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ON REEB GRAPHS INDUCED FROM SMOOTH FUNCTIONS ON
CLOSED OR OPEN MANIFOLDS
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Dedicated to Masaaki Umehara and Kotaro Yamada on the occation of their 60-th birthdays

Abstract. For a smooth function of a suitable class, the space of all connected
components of preimages is the graph and called the Reeb graph. Reeb graphs
are fundamental tools in studying algebraic topological properties and differential
topological ones for Morse functions and more general functions which are not so wild.
They are strong tools not only in geometry, but also in applications of mathematics
such as visualizations.

In the present paper, we study whether we can construct a smooth function with
good geometric properties inducing a given graph as the Reeb graph and having
prescribed preimages. This paper concentrates on smooth functions on surfaces and
manifolds which may be non-closed with no boundary as a pioneering case and give
answers with new ideas. This problem was essentially launched by Sharko in 2000s
and various answers on functions on closed manifolds have been given by others and
the author.

Для неперервної функцiї певного класу простiр усiх зв’язних компонент в
повному прообразi є графом, який називається графом Реба. Графи Реба є
фундаментальний засiб для вивчення алгебраїчних топологiчних властивостей
та диференцiальних топологiчних властивостей функцiй Морса та функцiй, що
не є дуже дикими. Вони також встановлюють зручний iнструмент в геометрiї, а
також для застосувань математики в вiзуалiзацiї.

В статтi вивчається можливiсть побудови гладкої функцiї, яка має гарнi
геометричнi властивостi, включаючи заданий граф в якостi її графу Реба, та
має заданий повний прообраз. Особлива увага придiляється гладким функцiям
на поверхнях та многовидах, якi можуть бути незамкненими i не мати границi.
Ця проблема була суттєво започаткована Щарко в 2000-х, а певнi вiдповiдi для
функцiй на замкнених многовидах були отриманi автором та iншими дослiдниками.

1. Introduction and some terminologies and notation.

The Reeb graph or a Kronrod-Reeb graph of a smooth function of a suitable class on
a smooth manifold is the graph obtained as the space of all connected components of
preimages such that the vertex set coincides with the set of all connected components
of preimages containing some singular points (see [11] and [14] for example). We review
fundamental notions on graphs later and after that we introduce the Reeb space and the
Reeb graph in Definition 1 rigorously.

A singular point of a smooth map is a point at which the rank of the differential is
smaller than both the dimensions of the manifolds of the domain and the target. A regular
value is a point in the manifold of the target whose preimage has no singular points.

For so-called Morse functions, functions with finitely many singular points on closed
manifolds and functions of several suitable classes, we have Reeb graphs [13].

Reeb graphs are fundamental and important tools in algebraic topological theory and
differential topological theory of Morse functions and their generalizations. They play
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important roles in geometry of manifolds. They are also strong tools in applications of
mathematics such as visualizations.

In the present paper, we attack the following fundamental, natural and important
problem.

Problem. Can we construct a smooth function with good geometric properties inducing a
given graph as the Reeb graph? Especially, can we have a function with mild singularities
and prescribed preimages?

This problem has been first considered by Sharko [14]. Related to this pioneering work,
several works have been done: the work of J. Martinez-Alfaro, I. S. Meza-Sarmiento and R.
Oliveira [6], the work of Masumoto and Saeki [7] and recent works such as [1, 8, 9, 13]. In
these studies, explicit smooth functions inducing the given graphs as the Reeb graphs have
been constructed. Most of the functions are ones on closed surfaces or Morse functions
on closed manifolds such that preimages of regular values are disjoint unions of circles
or standard spheres. In other words, preimages had been essentially assumed to be
disjoint unions of spheres before the author obtained a related result of a new type in [4],
answering Problem as a pioneering work respecting preimages. Paper [5] is also closely
related.

We introduce several terminologies and notation before introducing the previous result.
Hereafter, \BbbR k denotes the k-dimensional Euclidean space with the standard Euclidean
metric and | | x| | \geq 0 denotes the distance between x \in \BbbR k and the origin 0 or equivalently,
the value of the standard Euclidean norm of the vector x \in \BbbR n. This is a smooth manifold
and also a Riemannian manifold where the metric is the standard Euclidean metric. \BbbR is
for \BbbR k = \BbbR . The k-dimensional unit sphere is denoted by Sk := \{ x \in \BbbR k+1 | | | x| | = 1\} 
and the k-dimensional unit disk is denoted by Dk := \{ x \in \BbbR k | | | x| | \leq 1\} . They are
smooth manifolds. We also call manifolds diffeomorphic to them a k-dimensional standard
sphere and a k-dimensional standard disk, respectively. Note also for example that S0 is
also a two-point set endowed with the discrete topology.

We introduce Reeb spaces and Reeb graphs of functions and maps.
Before this, we introduce several terminologies and notions on graphs. A graph G is a

1-dimensional simplicial complex consisting of 1-cells and 0-cells. The set of all 1-cells is
the edge set of the graph. Each 1-cell is called an edge. The set of all 0-cells is the vertex
set of the graph. Each 0-cell is called a vertex.

Two graphs are isomorphic if there exists a homeomorphism mapping the vertex set
of a graph onto the vertex set of another graph and this homeomorphism is called an
isomorphism between the graphs where the graphs are topologized in canonical ways.

A graph is connected if it is connected as a topological space endowed with the canonical
topology. A loop is an edge which is homeomorphic to a circle in the graph. In the present
paper, we consider connected graphs with no loops essentially.

