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DIFFERENTIAL SYSTEMS WITH ALGEBRAIC AND
NON-ALGEBRAIC LIMIT CYCLES EXPLICITLY GIVEN

RACHID BOUKOUCHA

ABSTRACT. In this paper we give an explicit expression of invariant algebraic curves
of a multi-parameter planar polynomial differential systems, then we prove that these
systems are integrable and we introduce an explicit expression of a first integral.
Moreover, we determine sufficient conditions for these systems to possess two limit
cycles: one of them is algebraic and the other one, explicitly given, is shown to
be non-algebraic. Concrete examples exhibiting the applicability of our results are
introduced.

Hanano sBHuit Bupas iHBapiaHTHHX ajrebpaidHUX KPUBUX OaraTonapaMeTPUIHOT
MOJIIHOMIAJILHOT i epeHIiaJIbHOl cucTeMu Ha 1wiomuHi. JloBogeHo, 1o 1i cucreMu €
iHTErpoBHi, i HABEJIEHO SIBHUI BUPa3 JJIsIi r1epiioro inrerpaJja. Bimgemr Toro, orpumano
JOCTaTHI YMOBH JUJIsL TOr'O, 1100 IIi CHCTEMH MaJI¥ JIBa 'PAHUYHI IUKJIA: OJUH 3 SKUX
€ ajrebpaldHuii, 1 JOBEJEHO, IO IHIIMI IUKJI, IS SKONO OTPHMAHO sIBHHI BHpas3,
He € anrebpaiunuit. Hagano KOHKpeTHI HpuKIa y, siKi JeMOHCTPYIOTh MOXKJIUBICTb
3aCTOCYBaHHS OTPUMAHUX PE3YJIbTAaTiB.

1. INTRODUCTION

We consider the differential system

dx
/_ —_—
€T = dt P(Iay)7
(1.1)
dy
/ = — =
y= Q(z,y),

where P(z,y) and Q(z,y) are real polynomials in the variables x and y. Here, the
degree of system (1.1) is denoted by n = max {deg P,deg @Q}. In the literature equivalent
mathematical objects to refer to these planar differential systems appear as a vector field

0 0
X = P(JL‘,y) % +Q(:r,y) aiy
A limit cycle of system (1.1) is an isolated periodic solution in the set of all its periodic
solutions of system (1.1), and it is said to be algebraic if it is contained in the zero level
set of a polynomial function [1, 11]. In 1900 Hilbert [10] in the second part of his 16th
problem proposed to find an estimation of the uniform upper bound for the number
of limit cycles of all polynomial vector fields of a given degree, and also to study their
distribution or configuration in the plane R2, even more difficult problem is to give an
explicit expression of them [2, 3, 5, 4, 7, 9, 13]. This was one of the main problems in
the qualitative theory of planar differential equations in the 20th century. To distinguish
when a limit cycle is algebraic or not, usually, it is not easy. Thus, the well known limit
cycle of the van der Pol differential system exhibited in 1926, was not proved until 1995
by Odani [12] that it was not algebraic. The van der Pol system can be written as a
polynomial system (1.1) of degree 3, but its limit cycle is not known explicitly.
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System (1.1) is integrable on an open set Q of R? if there exists a non-constant C*
function H : Q — R, called a first integral of the system on €2, which is constant on the
trajectories of the system (1.1) contained in , i.e. if

dH (z,y) _ 0H (z,y)
dt o ox

O0H (z,y)
oy

P (x,y) + Q@ (z,y) =0 in the points of Q.

Moreover, H = h is the general solution of this equation, where h is an arbitrary
constant.

Since for such vector fields the notion of integrability is based on the existence of a
first integral [6, 8], the following question arises: Given the polynomial differential system
(1.1), how to recognize if this polynomial differential system has a first integral, and how
to compute it when it exists?

A curve U (z,y) = 0, where U (z,y) is a polynomial of degree m with real coefficients,
is an invariant algebraic curve of system (1.1) if and only if there exists a polynomial
K = K (z,y) of degree at most n — 1 satisfying

U (z,y) oU (z,y)
or dy

The curve I' = {(z,y) € R?: U (z,y) =0} is non-singular for system (1.1) if the
equilibrium points of the system that satisfy

P (x,y)+ Q(z,y) = K (z,y) U (z,y). (1.2)

d
x’:—f:P(x7y):0,
Yy
/*—: =
V=0 Q(z,y) =0,

are not contained on the curve I'.

