym asym

with
Gpm(@,2%, k) = G (,2°, k) + G (x, =", k),
0 _ 0 0
GZiym(x’ xz 7k) - Gex(xw%' ak) - Gex(xa —Z ak)

Of course, the internal Green function is defined in a similar way. Taking account of the
fact that of* = —a® and o' = —a® from theorem 2.1, it can be rewritten as follows:

G (z,y, k) Gee (x,2° k) Ggez (x,2°k)
G , , k — exr Sym 6_{1] asym .
(CC Yy ) < O + a"" Gzn (.’L’, xo’ k) +a Gzn (1‘7 .'L'O, k)

sym asym
By setting I'(2%; k) = G**(—2°,2°, k) + G (—2°,2°, k), the coefficients a§”, a®® can
be written as

2.k 2k
aff = [Gex( 20y, k) <7T In T + 21 (2°, k)> + G (2°, k) (7T In T + 2T(2°, k))]

-1

4 EN? oo
X [ﬂe (hl ko> — 4T (.13 7k)] s

G (2, y, k)

that can easily be rewritten as

[0 = .
T 2k 20 (a0, k)
Similarly,
0o Giiym( L))

21n E + 2T (20, k)
0
Hence, the expression of the external Green function can be recast as

Gla,y,k) = (Gw(x’y’ M) : Gy (2%, K) G (2,1, )
.Y 0 2In £ —20(20, k) \~Giy, (2,20, k)Gep (20, y, k)

N 1 ( aez, (@, 20, k)G, (20, y, ) )
2In £+ 20(20, k) \ =Gty (2,20, k) GeZ, (20, y, )

As this situation is quite reminiscent of the one encountered in [8], the denominators

in of can be rewritten as:

+/

2,k 0 1y oL ~1 0
7Tlnk0 QI‘(x,k)QLTlnk:JHB (ko) F(ch)},
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and
2 k 1
Zln— +20(2% k) =2 |=Ink + B (ko) + T(z%, k)| ,
T ko T
where 871 (kg) = —X1Inko. At this stage it is crucial to notice that I'(z", k) behaves

like —% for small values of 2° with v denoting the well-known Euler-Mascheroni
constant (see [1]), which would lead to a negatively divergent lowest eigenvalue as zg — 0.
Therefore, mimicking what was done in [8] to regularise this singular behaviour, the
coupling 8 must be regularized as follows:

1
5_1(]%,%0) = —; In k() + F(.’EO7 ko)

As a consequence of this regularization, the denominator of the second term in the
right-hand side of the external Green function would read

1 1 1
2| =Ink+ B (ko,2°) — F(xo,k)} =2 { Ink — —Inko+T(z° ko) —T(2% k)|,
7T 7r 7r

which behaves like

2.k 2
“In— 4= [In(2%) —In(2%0)] = =In— = ZIn —
7T11k0—¢—7r[11(ar: )—In(z 0)] 7Tnk0 7Tnk%
in a proximity of 2° = 0. The latter fact implies the convergence of the regularized
Green function

re Gel- :1:7 )k
Gwog(%y,k) _ ( (O Y ))

n 1 ( ngm(x,xo,k)Gggm(mo,y,k) )
21n % + 2T'(20, ko) — 21(2%, k) \ =G, (2, 20, k)G, (20, y, k)

N 1 (G522 G 6711
21n % + 20(29, ko) + 20 (20, k) \—-G#2, (@, 20, )Gz, (20, y, k)

sym

asym asym

to

Gy ) 1 (G0, 0G5, (0,5,
Golw,y, k) = in Yoo
0($’ Ys ) ( 0 ) 4 In (Gln (lL’, 07 k)Ge (07 Y, k)

K
T ko sym sym

3.1. Regularization: the general case. For a further research, it is more convenient
to introduce the following auxiliary variables:

A= (g5 + 96" (95" + 9i") — (G (2°, 2 k) + G (2°, 2", K))?,
Ay, = G (2%, y, k) - (G(2°, ' k) + G (2%, 2 k) — g§° — ¢gi™)
+ G (2t y k) - (G (2% 2t k) + G (2% 2t k) — g5 — g"),
= G2y, k) - (=G (% 2t k) — G (2%, 2t k) — 97" — gi")
+ G (2t y, k) - (G (20, 2t k) + G (a0, 2t k) + g5 4 gin),
Ap, =Gy, k) - (=G (2% 2t k) = G (2% 2 k) + 97" + g7")
+GM (2t y, k) (=G (20, 2t k) — G (% 2t k) + 6T + gy,
Ap_ =G0y, k) - (G (2%, 2" k) + G™ (2%, 2" k) + g5 + gi™)
+GM (2t y, k) (=G (2, 2 k) — G2 2t k) — 6T — gy").
Note that using the new variables, one can obtain the following expressions for the
coefficients af/f, Bf”/fz