Definition 1. Let a smooth manifold X and a function c : X \rightarrow \BbbR be given. Let \sim c be
the equivalence relation on X defined by the following rule: x1\sim cx2 holds if and only
if they are in a same connected component of a preimage c - 1(y). We call the quotient
space Wc := X/\sim c the Reeb space of c. Let V \subset Wc be the set of all points representing
connected components of preimages of c which contain some singular points of c.

If Wc is regarded as the graph whose vertex set is V , then the graph Wc is called the
Reeb graph of c.

In the definition, qc : X \rightarrow Wc denotes the natural quotient map and \=c denotes the
uniquey defined map satisfying the relation c = \=c \circ qc. For a connected graph without
loops which is not a single point or empty, a good function is a continuous real-valued
function on the graph such that the restriction to each edge is injective.
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We can give an orientation to each edge compatible with the good function so that the
following hold. The starting point of an edge is a vertex from which the edge originates.
The ending point of an edge is a vertex in which the edge terminates.

(1) The starting point of an edge is the vertex at which the (restriction of the) given
good function has the minimum.

(2) The ending point of an edge is the vertex at which the (restriction of the) given
good function has the maximum.

The singular set of a smooth map is defined as the set of all singular points of the
map. A singular value of the map is a point in the manifold of the target such that the
preimage contains a singular point. The singular value set of the map is the image of the
singular set. The regular value set of the map is the complementary set of the singular
value set of the map and a regular value of the map, defined before, can be also defined
as a point in the regular value set.

In the present paper, Morse functions and their generalizations are fundamental tools.
We omit precise expositions on Morse functions and (k-)handles corresponding to singular
points where k is a non-negative integer being smaller than or equal to the dimension of
the manifold we consider. We also note here that the singular sets of Morse functions are
discrete. For related theory, see [10] for example.

A Morse-Bott function is a function at each singular point which is represented as
the composition of a submersion with a Morse function [2]. A fold map is a smooth
map such that at each singular point, the map is represented as the product map of a
Morse function and the identity map on an open ball: the singular set is a smooth closed
submanifold of the domain with no boundary and the restriction to the singular set of
the original map is a smooth immersion whose codimension is 1.

More rigorously, a smooth map f is represented as another smooth map g means
that f is C\infty equivalent to g: there exists a pair of a diffeomorphism \Phi between the
manifolds of the domains and a diffeomorphism \phi between the targets satisfying the
relation \phi \circ f = g \circ \Phi .

For related theory and more general theory on singularities of smooth maps, see also
[3] for example. [12] is for the class of special generic maps, which are fold maps regarded
as higher dimensional versions of Morse functions with exactly two singular points on
spheres. Special generic maps are also used in Section 3.

The following theorem is the main theorem in [4].

Theorem 1 ([4]). Let G be a connected graph having at least one edge. Assume that a
good function h : G \rightarrow \BbbR is given. Assume also that a non-negative integer is assigned
to each edge by a map l. Then we have a smooth function f of a suitable 3-dimensional
closed, connected and orientable manifold M satisfying the following properties.

(1) The Reeb graph Wf is isomorphic to the given graph G and an isomorphism
between the graphs \phi : Wf \rightarrow G exists.

(2) If we consider the natural quotient map qf onto the Reeb graph Wf and a point
p \in Wf such that \phi (p) is in the interior of an edge e of G satisfying l(e) = q \geq 0,
then the preimage qf

 - 1(p) is a closed, connected and orientable surface of genus
q \geq 0.

(3) For a point p \in M mapped by the quotient map qf to a vertex v, f(p) = h(\phi (v)).
(4) At each singular point of f , the function is a Morse function, a Morse-Bott

function or represented as the composition of two fold maps.

A main theorem is the following.

Theorem 2 (A main theorem). Let G be a connected graph having at least one edge.
Assume that a good function h : G \rightarrow \BbbR is given. Assume also that an integer 0 or 1 is
assigned to each edge by a map l satisfying the following conditions.
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\bullet For a vertex at which the good function h does not have a local extremum, the
number of edges at which the values of l are 1 containing the vertex as the starting
points and that of edges at which the values of l are 1 containing the vertex as
the ending points agree. Moreover, if the number of edges at which the values are
1 having the vertex as the starting points is 1, then there exists at least one edge
at which the value of l is 0 containing the vertex as the starting point or ending
point.

\bullet For a vertex at which the good function h has a local extremum, the number of
edges at which the values of l are 1 containing the vertex is even.

Then, there exist a connected and orientable surface M and a smooth function f : M \rightarrow \BbbR 
satisfying the following properties.

(1) The Reeb graph Wf is isomorphic to G and an isomorphism \phi : Wf \rightarrow G exists.
(2) If we consider the natural quotient map onto the Reeb graph Wf and a point

p \in Wf such that \phi (p) is in the interior of an edge e of G satisfying l(e) = q,
then the preimage is diffeomorphic to a circle (q = 0) or a line (q = 1).

(3) For a point p \in M mapped by the quotient map qf to a vertex v, f(p) = h(\phi (v)).
(4) Around each singular point at which the function f does not have a local extremum,

the local function is a Morse function.
(5) Around each singular at which f has a local extremum, the local function is a

Morse function, a Morse-Bott function, or represented as the composition of two
Morse functions.

This is for smooth functions on closed or open surfaces and similar to Theorem 1
in considerable parts. One of the new ingredients is that the resulting function may
have open preimages of regular values. We prove this and a higher dimensional version
(Theorem 3) in the next section. In the last two sections we prove further results related
to these theorems.

2. Proofs of Theorems 2 and 3.

The outline of the proof is similar to that of Theorem 1. We prove this.

