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A NOTE ON PENCIL OF BOUNDED LINEAR OPERATORS ON
NON-ARCHIMEDEAN BANACH SPACES

AZI1Z BLALI, ABDELKHALEK EL AMRANI, AND JAWAD ETTAYB

ABsTrRACT. We give a characterization of the essential spectrum for (A, B), where A
is a closed linear operator and B is a bounded linear operator, by means of Fredholm
operators on a Banach space of countable type over Q.

3a monoMoroi GpearobMOBHX OIIEPATOPIB Ha 6AHAXOBOMY IIPOCTOPI 3J1i4eHOro
tuny Halx Qp HaZJAHO XapaKTEPUCTHUKY iCTOTHOrO crekTpa ais (A, B), ne A — 3aMKHer-
Huit Jinidaunit onepaTop, a B — obMmerxeHuit.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, X and Y are non-archimedean (n.a) Banach spaces over a
(n.a) non trivially complete valued field K with valuation | - |, £(X,Y) denotes the set of
all bounded linear operators from X into Y. When, X =Y, we have £(X,Y) = L(X). If
A€ L(X), N(A) and R(A) denote the kernel and the range of A, respectively. For more
details, we refer to [3, 7]. X is said to be of countable type if there is a countable set in X
whose linear hull is dense. Recall that an unbounded linear operator A: D(A) C X — Y
is said to be closed if for all (x,) C D(A) such that ||z, — z|| = 0 and |4z, —y|| — 0
as n — 0o, for some z € X and y €Y, then z € D(A) and y = Az. The collection of all
closed linear operators from X into Y is denoted by C(X,Y). When X =Y, if A € L(X)
and B is unbounded linear operator, then A 4+ B is closed if and only if B is closed [3].
For more details on non-archimedean operators theory, we refer to [2, 3, 7|. There are
many interesting works on pseudospectra in the classical Banach space, see [4, 9].

Definition 1 ([3]). Let w = (w;); be a sequence of non-zero elements of K. We define
E, by
E, ={z=(2:);:VieN, z; €K, and lim |w1\%|xl| = 0},
1—00

and it is equipped with the norm

1
(Vo € By) : @ = (z)i, |2l = sgg(IWiIQ |z3]).

Remark 1. (1) [3, Example 2.21] The space (E,, [|-]|) is a non-archimedean Banach
space.
(2) If (-,) : E, x E, — K, is defined by

(z,y) — Zfﬂiyiwi,
i=0
where z = (z;); and y = (y;);, then the space (Ew, -1l ¢y )) is called a p-adic
(or non-archimedean) Hilbert space.
(2) The orthogonal basis {e;, i € N} is called the canonical basis of E,,, where for all
i e N ||€1|| = |wl\%
In the next definition, X and Y are two vector spaces over K.
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Definition 2 ([6]). We say that A € £(X,Y) has an index when both a(A) = dim N(A)

and S(A) = dim (Y/R(A)) are finite. In this case, the index of the linear operator A is

defined as ind(A) = a(A) — 5(4).

Definition 3 ([6]). Let A € L(X,Y). A is said to be upper semi-Fredholm operator if
a(A) is finite and R(A) is closed.

The set of all upper semi-Fredholm operators is denoted by ®(X,Y).

Definition 4 ([6]). Let A € L(X,Y). A is said to be lower semi-Fredholm operator if

B(A) is finite.
The set of all lower semi-Fredholm operators is denoted by ®_(X,Y).
The set of all Fredholm operators is defined by

P(X,Y) =P, (X,Y)ND_(X,Y).

Let X be a non-archimedean Banach space over K. A subset A of X is said to be compactoid

if for every € > 0, there is a finite subset B of X such that A C B.(0) + Co(B), where
B.(0) ={z € X : ||z|]| < €} and Cy(B) is an absolutely convex hull of X, i.e.

Co(B)y={Max1+ -+ \zp:neN, A\,--- N\, € Bk, 21, ,x, € B}.
We have the following definition [7, page 142], for more details, see [7].

Definition 5 ([7]). Let X and Y be two non-archimedean Banach spaces over K. A
linear map A : X — Y is said to be compact if A(Byx) is compactoid in Y, where
Bx ={zx e X :|z|| <1}

We denote by K(X,Y), the set of all compact operators from X into Y.

Definition 6 (|7]). Let T € £L(X,Y). T is called an operator of finite rank if R(A) is a
finite dimensional subspace of Y.

Theorem 1 ([7]). Let T € L(X,Y). Then T is compact if, and only if, for every e > 0,
there exists an S € L(X,Y) such that R(S) is finite-dimensional and | T — S|| < e.

Definition 7 ([3]). Let X be a non-archimedean Banach space and let T' € £L(X). T is
said to be completely continuous, if there exists a sequence of finite rank linear operators
(T},) such that | T, — T|| = 0 as n — oo.

The collection of completely continuous linear operators on X is denoted by C.(X).

Remark 2 ([7]). (i) In a non-archimedean Banach space X, we do not have the
relationship between C.(X) and K(X) as in the classical case. J. P. Serre has
proved that those concepts coincide, when K is locally compact.

(ii) If K is locally compact, then all completely continuous linear operators on X are
compact on X.

(iii) If K is locally compact, then T' is compact if and only if T(Bx) has compact
closure.

Theorem 2 ([6]). Suppose that K is spherically complete. Then, for each T € ®(X,Y)
and K e K(X,Y), T+ K € ®(X,Y) and ind(T + K) = ind(T).