The polynomial K (x,y) is called the cofactor of U (z,y) = 0, if the cofactor is identically
zero, then U (z,y) is a polynomial first integral for system (1.1). The corresponding
cofactor of U (x,y) is always polynomial whether U (x,y) is algebraic or non-algebraic. If
U is real, the curve U (z,y) = 0 is an invariant under the flow of differential system (1.1)
and the set {(m,y) €R2, U(x,y) = 0} is formed by orbits of system (1.1). There are
strong relationships between the integrability of system (1.1) and its number of invariant
algebraic solutions.

In this paper we give an explicit expression of invariant algebraic curves, then we prove
that these systems are integrable and we introduce an explicit expression of a first integral
of a multi-parameter planar polynomial differential systems of the form

= Z—f =x+ (1112 +y2)3 (PS (x>y> - (Jj2 +y2)554 (azy)) ’
(1.3)
Y = % —y+ (22 +2)° (Qs (,9) =y (a* +%)" S (‘7673/)) ’

where
Ps (z,y) = az® + bx'y + (c — a) 2%y® + (d — b) 2°y° + nay* — my®,
Qs (x,y) = ma® + azxty + (b + 3m) 23y% + (c — a) 2%y> + (3m — b+ d) zy* + ny® and
Si(z,y)=(a+1D)a*+ (b+m) 23y + (c—a+2)2%y? + 2m — b+ d) zy® + (n + 1) v,

in which a, ¢, b, d, n and m are real constants.

Moreover, we determine sufficient conditions for a polynomial differential system to
possess two limit cycles: one of them is algebraic and the other one is shown to be
non-algebraic, explicitly given. Concrete examples exhibiting the applicability of our
result are introduced.
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We define the trigonometric functions
1 1 3 1 1 1
Ad)=-a+-c+-n+ = (a—mn)(cos20) + - (d+ 3m) (sin20) + < (2a — ¢ + n) (cos 40)
4 8 8 2 4 8
1
+ 3 (2b — d —m) (sin46),

B(#) = (—1 — éc — %n - ia) + % (n —a) (cos26) — i (d + 3m) (sin 20)

+ é (¢ —2a —n) (cos40) + % (d —2b+m) (sin4f),

9
G(@)—exp<10/ (A(s)+2B(s ))ds),

10 / B(w exp( Ia (A(s>+2B<s>>ds)dw-

2. MAIN RESULT

Our first result on the critical point and the expression of invariant algebraic curves of
the system (1.3) is the following.

Theorem 2.1. Consider a multi-parameter planar polynomial differential system (1.3),
then the following statements hold.

1) If m # 0, then the origin of coordinates O (0,0) is the unique critical point at a
finite distance. Moreover, O (0,0) is star node.

2) The curve I'y = {(z,y) € R? : (2% + y2)5 — 1 =0} is an invariant algebraic curve
of system (1.3) with the cofactor

K (z,y) = —10 (2* + y2)5 (a+1) 2+ O+m)zy +(2a+c+5)x
+(2b+d+5m)z"y® + (3¢ +n +10) 2%y* + (3d + 9m) 2°y°
+ (3¢ — 2a + 3n + 10) 2%y + (3d — 2b+ Tm) 23y" + (c—a—|—3n—|—5)a:2y8
+(d—b+2m)ay’ + (n+ 1)y +1). (2.4)
Moreover, the curve I'y is non-singular for system (1.3).

Proof. 1) We say that A (xo,y0) € R? is a critical point of system (1.3) if

)
zo+ (23 + yo) (Ps(z0,90) — wo(xd + y3)°Sa(xo,y0)) =0,
)* (@5

Yo + (z3 + v (z0,y0) — yo(2d + ¥3)°Su(z0,y0)) = 0.

It follows that yo (23 + yg) Ps (w0, y0) — xo (23 + y(Q))S Qs (zo,y0) = —m (23 + y%)G =0,
and zg = 0,yo = 0 is a unique solution of this equation. Thus the origin is the unique
critical point at a finite distance.

Computing the Jacobian matrix of the system (1.3) evaluated at O (0,0), we have

8P( ) 8P( )

g | oy _(Lo0
% (z,y) % (z,y) 01/
ox dy 0(0,0)

This matrix has repeated positive real eigenvalues A = 1 > 0, so that O (0,0) is a star
node of system (1.3). This completes the proof of statement 1) of Theorem 2.1.
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2) A computation shows that U (x,y) = (:E2 + y2)5 — 1 satisfies the linear partial
differential equation (1.2), the associated cofactor K(x,y) is given by (2.4), then the
curve U (x,y) = 0 is an invariant algebraic curve of system (1.3) with cofactor K (x,y).