Proof of Theorem 2. STEP 1 Construction around a vertex at which the good function
h does not have a local extremum.
Let a be the number of edges at which the values of l are 1 containing the vertex as the
starting (ending) points (these numbers agree by the assumption on the numbers assigned
to edges). Let b and c be the numbers of edges at which the values of l are 0 containing
the vertex as the ending points and the starting points, respectively. We construct a
desired function as a Morse function. We apply well-known fundamental correspondence
of the handles in a family of handles attached to the boundary of a manifold and singular
points of a Morse function on the manifold produced by the handles. We abuse several
terminologies omitting the definitions such as the index k of a handle or a k-handle.
Expositions on related theory are in [10] for example.

Let a, b and c defined before be arbitrary non-negative integers satisfying

(a, b, c) \not = (1, 0, 0), (0, 1, 0), (0, 0, 1), (0, 0, 0).

.
This accounts for all cases for the present step.
FIGURE 1 shows handle attachments producing a surface whose boundary is the

disjoint union of two 1-dimensional manifolds which may not be connected. We attach
a  - 1 + b + c 1-handles to the product of a 1-dimensional manifold F , consisting of a
copies of a line and b copies of a circle, and the closed interval [0, 1]. More precisely, we
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1-handles

Figure 1. Handle attachments to obtain a connected and orientable
surface and a desired local Morse function on this in STEP 1 for a > 0:
attaching a  - 1 1-handles to connect a copies of a line, b 1-handles to
connect b copies of a circle and a line and c 1-handles to a line.

attach them to F \times \{ 0\} \subset F \times [0, 1]. If a > 0, then we attach handles as the following
explanation.

\bullet We attach a - 1 1-handles to connect a copies of a line.
\bullet We attach b - 1 1-handles to connect b copies of a circle if b > 0. We attach a
1-handle to a line to connect the b copies of a circle.

\bullet We attach c 1-handles to a line. We may attach c 1-handles to a circle if it exists,
not a line.

If a = 0 and (b, c) \not = (1, 1), then we attach 1-handles according to the following explanation.
\bullet We attach b - 1 1-handles to connect b copies of a circle (b > 0).
\bullet We attach c - 1 1-handles to one of the b circles (c > 0).

If a = 0 and (b, c) = (1, 1), then we attach 1-handles according to the following explanation.
\bullet We choose four disjoint closed intervals in the circle F (F \times \{ 0\} ).
\bullet We choose two of the four closed intervals which are not adjacent.
\bullet We attach a 1-handle to (the disjoint union of) the two closed intervals.
\bullet We attach another 1-handle to (the disjoint union of) the remaining two closed

intervals.
As a result, we obtain a 2-dimensional connected and orientable manifold whose

boundary is the disjoint union of two 1-dimensional manifolds. One of the 1-dimensional
manifolds is the 1-dimensional manifold F \times \{ 1\} , consisting of a lines and b circles. The
other is the disjoint union of a lines and c circles.

We obtain a desired local Morse function satisfying the first four properties around the
vertex for any (a, b, c) and having exactly one singular point, whose preimage is connected.
For the first property, this means the following two.

\bullet A small regular neighborhood of the vertex in the given graph and the Reeb
graph is PL homeomorphic.

\bullet There exists a PL homeomorphism mapping a vertex onto the point whose
preimage (for the quotient map) contains some singular points.

In the present paper, situations like this appear in the remaining theorems and proofs
and hereafter we omit precise expositions on this. Note that handles can be attached
simultaneously to disjoint circles or lines disjointly and that this gives a Morse function on
the 2-dimensional manifold having exactly one singular value in the image. The preimage
of the singular value is a connected 1-dimensional polyhedron obtained by identifying
finitely many pairs of points of the disjoint union of the a copies of a line and the b+ c
copies of a circle.
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Projection

→

Figure 2. Construction of a local function in Case 2.

STEP 2 Construction around a vertex at which the good function h has a local extremum.
Case 1 The case where the vertex is of degree 1.
It is sufficient to consider the case where for the edge e containing the vertex l(e) = 0
holds by the assumption. A natural height function of a 2-dimensional standard disk,
which is a Morse function with exactly one singular point in the interior or in the center,
is a desired local function. Note that this is generalized to arbitrary dimensional cases and
this is a key in proving Theorem 3 later and in various situations of the present paper. A
height function of the unit disk Dk or an k-dimensional standard disk is a (Morse) function
represented by the form x \in Dk \mapsto \rightarrow | | x| | 2+c0 for a constant c0 \in \BbbR and natural coordinates.

Case 2 The case where the vertex is of degree greater than 1.
We show the case where at the vertex the good function has a local maximum. For the
case where at the vertex the good function has a local minimum, we can do similarly.
We first construct a local function as in STEP 1 and embed the image into the plane as
the set \{ (x, y) \in \BbbR 2 |  - 1 \leq x \leq 1, y = x2\} sending the singular value to the origin. See
FIGURE 2: F1 and F2 represent the preimages of ( - t, t2) and (t, t2) (t > 0), respectively.
F1\sqcup F2 is the preimage of a regular value of the resulting local function, which is obtained
by composing the canonical projection. We give a precise explanation.

We construct a desired local function as in STEP 1 first so that F1 is diffeomorphic
to the disjoint union of a lines and b circles and that F2 is diffeomorphic to the disjoint
union of a lines and c circles where a, b and c are arbitrary non-negative integers
satisfying (a, b, c) \not = (1, 0, 0), (0, 1, 0), (0, 0, 1), (0, 0, 0): we consider a case where the vertex
is contained in exactly 2a edges at which the values of l are 1 and also contained in
exactly b+ c edges at which the values of l are 0.

We compose the map into the plane with the projection p(x, y) := y and we have a
desired local smooth function. By the construction, at each singular point, the function
is a Morse-Bott function or represented as the composition of two Morse functions. As a
result, we obtain a local function satisfying the first, second, third and fifth properties
around the vertex.