Aq

exr __
oy =
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er _ A5+ Ag_

A7 A
Theorem 3.1. In a vicinity of the point xo € OS2, the coefficients aj_z/_, 63_"’}_ take the
following form:

per

2G (20, y, k)

af® — : —,
+ %IH‘I*I’O|71+Cez(1’0,]€0)+cln($07ko>+2gem+2_gln
e —2G" (20, y, k)
=

% In |z — 20|~ + e (29, ko) + i (20, ko) + 2g¢* + 2gin’
a® =0, B=0.

Proof. We will use the following asymptotics for the functions G¥**(x, 2%, k) in a vicinity
of the point z° € 9. For 2 € Q' we have

G (x,2% k) = 1 Injz — 2%~ + ™ (20, ko)
T
0y[2
k2 _ 2 |en (2°)] in 0 1
+ ( O)E(An—kZ)(An—kg)”L” (z,2° k)

for z € Q% we have

. 1 .
G (2,2% k) = —In|z — 2%~ + (22, ko)
™

(ol Isl, )P
0 k) [ P Ly )
R2

where v € D(ALY), vimer = o(|z — 2°(°), A, are eigenvalues for the operator
A", are the corresponding normalized eigenfunctions, p(z°, |s|,v) are normalized to
d-function scattered waves, corresponding to the point |s|? of the continuous spectrum of
the operator A" k2 is some fixed regular value of the spectral parameter of the operator
A — Azn @ Aea:.

For convenience, let us denote the following expressions for g*™*:

m o |§0n(1’0)|2
9" = KR Y R R0 )

IO S|,V 2
gex_(ka(Q))/( |90( 7| |7 )|

212~ kD)
R2

2

Then, in a vicinity of the point 20 € 99, g**" behave in the following manner:
gzn _ gzn gg;’w o gem
[ ? [ .
To investigate the behavior of the coefficients oy ,_, 3, ,_ in a vicinity of the point

zo € 0S), we investigate the behavior of the coeflicients A, ,_,Ag, ,_ in a vicinity of the
point zg € 912,

2 )
An, =26 (2 y. ) ( I fo — 201 + (@, ko) + 7 (2, ko>) ,
T

. 9 A
Ap, = —2G" (0,4 k) - ( Infe - o) 4+ ¢ (@9, ko) + ™ (a, ko>) ,
T

Ao =0, Ay =0.
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Thus, we obtain that in a vicinity of the point zg € 052, the coefficients a ,_, 84 /_
take the following form:

2G (20, y, k)

exr __
G 21n |z — 20|~ 4 ¢ (20, ko) + ¢ (20, ko) + 2g°* + 2g™”
ex _ —2G™ (2%, y, k)
T 2z — 207 4 cer (20, ko) + ¢ (29, ko) + 2g°% + 2gin’
at’ =0, B =0.
Thus, the theorem is proved. O

Corollary 3.1. The equation describing resonances is A = 0. Then, in a vicinity of the
point ¥ € 09, the equation A = 0 is equivalent to the combination of the following two
equations:

2 )

—In|z — JCO|71 + ce‘r(oso, ko) + cm(xo, ko) =0,

T
2 ) )
—Infe - 20171 4 (20, ko) + ¢ (20, ko) + 2¢°% + 2¢™ = 0.

To consider a regularization when the distance between point-like windows approaches
0, one should deal with the equation A = 0. We may consider the surface to be smooth.
The regularization is based on the existence of a relation between kg related to the windows
width and the distance between the windows, |#° —2!|. The main term of the asymptotics
in kg, for kg — oo, is determined by the first term of A, by géﬁ’”. The main term of the
asymptotics with respect to the distance |2#° — x|, when |2° — 2| — 0, is determined by
the second term of A. Thus, for the regularization, we choose |2° — 21| corresponding
to ko/2 in accordance with the equation A = 0. We are led to an energy-dependent
(k-dependent) condition.
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