We have, the origin O (0, 0) is the unique critical point at a finite distance, consequently,
the curve I'y = {(m,y) eER?: (22 + y2)5 -1= 0} is non-singular for system (1.3). This
completes the proof of statement (2) of Theorem 2.1. O

Our second result on the existence of a first integral and an explicit expression for two
limit cycles of the system (1.3) is the following.

Theorem 2.2. Consider a multi-parameter planar polynomial differential system (1.3).
Then the following statements hold.
1) The system (1.3) has the first integral

G (arctan ¥) — ((372 + y2)5 - 1) F(arctan ¥)
(@2 +92)° -1 '
2) The system (1.3) has an explicit limit cycle, given in the Cartesian coordinates by
(1), (22 +9%)° —1=0.
3) If
—8—c—3n—2a>4n—a|l+2|d+3m|+|c—2a—n|+|d—2b+m],

164+c+3n+2a>4n—a|l+2|d+3m|+|c—2a—n|+|d—2b+m|, (2.5)
m <0 and 2a—c+n#0.

H(xay) =

then system (1.3) has non-algebraic limit cycle (I's), explicitly given in polar coordinates
(r,0) by the equation

r(0r.) = <(G(2W>—1>(G(9>+F<9))+F(2w)>fo
s T (G(Q?T)—I)F(Q)+F(27T) ,

where

L _(FemtGen -1 1
e F (27) '
Moreover, the non-algebraic limit cycle (I'z) lies inside the algebraic limit cycle (I'1).
Proof. In order to prove our results 1), 2), and 3) in Theorem 2.2, we write the polynomial

differential system (1.3) in polar coordinates (r,6), defined by = = r cosf and y = rsin 6.
The system becomes

"= i r+ AO)rtt + B(6)r?,
(2.6)
r_ %f — m’l”107

where the trigonometric functions A (¢) and B () are given in Introduction.
We have that m < 0, then 6’ is negative for all ¢t € R, the orbits (r(t),0(t)) of system
(2.6) have the opposite orientation with respect to those (z(t),y(t)) of system (1.3).
Taking 6 as an independent variable, we obtain the equation
ﬁ — l,,«—g + M’I‘ + MTH.
dg m m m
Via the change of variables p = 719, this equation (2.7) is transformed into the Riccati
equation

2.7)

dp 10 10A(9) 10B(H) ,

== . 2.
df m+ m Pt m p (2:8)
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This equation is integrable, since it possesses the particular solution p = 1.
By introducing the standard change of variables z = p — 1 we obtain the Bernoulli
equation

dz _10A(0) +20B(6) , 10B(0) ,

—-— = . 2.9
db m m_ (2.9)
Note that z = 0 is a solution of (2.9).
We assume that z # 0, by introducing the standard change of variables y = % we

obtain the linear equation
dy —10A(0) —20B () —10B (6)
_ y _

= 2.1
do m m (2.10)

The general solution of linear equation (2.10) is

F(0)+ A

0) = —F——

y(0)=—+ @

where A € R and F (0) and G (0) are trigonometric functions given in Introduction.
Then the general solution of equation (2.9) is

__G®
*O=F@en
where A € R. The general solution of equation (2.8) is
GO)+F(6)+ A
0)=1 ) =

p(0) =1, p(0) FOtn

where A € R. Consequently, the general solution of (2.7) is
0) + F (6) + A\

F )+ ’

@) =1, r(0) = <G(

where A € R.
From this solution we obtain a first integral in the variables (z,y) of the form

G (arctan ¥) — ((x2 + y2)5 - 1) F(arctan ¥)
(@2 +y2)° =1 '
Hence, statement 1) of Theorem 2.2 is proved.
The curves H = h with h € R, which are formed by trajectories of the differential
system (1.3), in Cartesian coordinates are written as
5 o5 Glarctan £) + F(arctan £) + h
(ZL' + y ) = y )
F(arctan £) + h

x

H(;U,y) =

where h € R.

Note that system (1.3) has a periodic orbit if and only if equation (2.7) has a strictly
positive 2m-periodic solution. This, moreover, is equivalent to the existence of a solution
of (2.7) that fulfills r (0,7.) = r (2w, 7.) and r (6, 7,) > 0 for any 0 in [0, 27].

The solution r (6,79) of the differential equation (2.7) such that 7 (0,7r9) = ro is

s (=) GEO +FE) 1 i
r(6:7o) = O —1)F (0) + 1 ’

where 9 = r (0).