In the case (a, b, c) = (1, 0, 0), (0, 1, 1), we construct a trivial smooth bundle whose fiber
is connected and diffeomorphic to S1 or \BbbR instead of a Morse function before embedding
the image into the plane. In this case, at the singular points, the function is Morse-Bott.

This completes the proof for Case 2 in the present step for any (a, b, c) and any case.

STEP 3 Completing the construction.
Last, we construct functions around remaining parts. We can construct these functions as
trivial smooth bundles. Gluing the local functions together on the 1-dimensional manifolds
in boundaries gives a desired function f on a surface M . To make the resulting surface M
orientable, we must use the diffeomorphisms for the gluing carefully one after another and
we can do. We also have the Reeb space of the local function and a PL homeomorphism
from the Reeb space to a small regular neighborhood of the vertex in each STEP and
each CASE as presented in STEP 1 and we also have a desired isomorphism \phi : Wf \rightarrow G.
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-handle

-handle

Figure 3. A higher dimensional version of FIGURE 1 for a > 0. We
attach the a  - 1 1-handles and the a n-handles to the disjoint union
of manifolds diffeomorphic to \BbbR n : for a n-handles, only submanifolds
diffeomorphic to Sn - 1 \times [ - 1, 1] = Sn - 1 \times D1 to which the n-handles are
attached are depicted. Other handles and the attachments to copies of
Sn are omitted.

Note also that we must scale each local function so that the value at the singular point p
is h(\phi (qf (p)) in each STEP and each CASE.

This completes the proof. \square 

We can show a higher dimensional version of Theorem 2 or Theorem 3 similarly by
virtue of Remark 1 in the following.

Remark 1. Let n > 1 be an integer. Let a, b and c be non-negative integers satisfying

(a, b, c) \not = (1, 0, 0), (0, 1, 0), (0, 0, 1), (0, 0, 0).

Consider the disjoint union F of a copies of \BbbR n and b copies of Sn and F \times [0, 1]. We can
attach 1-handles to F \times \{ 0\} and n-handles to this. As a result, for an arbitrary positive
integer c, we obtain an (n + 1)-dimensional connected and orientable manifold whose
boundary is the disjoint union of two n-dimensional manifolds. One is the disjoint union
of a copies of \BbbR n and b copies of Sn or F \times \{ 1\} . The other is the disjoint union of a
copies of \BbbR n and c copies of Sn.

FIGURE 3 represents the attachments of 1-handles and n-handles to the disjoint union
of the manifolds diffeomorphic to \BbbR n in F \times \{ 0\} for a > 0: we attach a - 1 1-handles to
connect a copies of \BbbR n, an n-handle to each copy of \BbbR n in the figure. We also need to
attach b 1-handles to connect b copies of Sn and a copy of \BbbR n in F \times \{ 0\} . In addition, we
also need to attach c n-handles to a copy of \BbbR n in F \times \{ 0\} . If a = 0 and (b, c) \not = (1, 1),
then we attach b 1-handles to connect b copies of Sn and c - 1 n-handles to a copy of Sn

in F \times \{ 0\} . If a = 0 and (b, c) = (1, 1), then we attach a 1-handle and an n-handle to
the standard n-dimensional sphere in F \times \{ 0\} to obtain a desired (n+ 1)-dimensional
manifold.

Note that the handles are attached simultaneously in these cases. This yields STEP 1
of the proof of Theorem 2 in the proof of Theorem 3. We can prove STEP 2 similarly.
Here, in Case 1, we use a height function of an n-dimensional standard disk instead.

We finish this section by presenting the higher dimensional version or Theorem 3.
Rigorous proofs are left to readers.

Theorem 3. Let n be a positive integer. Let G be a connected graph having at least one
edge. Assume that a good function h : G \rightarrow \BbbR is given. Assume also that an integer 0 or
1 is assigned to each edge by a map l satisfying the following conditions.

\bullet For a vertex at which the good function does not have a local extremum, the
number of edges at which the values of l are 1 containing the vertex as the starting
points and that of edges at which the values of l are 1 containing the vertex as
the ending points agree. Moreover, if the number of edges at which the values of l
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are 1 containing the vertex as the starting points is 1, then there exists an edge
at which the value of l is 0 containing the vertex as the starting point or ending
point.

\bullet For a vertex at which the good function has a local extremum, the number of edges
at which the values of l are 1 are even.

Then there exist an (n+ 1)-dimensional connected and orientable manifold and a smooth
function f : M \rightarrow \BbbR satisfying the following properties.

(1) The Reeb graph Wf is isomorphic to G and an isomorphism \phi : Wf \rightarrow G exists.
(2) If we consider the natural quotient map onto the Reeb graph Wf and a point

p \in Wf such that \phi (p) is in the interior of an edge e of G satisfying l(e) = q,
then the preimage is diffeomorphic to Sn (q = 0) or \BbbR n (q = 1).

(3) For a point p \in M mapped by the quotient map qf to a vertex v, f(p) = h(\phi (v)).
(4) At each singular point at which the function f does not have a local extremum,

the local function is a Morse function.
(5) At each singular point at which the function f has a local extremum, the local func-

tion is a Morse function, Morse-Bott function, or represented as the composition
of two Morse functions.

3. Modifications of Theorems 2 and 3 where the original assumptions do
not hold.

Theorem 4. Let G be a connected graph having at least one edge. Assume that a good
function h : G \rightarrow \BbbR is given. Assume also that an integer 0 or 1 is assigned to each edge
by a map l. We assume that the original assumption of Theorem 2 does not hold.