Lemma 1 ([8]). If «3,--- ,x% are linearly independent vectors in X*, then there are
vectors 1, , T, in X, such that
1, ifj=k
xi(xp) =0 =13 ’ 1<j,k<n. 1.1
]( k) J’k {07 lf ] 7& k, —j = ( )
Moreover, if x1,--- ,x, are linearly independent vectors in X, then there are vectors

af, -, xk in X* such that (1.1) holds.
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Theorem 3 ([5]). Assume that X, Y are non-archimedean Banach spaces. Let A :
D(A) C X =Y be a surjective closed linear operator. Then A is an open map.

When the domain of A is dense in X, the adjoint operator A* of A is defined as usual.
Specifically, the operator A* : D(A*) C Y* — X* satisfies

(Az, y*) = (z, A™y")

for all x € D(A), y* € D(A*). As in the classic case, the following property is an
immediate consequence of the definition.

Proposition 1 ([5]). Let A be a linear operator with dense domain. Then A* is a closed
linear operator.

Proposition 2 ([5]). Let A be a linear operator with dense domain. Then the following
statement holds:

R(A)* =ker(A*) = (Y/R(A))*.
Theorem 4 ([7]). Let X be a non-archimedean Banach space. For any nonzero x € X,

there exists x* € X* such that x*(z) = 1 and ||z*| = ||| L.

Definition 8 ([1]). Let A, B € £(X) such that A # B and B be a non-null operator.
The Fredholm spectrum of a pair (A, B) is defined by

or(A,B)={AeK:A- B¢ d(X)}. (1.2)
The Fredholm resolvent is defined by pr(A4, B) = K\or(A4, B).

Definition 9 ([1]). Let A, B € £(X) such that A # B and B be a non-null operator.
The essential spectrum of a pencil of bounded linear operators (A, B) is defined by

0e(A,B) ={X € K: A— ABis not a Fredholm operator of index 0}.

Proposition 3 ([1]). Suppose that K = Q,. Let A, B € L(X) be such that B is a non
null operator. Then, the Fredholm resolvent pg(A, B) is open.

Theorem 5 ([1]). Suppose that K = Q,. Let A— B € ®(X) and K € K(X). Then
A+ K — \B € ®(X).

Remark 3. We set 01(A, B) = ﬂ oc(A+ K, B).
KeK(X)

The following result gives a characterization of the essential spectrum for (A, B), where
A # B by means of a Fredholm operator on a Banach space of countable type over Q.

Theorem 6. Let X be (n.a) Banach space of countable type over Q. Let B € L(X) and
A€C(X), A €K be such that A*, B* exist, and N((A - )\B)*) — R(A— \B)*. Then
ANéo1(A,B) ifandonlyif A—ABe®(X) and ind(A—AB)=0.

Proof. Let X\ & 01(A, B), then there exists K € K(X) such that A € p(A + K, B). Hence
A+ K —AB € d(X)

and
ind(A+ K — AB) =0.
The operator A — AB can be written in the form
A-AB=A+K—-)\B-K.
Since K € K(X), using Theorem 2, we have
A—-ABe ®(X)
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and

ind(A — AB) = 0.
Conversely, let A € Q,, such that A—AB € ®(X) and ind(A—AB) =0. Put a(A—AB) =
B(A — AB) =n. Let {z1,--- ,2,} be a basis for N(A — AB) and {y7,---,y%} be a basis
for R(A — AB)*. By Lemma 1, there are functionals z7,--- , 2} in X* ( X* is the dual
space of X ) and elements y1, -+, ¥, in X such that

vi(zr) = 05k and  y;(yk) = Gk, 1<j, k<n,

where ¢;, = 01if j # k and 6, = 1 if j = k. Consider an operator F': X — X defined by

n
i=1

It is easy to see that F is a linear operator and D(F) = X. In fact, for all z € X,

n
1D 2F @il
=1
* .
max o (2)yill

* .
max (fl7 |yl

[F]|

IN

IA

Moreover, R(F’) is contained in a finite dimensional subspace of X. So, F' is a finite rank
operator, hence F' is a compact operator. We demonstrate that

N(A - AB) N N(F) = {0}, (1.3)

and
R(A— AB)N R(F) = {0}. (1.4)
Let x € N(A— AB)N N(F), hence

n
T = E Q; T4, g, 0y € Q.
i=1

Then for all 1 <j <n, z}(z)= Zalﬁm = «a;. On the other hand, if x € N(F), then
i=1

Z z;(z)y; = 0.
j=1

*

j
N(A—-AB)NN(F) = {0}.
Let y € R(A—AB)N R(F), then y € R(A— AB) and y € R(F). Let y € R(F), we have

Fx =0, so

Therefore, we have for all 1 < j <n, x%(z) = 0. Hence = 0. Consequently,

n
y=> oy, 010, €Qy
i=1

Then for all 1 < j < n, y;(y) = Z%@,j = o;. On the other hand, if y € R(A — AB),
i=1
then for all 1 <j <n, y;(y) =0. Thus y = 0. Therefore,

R(A—AB)N R(F) = 0.

On the other hand, F' is a compact operator, hence we deduce from Theorem 2, A — AB +
F € ®(X) and ind(A+ F — AB) = 0. Thus

a(A+F —AB) = B(A+ F — AB). (1.5)
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If t € N(A+ F — AB), then (A — AB)x = —Fx in R(A — AB) N R(F). It follows from
(1.4) that (A — AB)z = —Fz =0, hence x € N(A— AB)N N(F) and from (1.3), we have
x =0. Thus a(A+ F — AB) = 0, it follow from (1.5), R(A+ F — AB) = X. Consequently,
A — AB + F is invertible and we conclude that A & o1(A4, B). O

By Theorem 6, we conclude that o.(A, B) = ﬂ o(A+ K, B).
Kek(X)
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