We have a particular solution p (0) = 1 of the differential equation (2.7), and from this
solution we obtain that r!?(6,1) = 1 > 0, for all 6 € [0, 7], is a particular solution of the
differential equation (2.7).
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This is an algebraic limit cycle for the differential systems (1.3), corresponding of
course to an invariant algebraic curve U (z,y) = 0.

More precisely, in that Cartesian coordinates, r? = 22 + 32 and § = arctan (%), and
the curve (I'y) defined by this limit cycle is (I'y): (22 + y2)5 —1 = 0. Hence, statement 2)
of Theorem 2.2 is proved.

A periodic solution of system (1.3) must satisfy the condition r (27,7r9) = r (0, 7o),
which leads to a unique value rg = 74, given by

o (F(Zﬁ);—(c;r()Zw) - 1) |

where

G (27) = exp (/02” <10A (s) ;203 (s)> ds) ’

o [ ([ (21052000} ).)

Here r, is the intersection of the periodic orbit with the OX axis.
After the substitution of this value r, into r (6, ry) we obtain

B (G (27) — 1) G () K
r(0,7) = <1+ G(@2n) F () +F (2r) —F(9)> '

In what follows we prove that r (8, 7.) > 0. Indeed,

F(2r)— F(0) = /OQW_l()BW)eXp (/Ow <10A(s) HOB(‘S)) ds> dw

m m

+/9° —103 (w) exp </Ow <10A(s);20B (s)) ds) dw
_ /02” —10ﬁ (w) exp (/Ow <10A(s)7—7&;203 (s)) ds) dw

According to conditions (2.5) we see that m (A (s) + 2B (s)) > 0 and mB (w) < 0 for
all # € (0,7). Then we have F' (2r) — F () > 0 and G (27) > 1, which ensures that r,
and r (0, 7.) are well defined for all § € (0, 7). Therefore we have r, > 0 and r (0,7.) > 0
for all # € [0, 7] and the limit cycle does not pass through the equilibrium point O (0, 0)
of system (1.3). This is the second limit cycle for the differential system (1.3), and we
denote it by (T's).

This limit cycle (I'y) is not algebraic, more precisely, in the Cartesian coordinates
r? = 22 + y? and 0 = arctan (£), the curve (I's) defined by this limit cycle is (I's):
L (x,y) = 0 where

(G (27) — 1) G (arctan ¥)
G (2m) F (arctan £) 4+ F (27) — F (arctan %)

T

L(z,y) = («*+9%)° -1+

According to the conditions (2.5), we have
1 3 1 1 1 1 3 .
AB)+2B(0)=-2— 3¢~ 5" 1% + <2n — 2a> (cos20) + <4d - 4m> (sin 26)

1 1 1 1 1 1 .
+ (86 i 8n> (cos40) + <8d - Zb+ Sm) (sin40) # 0,



116 RACHID BOUKOUCHA

for all # € (0, 7). Then

1 3 11

arctan £
/0 (A(S)JrQB(s))dw:fﬁbe—Qd—S—Qm

1 3 1 1
— (2 + gc + gn + 4a> arctan% + 1 (n—a)sin2 (arctan %)

1 1
+ 3 (d+ 3m)cos2 (arctan %) + e (¢ —2a—n)sin4 (arctan %)

L
32

Since to 2a—c+n # 0, we have that the non-algebraic expression
appears in the

¥
(d —2b+ m)cos4 (arctan x) .

5(c—2a—n)

Tem— sin4 (arctan %)

m

¢ (aman %) = exp (10 /O e (A(s)+ 2B (s)) ds> .

Hence the expression G (arctan %) is non-algebraic. Consequently, L (z,y) = 0 is non-
algebraic, and therefore the curve (I'z): L (z,y) = 0 is non-algebraic, as well as the limit
cycle.

In order to prove hyperbolicity of the limit cycle it is sufficient to prove that for the
Poincaré return map, for more details see [6, Sect. 1.6]. A computation shows that

DO g ([ (AELEREON ) <
ro=r. 0 -m

d?“()
Therefore the limit cycle (I'2) of the differential system (1.3) is hyperbolic.
According to conditions (2.5), we get

G (27) = exp (/027r (10‘4 (s) + 208 (s)> ds) > 1,

m
27 s w
F(2n) = / (10B(w) exp (/ (1OA (s) + 208 (s)> ds) dw) > 0.
0 m 0 m
for all 6 € [0, 7]. Then we have r, = (1 + Gg(gzsl) ™ > 1. Moreover,

1
(G (2m) —1) G (0) B
0,r.)=(1 1,
r ) ( T GenFO+Fen)-FO))
which shows that the algebraic limit cycle (I'1) lies inside the non-algebraic limit cycle (I's).