Then there exist a connected an orientable surface M and a smooth function f : M \rightarrow \BbbR 
satisfying the following properties.

(1) The Reeb graph Wf is isomorphic to G and an isomorphism \phi : Wf \rightarrow G exists.
(2) If we consider the natural quotient map onto the graph and for each point that

is not a vertex and that is in an edge e satisfying l(e) = q, then the preimage is
diffeomorphic to a circle (q = 0) or a line (q = 1).

(3) For a point p \in M mapped by the quotient map qf to a vertex v, f(p) = h(\phi (v)).
(4) At singular points at which the function f does not have local extrema, except

finitely many ones, the local functions are Morse functions or Morse-Bott func-
tions.

(5) At singular points at which the function f have local extrema, except finitely
many ones, the local functions are Morse functions, Morse-Bott functions, or
represented as the compositions of two Morse functions or the compositions of
Morse-Bott functions with Morse functions.

Proof. The proof is similar to that of Theorem 2 in considerable parts. However, there
are several new ingredients.

STEP 1 Construction around a vertex at which the good function h does not have
a local extremum.
Let a and d be the number of edges at which the values of l are 1 containing the vertex
as the starting points and the ending points, respectively. Let b and c be the numbers of
edges at which the values or l are 0 containing the vertex as the ending points and the
starting points, respectively.

By the assumption, the assumption of Theorem 2 does not hold. This means that
either of the following holds.

\bullet a \not = d and either of the following hold.
– a \not = 0 and d \not = 0.
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– a = 0 and b > 0.
– d = 0 and c > 0.

\bullet a = d = 1 and (b, c) = (0, 0).

CASE 1-A a = d = 1 and (b, c) = (0, 0) hold. Let p0 > 0. Let g0 be a smooth function
on \BbbR such that g0(x) = 0 for x \geq p0 and g0(x1)  - g0(x2) > 0 for any x1 < x2 \leq p0.
We introduce several points and subsets in the plane. Set A0 := \{ (t, 0) | t > p0\} 
and B0 := \{ (t, g0(t)) | p0  - 1 < t < p0\} . We also set  - A0 := \{  - a | a \in A0\} and
 - B0 := \{  - b | b \in B0\} .

We can construct a smooth map F0 from a surface into the plane satisfying the following
properties.

\bullet F0 is a fold map from an open surface into the plane the interior of whose image
is the domain bounded by the union of the following sets defined uniquely by
the following condition: the image of the composition of F0 with the projection
p(x, y) := y is ( - g0(p0  - 1), g0(p0  - 1)) \subset \BbbR .

– A0.
– \{ (p0, 0)\} .
– B0.
–  - A0.
– \{ ( - p0, 0)\} .
–  - B0.
– \{ (t, g0(p0  - 1)) | t \leq p0  - 1\} .
– \{ (t, - g0(p0  - 1)) | t \geq 1 - p0\} .

\bullet Let D0 denote the domain before. The image of F0 is the disjoint union of D0

and the first six sets before. Moreover, the union of the first six set is the singular
value set of the fold map F0 and the restriction of F0 to the singular set is an
embedding.

\bullet Let \epsilon 0 > 0 be a small number. L0,1 := D0

\bigcap 
\{ (t, g0(t)  - \epsilon 0) | t \in \BbbR \} . Over

the union of the domain U1 between the union A0

\bigcup 
\{ (p0, 0)\} 

\bigcup 
B0 \subset D0 and

L0,1 \subset D0 and the union A0

\bigcup 
\{ (p0, 0)\} 

\bigcup 
B0, F0 is represented as the product of

a Morse function on an interval with exactly one singular point in the interior
and the identity map on the union A0

\bigcup 
\{ (p0, 0)\} 

\bigcup 
B0, which is a line: note that

the graph of the Morse function on an interval is a parabola as in FIGURE 2.
\bullet L0,2 := D0

\bigcap 
\{ (t, - g0(t) + \epsilon 0) | t \in \BbbR \} . Over the union of the domain U2

between the union  - A0

\bigcup 
\{ ( - p0, 0)\} 

\bigcup 
 - B0 \subset D0 and L0,2 \subset D0 and the union

 - A0

\bigcup 
\{ ( - p0, 0)\} 

\bigcup 
 - B0, F0 is represented as the product of a Morse function on

a closed interval with exactly one singular point in the interior and the identity
map on the union  - A0

\bigcup 
\{ ( - p0, 0)\} 

\bigcup 
 - B0, which is a line: note that the graph

of the Morse function on an interval is a parabola as in FIGURE 2.
\bullet Over the complement of the union of U1 \sqcup U2 of the two domains in the previous

two properties in D0, F0 is represented as the projection of a trivial smooth
bundle whose fiber is a two-point set.

\bullet Canonically, we can extend F0 to a smooth map \~F0 from a surface which is not
closed or open. More precisely, this satisfies the following conditions.

– The image of \~F0 is the closure of D0.
– The preimages of (p0 - 1, g0(p0 - 1)) and (1 - p0, g0(p0 - 1)) are single points.
– The preimages of points in the complement of the union of the image of F0

and \{ (p0  - 1, g0(p0  - 1)), (1 - p0, g0(p0  - 1))\} in the image of \~F0 consist of
two points.

We can define the composition of \~F0 with the projection p(x, y) := y. The singular
value set is \{ 0\} . See also FIGURE 4. After scaling, we can obtain a desired local
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→

Projection

--Figure 4. The image of a smooth map \~F into the plane and the compo-
sition of the map with the projection p: the dot on the line in the right
is the singular value.

function satisfying the first, second, third and fourth conditions in the statement. By the
construction, at each singular point, except finitely many ones, the local function is a
Morse-Bott function. More precisely, the preimage of points in A0 and  - A0 by \~F0 are
single points and singular points at which the functions are Morse-Bott functions.

CASE 1-B Either of the following holds.
\bullet a \not = d, a \not = 0 and d \not = 0 hold.
\bullet a \not = d, b > 0, c > 0 hold and either a = 0 or d = 0 holds.

Suppose d > a.
First, we construct a local Morse function as in Theorem 2 where "a", "b" and "c"

in the proof of Theorem 2 are a, b and c here respectively except the case (a, b, c) =
(1, 0, 0), (0, 1, 1), a local smooth function in CASE 1-A for the case (a, b, c) = (1, 0, 0), and
a trivial smooth S1-bundle over a closed or open interval for the case (a, b, c) = (0, 1, 1).
By fundamental properties on structures of these functions, we can construct a local
function so that we can find disjoint d - a copies of small smooth trivial bundles whose
fibers are intervals over the image and that the projections of the bundles are regarded
as the restrictions of the original function here. To obtain a desired function, we change
these d - a functions to new smooth functions. We construct the function.

Let g be a smooth function on \BbbR such that g(x) = 0 for x \leq 0 and g(x2) - g(x1) > 0

for any 0 \leq x1 < x2 (set g(x) = e - 
1
x for x > 0 for example). Let p1 and p2 be positive

numbers. Let p3 < p4 be positive numbers satisfying p3 > p2. We introduce several
points and subsets in the plane. Set A := \{ (t, 0) | t < 0\} , B := \{ (t, - g(t)) | 0 < t < p1\} ,
C := \{ (t, (t  - p2)

2) | 0 \leq (t  - p2)
2 < (p3  - p2)

2\} and O := (0, 0). We can construct a
smooth map F from a surface into the plane satisfying the following properties.

\bullet F is a fold map from an open surface into the plane the interior of whose image
is the domain bounded by the union of the following sets defined uniquely by
the following condition: the image of the composition of F with the projection
p(x, y) := y is ( - g(p1), (p3  - p2)

2) \subset \BbbR .
– A.
– \{ O\} .
– B.
– \{ (t, - g(p1)) | p1 \leq t \leq p4\} .
– \{ (p4, t) |  - g(p1) \leq t \leq (p3  - p2)

2\} .
– \{ (t, (p3  - p2)

2
) | p3 \leq t \leq p4\} .

– C.
– \{ (t, (p3  - p2)

2
) | t \leq p2  - (p3  - p2)\} .
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\bullet Let D denote the domain before. The image of F is the disjoint union of D, A,
\{ O\} , B and C. Moreover, the union A

\bigcup 
\{ O\} 

\bigcup 
B
\bigcup 

C is the singular value set of
the fold map F and the restriction of F to the singular set is an embedding.

\bullet Let \epsilon > 0 be a small number. L1 := D
\bigcap 
\{ (t, - g(t) + \epsilon ) | t \in \BbbR \} . Over the union

of the domain U3 between the union of A
\bigcup 
\{ O\} 

\bigcup 
B \subset D and L1 \subset D and the

union of A
\bigcup 
\{ O\} 

\bigcup 
B, F is represented as the product of a Morse function on

an interval with exactly one singular point and the identity map on the union of
A
\bigcup 
\{ O\} 

\bigcup 
B, which is a line: note that the graph of the Morse function on an

interval is a parabola as in FIGURE 2.
\bullet Let L2 := D

\bigcap 
\{ (t, (t - p2)

2  - \epsilon ) | t \in \BbbR \} . Over the union of the domain U4

between C \subset D and L2 \subset D and C, F is represented as the product of a Morse
function on an interval with exactly one singular point as just before and the
identity map on C, which is a line.

\bullet Over the complement of the union U3 \sqcup U4 of the two domains before in D, F
is represented as a trivial smooth bundle whose fiber is a disjoint union of two
points.

\bullet Canonically, we can extend F to a smooth map \~F on a surface which is not closed
or open. More precisely, this satisfies the following properties.

– The image of \~F is the closure of D.
– The preimages of (p1, - g(p1)), (p3, (p3  - p2)

2
) and (p2 - (p3 - p2), (p3  - p2)

2
)

are single points.
– The preimages of points in the complement of the union of the image of F

and \{ (p1, - g(p1)), (p3, (p3  - p2)
2
), (p2  - (p3  - p2), (p3  - p2)

2
)\} in the image

of \~F consist of two points.

We can define the composition of \~F with the projection p(x, y) := y. The singular
value set is \{ 0\} . See also FIGURE 5. After scaling, we can obtain desired new functions
instead of d - a trivial bundles. Thus we can obtain a desired local function satisfying the
first, second, third and fourth conditions in the statement. By the construction, at each
singular point, except finitely many ones, the local function is a Morse or a Morse-Bott
function. More precisely, the preimage of (p2, 0) by \~F is a single point and a singular
point at which the function is Morse. The preimages of points in A by \~F are single
points and singular points at which the functions are Morse-Bott functions. FIGURE 6
represents a local deformation of preimages when the value of the local function p \circ \~F
increases.

In the case a > d, we consider the minus of the function obtained above.

CASE 1-C a \not = d, a = 0, b > 0, and c = 0 hold.
First, we construct a local Morse function as in Theorem 2 where "a" and "b" in the
proof of Theorem 2 are a and b respectively and "c" in the proof is 1. As we did in CASE
1-B, we consider d - a = d trivial bundles and change them into new functions. One of
these functions is changed into a new function. We construct this new function.