We conclude that system (1.3) has two limit cycles, the algebraic (I';) lying inside the
non-algebraic one (I's). This completes the proof of statement 3) of Theorem 2.2. O

3. EXAMPLES

The following examples are given to illustrate our results.

Example 1. If we take a =n = _1—%)5,17 = %,c =—4,d= % and m = —1, then system
(1.3) reads
z = z- % (m2 + y2)3 (303:5 — 192%y 4+ 50x3y? — 432%y3 + 30xy* — 20y5)
Jr%x (9:2 + y2)8 (10:174 + 23y + 1022y? — 3z + 10y4) ,
Y o= y— & (22 +y2)° (2025 + 302ty + 4125y + 502%y® + 1Tay* + 304°)

+%y (x2 + y2)8 (10w4 + x3y + 10x2y2 — 3aty3 + 10y4) .
(3.11)
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The system (3.11) has the first integral

G(arctan ¥) — ((332 + y2)5 - 1) F(arctan ¥)
H («Ta y) = (£2 I y2)5 1 )

where

1 45 1 1 5
G (0) = exp < —9 — g ¢os (20) + 1 °°8 (46) — o sin (49))

] 35
+ 2cosds — 1 sm 25 + 1 sinds
F0) = / T 8 8 4 ds.
0 \exp (7—*8+8C0828—ECOS48+32 sm4s)

System (3.11) has an algebraic limit cycle (I'y) whose expression is (I'y): (2 + y2)5—1 =0.
This system (3.11) has a non-algebraic limit cycle (I'y) whose expression in polar
coordinates (r,0) is

L ((G@m) -1 (G0)+F(0)+F(2m)\™
’"””"*)‘( (G@m) 1) F(8) + F (20) > ’

where 0 € R, G (27) ~ 2.2348 x 10'® and F (27) ~ 2.0167 x 10%°.
The intersection of the limit cycle with the OX axis is the point having r,

. (20167 % 10" +2.2348 x 10'° — 1
T 2.0167 x 101°

We conclude that system (3.11) has two limit cycles. Since r, = 1.0774 > 1, the
algebraic one (T'y) lies inside the non-algebraic one (T's).

iy
) ~ 1.0774.

Example 2. If we take a = %,b— 2,4, =—= d— Qol n= *1%) , and m = —5, System
(1.3) reads
¥ = x— 4 (3: +y ) (163:5 — 48z%y + 2923y? — 10322y + 1day* — 5Oy5)
+ 103” (x +y ) (6z* + 223y + 92%y? — 3zy® + 4y*) ,
y o= y— (2% + y2)3 (5025 + 162ty + 10223y? + 2922y> + 4Txy* + 14y°)
—i—l—loy (a:2 + y2)8 (6%4 + 223y + 922y? — a3 + 4y4) .
(3.12)
The system (3.12) has the first integral
G (arctan ¥) — ((m2 + y2)5 - 1) F(arctan ¥)
H (.13, y) = 5 )
(2?2 +y?)" -1
where
G (0) + 9 L 0520 + 40— L~ sin20 — L sin4g
=exp|—+ —0— —cos —cos — —sin20 — — sin
P\ 160 10 32 10 160
F(G):/e ig+fcos2s+4ocos4s %51n2s+7sm4s ds.
0 exp(ﬁJr stcosZs+—cos4sfEs1n257%051n43)

The system (3.11) has an algebraic limit cycle (I'y) whose expression is (I'1): (2 + y2)5—
1=0.

This system (3.11) has a non-algebraic limit cycle (I'z) whose expression in polar
coordinates (r,0) is

(0,7.) = <(G(2ﬂ)_1) (G(9)+F(9))+F(2w)>ﬁa
, T (G (2m) — 1) F (0) + F (2m) ,
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where 0 € R, G (27) ~ 626.57, and F' (27) ~ 637.01

The intersection of the limit cycle with the OX axis is the point having r,

. (637.01 +626.57 -1

ol
~ 1. .
637.01 ) 0708

We conclude that system (3.11) has two limit cycles. Since r, = 1.0708 > 1, the algebraic

on

e (T'1) lies inside the non-algebraic one (T's).
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