Let g be a smooth function on \BbbR such that g(x) = 0 for x \leq 0 and g(x2) - g(x1) > 0 for
any 0 \leq x1 < x2 (set g(x) = e - 

1
x as in CASE 1-B). Let p1 and p2 be positive numbers and

p3 < p4 be positive numbers satisfying p3 > p2 as in CASE 1-B. We introduce several points
and subsets in the plane. We set A\prime := \{ (t, 0) | t < 0\} , B\prime := \{ (t, - g(t)) | 0 < t < p1\} and
O := (0, 0) as before.

We can construct a smooth map F \prime from a surface into the plane satisfying the following
properties.

\bullet F \prime is a fold map from an open surface into the plane the interior of whose image
is the domain bounded by the union of the following sets defined uniquely by
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Preimages

Projection

Figure 5. The image of a smooth map \~F into the plane and the compo-
sition of the map with the projection p: I in the explanation of preimages
of regular values denotes a closed interval and the dot on the line in the
right is the singular value.

→ Split

→

Figure 6. A local deformation of preimages when the value of the
function increases.

the following condition: the image of the composition of F \prime with the projection
p(x, y) := y is ( - g(p1), (p3  - p2)

2) \subset \BbbR .
– A\prime .
– \{ O\} .
– B\prime .
– \{ (t, - g(p1)) | p1 \leq t \leq p4\} .
– \{ (p4, t) |  - g(p1) \leq t \leq (p3  - p2)

2\} .
– \{ (t, (p3  - p2)

2
) | t \leq p4\} .

\bullet Let D\prime denote the domain before. The image of F \prime is the disjoint union of D\prime ,
A\prime , \{ O\} and B\prime . Moreover, the union of A\prime \bigcup \{ O\} 

\bigcup 
B\prime is the singular value set

of the fold map F \prime and the restriction of F \prime to the singular set is an embedding.
\bullet Let \epsilon \prime > 0 be a small number. L1

\prime := D\prime \bigcap \{ (t, - g(t) + \epsilon \prime ) | t \in \BbbR \} . Over the
union of the domain U5 between the union of A\prime \bigcup \{ O\} 

\bigcup 
B\prime \subset D and L1

\prime \subset D
and the union A\prime \bigcup \{ O\} 

\bigcup 
B\prime , F \prime is represented as the product of a Morse function

on an interval with exactly one singular point and the identity map on the union
of A\prime \bigcup \{ O\} 

\bigcup 
B\prime , which is a line: note that the graph of the Morse function on

an interval is a parabola as in FIGURE 2.
\bullet Over the complement of the domain U5 in the previous property in D\prime , F \prime is

represented as the projection of a trivial smooth bundle whose fiber is a two-point
set.

\bullet Canonically, we can extend F \prime to a smooth map \~F \prime on a surface which is not
closed or open. More precisely, this satisfies the following properties.

– The image of \~F \prime is the closure of D\prime .
– The preimage of (p1, - g(p1)) is a single point.
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→

Projection

Figure 7. The image of a smooth map \~F \prime into the plane and the
composition of the map with the projection p: the dot on the line in the
right is the singular value.

→ Split
→

Figure 8. A local deformation of preimages when the value of the
function increases.

– The preimages of points in the complement of the union of the image of F \prime 

and \{ (p1, - g(p1))\} in the image of \~F \prime consist of two points.
We can define the composition of \~F \prime with the projection p(x, y) := y. The singular

value set is \{ 0\} . See also FIGURE 7.
After scaling, we can obtain the new function. We remove the original d - a trivial

bundles as in CASE 1-B. We use this new function and d  - a  - 1 copies of a function
used in CASE 1-B instead of the trivial bundles. We can obtain a desired local function
on an orientable surface satisfying the first, second, third and fourth properties in the
statement. By the construction, at each singular point, except finitely many ones, the
local function is a Morse-Bott function. The preimages of points in A by \~F \prime are single
points and singular points at which the functions are Morse-Bott functions. FIGURE 8
represents a local deformation of preimages when the value of the local function p \circ \~F \prime 

increases.

CASE 1-D a \not = d, d = 0, c > 0, and b = 0 hold. we consider the minus of the function
obtained in CASE 1-C.

We have considered all cases and this completes STEP 1.

STEP 2 Construction around a vertex at which the good function h has a local extremum.

If the vertex is of degree larger than 1, then we can argue as we do in the proof of
Theorem 2 using the local function.

If the vertex is of degree 1, then l(e) = 1 for the edge e containing the vertex.
Let g be a smooth function on \BbbR such that g(x) = 0 for x \leq 0 and g(x2) - g(x1) > 0

for any 0 \leq x1 < x2 as in STEP 1. We introduce several points and subsets in the plane
as in STEP 1. Set A1 := \{ (t, 0) | t < 0\} and B1 := \{ (t, g(t)) | 0 < t < p\} for a positive
number p > 0. Set O := (0, 0) also in this case.
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→

Projection

Figure 9. The image of a smooth map \~F1 into the plane and the
composition of the map with the projection p. The dot is the singular
value also in this case.

We can construct a smooth map F1 from a surface into the plane satisfying the following
properties.

\bullet F1 is a fold map from an open surface into the plane the interior of whose image
is the domain bounded by the union of the following sets defined uniquely by
the following condition: the image of the composition of this with the projection
p(x, y) := y is [0, g(p)) \subset \BbbR .

– A1.
– \{ O\} .
– B1.
– \{ (t, g(p)) | t \leq p\} .

\bullet Let D1 denote the domain before. The image of F1 is the union of D1, A1, \{ O\} 
and B1. Moreover, the union A1

\bigcup 
\{ O\} 

\bigcup 
B1 is the singular value set of the fold

map F1 and the restriction of F1 to the singular set is an embedding. Moreover,
as in the case for the maps F0, F , F \prime and F before, over a suitable small collar
neighborhood of the singular value set and the preimage, F1 is represented as the
product map of a Morse function on an interval with exactly one singular point
and the identity map on the union A1

\bigcup 
\{ O\} 

\bigcup 
B1.

\bullet Canonically, we can extend F1 to a smooth map \~F1 on a surface which is not
closed or open. More precisely, this satisfies the following properties.

– The image of \~F1 is the closure of D1.
– The preimage of (p, g(p)) is a single point.
– The preimages of points in the complement of the union of the image of F1

and \{ (p, g(p))\} in the image of \~F1 consist of two points.
We can define the composition of \~F1 with the projection p(x, y) := y. The singular

value set is \{ 0\} . See also FIGURE 9. After scaling, we can obtain a desired local function.
As a result, for each vertex at which the good function has a local extremum, we

obtain a local function on an orientable surface satisfying the first, second, third and fifth
properties in the statement. This completes STEP 2.

STEP 3 Completing the construction.

Last, we construct functions around remaining parts. However, we can do this in a
way similar to the proof of Theorem 2. This completes the proof.

\square 

Theorem 5. Let n be a positive integer. As Theorem 3, the (n+ 1)-dimensional version
of Theorem 4 holds where we take the n-dimensional unit sphere Sn and the Euclidean
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space \BbbR n instead of a circle and a line respectively as connected components of preimages
of regular values.

We can prove this similarly to Theorem 4. We only present remarks and rigorous
proofs are left to readers.

Remarks on the proof. In the discussions of considering F0, F , F \prime , F1 and their extensions
in the proof of Theorem 4, we take a standard (n - 1)-dimensional sphere instead of the
two-point set as the preimage of each regular value. For a local Morse function, we take a
natural height function on an n-dimensional standard disk instead of a Morse function on
a line whose graph is a parabola. \square 

4. A further result.

Theorem 6. Let n > 1 be an integer. Let G be a connected graph having at least one
edge. Assume that a good function h is given. Assume also that a non-negative integer is
assigned to each edge satisfying the following condition by a map l: if an edge e contains
a vertex of degree 1, then l(e) = 0, 1, 2.

In this situation there exist an (n+ 1)-dimensional connected and orientable manifold
M and a smooth function f : M \rightarrow \BbbR satisfying the following five properties.

(1) The Reeb graph Wf is isomorphic to G and an isomorphism \phi : Wf \rightarrow G exists.
(2) If we consider the natural quotient map onto the graph and for each point that is

not a vertex and that is in an edge e satisfying l(e) = q \geq 0, then the preimage
is diffeomorphic to a manifold obtained by removing q standard disks disjointly
and smoothly embedded into an n-dimensional standard sphere (q = 0 means that
the resulting manifold is diffeomorphic to Sn and q = 1 means that the resulting
manifold is diffeomorphic to \BbbR ).

(3) For a point p \in M mapped by the quotient map qf to a vertex v, f(p) = h(\phi (v)).
(4) At singular points at which the function f does not have local extrema, except

finitely many ones, the local functions are Morse functions or Morse-Bott func-
tions.

(5) At singular points at which the function f has local extrema, except finitely
many ones, the local functions are Morse functions, Morse-Bott functions, or
represented as the compositions of two Morse functions or compositions of Morse-
Bott functions with Morse functions.

Proof. STEP 1 Construction around a vertex at which h does not have a local extremum.

We first construct a local Morse function as in Theorem 2 so that for each edge
containing the vertex, the second property of the five properties holds where 0 is assigned
to each edge. This is also a main ingredient of a main theorem of [8] and explained in
[4]. For the vertex, we may assume that the third property of the five properties holds.
We can also obtain the function so that locally the Reeb graph is isomorphic to G: as is
explained in the proof of Theorem 2, there exists a homeomorphism from the Reeb space
onto a small regular neighborhood of the vertex in the given graph mapping a vertex (the
point representing the preimage containing some singular points) to a vertex of the given
graph.

This argument is completed by locally using functions (on (n+1)-dimensional manifolds)
in CASE 1-C in the proof of Theorem 4 or 5 instead of trivial smooth bundles whose
fiber is a standard n-dimensional disk over the image, which is an interval, suitably. This
function changes manifolds diffeomorphic to Dn in preimages into ones diffeomorphic
to Sn - 1 \times [0, 1) when the value of the function increases or decreases. This change
increases the numbers of n-dimensional standard disks disjointly and smoothly embedded
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into an n-dimensional standard sphere to remove to obtain manifolds of the connected
components of preimages of regular values by one. For each edge e containing the vertex,
we choose l(e) trivial smooth bundles whose fiber is a standard n-dimensional disk over
the interval suitably. We can take the (total spaces of) bundles disjointly. We replace
them by suitable local functions in a suitable way.

Thus we can obtain a desired local function. At each singular point of the obtained
function, except finitely many ones, this is a Morse function or a Morse-Bott function.

STEP 2 Construction around a vertex at which h has a local extremum.

If the vertex is of degree greater than 1, then we can apply an argument similar to
that of the proof of Theorem 2 (Theorem 4) using the local function.

Consider a case where the vertex is of degree 1. The case where l(e) = 2 is assigned
to the edge e containing the vertex is the only one new case to consider. We consider a
natural height function of an n-dimensional standard disk and the product of this and
the identity map on a line so that the image is \BbbR \times [0, 1] and that the singular value set
is \BbbR \times \{ 0\} (\BbbR \times \{ 1\} ). Last we compose the projection p(x, y) := y and scale the resulting
function. Thus we obtain a desired local function.

This with arguments similar to ones in the presented proofs completes the proof. \square 
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