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ABsTrRACT. In 1989 Ki Sik Ha [6] proved that if A is a generator of an exponentially
bounded C-semigroup (St);>0 in a Banach space and Ty = C~18; for all t > 0, then
the spectral mapping theorem, et?(4) C o(T}) and et?»(4) C o, (T3) C etor(4) U {0}
for all ¢ > 0, holds. In the present paper, we extend the results of [6] to Saphar,
essentially Saphar, Kato, and essentially Kato spectrum.

V 1989 poui Ki Cik Xa [6] noBiB, 1m0 sKIno A € reHepaTopoM €KCHOHEHIIAJILHO
obmezkenoi C-namisrpynn (S¢):>0 y 6anaxosomy npocropi Ta Ty = C~1S; ana seix
t > 0, TO BUKOHYETBHCSI T€OpPEMa IIPO CIIEKTPAJIbHE BiOOparkeHHs: eto(A) ¢ o(Ty) i
etor(A) C 0, (Ty) C etor(A) U {0} mnst Beix ¢ > 0. Mu nommupioeMo pesymbraTi (6]
Ha cnexTp Camndapa, cyrresuit cuektp Candapa, cinexrp Karo i cyrreBumit cekrpa
Karo.

1. INTRODUCTION AND PRELIMINARIES

1.1. C-semigroups. Davies and Pang [2] introduced the notion of an exponentially
bounded C-semigroup, and characterized it and its generator in a Banach space. Let X
be a complex Banach space, and let B(X) be the set of all bounded linear operators from
X into itself.

Throughout the paper, let C € B(X) be injective, with dense range R(C) in X. A
family {S;,t > 0} C B(X) is called a C-semigroup, (or C-regularized semigroup) if

So=0C, (1.1)
Vt,s Z 0: St+SC' = StSS, (12)
S.x:[0,+00[— X : t+ Sz is continuous for x € X. (1.3)

It is called exponentially bounded if there exists M > 0 and a € R such that
|S¢]| < Me™  for every t > 0. (1.4)

Example 1.1. Let (T3):>0 be a Cp-semigroup, then for any injective operator C' that
commutes with T, ¢ > 0, the family S; = T;C is a C-semigroup.

Remark 1.2. (1) If C = I (the identity operator), then (S;);>¢ is a Cy-semigroup

in the ordinary sense.

(2) Unlike the case of semigroups, there exists a Cp-semigroup which is not exponen-
tially bounded, see for example [2].

(3) Let (S¢)i>0 be a C-semigroup. Letting s + 0 in (1.2), we obtain:
-Vt Z 0: StC = CSt,
-Vt >0, Vo € R(C): Siz € R(C);
-Vz e R(O), t>0: O~ 1Sz = S;,C~ta;
- for every t > 0, let T} be the closed operator defined by T; = C~1S; for
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x €D =D(Ty) :={x € X : Sz e R(C)}, then the family (T});>¢ is a semigroup
of unbounded operators on R(C?).

Let (S¢)t>0 be an exponentially bounded C-semigroup on X. The linear operator A

. . Six—Cx 1. Sz —Cx
defined in D(A) = {z € X : }Hn — € R(C)}, by Az = C (%IH(I) f) for
—

—0

x € D(A) is the generator of a C-semigroup (S;)¢>0-
It is shown in [4] that the generator A of an exponentially bounded C-semigroup
(St)t>0 has the following properties:

t ¢
Ve € D(A), t>0: Sz — Cx = / S Az du <= Sz =Cx +/ Syx du, (1.5)
0 0

Vz € D(A) : Six € D(A) and ASiz = SiAx;t >0, (1.6)
Vo € D(A) : %Stx = ASix = S Ax, (1.7)
Vo € D(A) : %C’Stx = CAS;x = CS; Ax, (1.8)

If we put Ly(z) := f0+oo e MSyxdt for x € X, A > ain (1.4), then
(M —A)Lyz =Cx Vo e X, (1.9)
Ly(M — A)x = Cx Va € D(A), (1.10)

Vee X : / Syxdr € D(A), / AS,xdr = A(/ Srxdr) = Ssx — Cz. (1.11)
0 0 0

It is well known from [2, 4, 12] that a C-semigroup is connected with an abstract
Cauchy problem (ACP). Suppose that X is a Banach space and A is a linear operator on
X with domain D(A) and range R(A). Then for given x € D(A), the abstract Cauchy
problem for A, with an initial value z, consists of finding a solution u(t) to the initial
value problem:

(ACP) { %u(t,x) = Cu(t,z) fort>0,
u(0,z) = x.

Conversely, if A is a closed linear operator which commutes with C' and if the ACP
for A has a unique solution u(t,z) such that |[u(t, z)|| < Me®||C~1z| for every initial
value x € D(A), then A generates an exponentially bounded C-semigroup, under some
additional conditions on A. One excellent source for studying C-semigroups is [7]. For
other results concerning this theory we refer to [3, 4, 9, 10, 12, 14].

1.2. Saphar, and essentially Saphar spectrums. A closed operator S is called a
generalized inverse of A, if R(A) C D(S), R(S) C D(A),ASA = Aon D(A) and SAS =S
on D(S), which is equivalent to R(A) C D(S),R(S) C D(A), and ASA = A on D(A).
A closed operator A is called a Saphar operator if A has a generalized inverse and
N(A) C R™®(A) := Np>oR(A™), (N(A) is the null space of A).

The set 0gqp := {A € C : A — A is not a Saphar operator} is called the Saphar
spectrum of A. It is known that 0o(A) C g54p(A) C (A) (Oo(A) is the topological of
o(A)). For more details about this point, see [11].

2. MAIN RESULTS

Throughout this section, let (S;);>0 be an exponentially bounded C-semigroup with
generator A. For each t > 0 the operator Ty = C~1S; is defined on
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Remark 2.1 (see [6]). We have R(C) C D(T;) for every t > 0, and for all z € R(C?)
and t,s > 0 we have the following:

(1) Tox = z;

(2) Tiysw = TiTsx;

(3) t — Tyx is continuous.

Lemma 2.2. Let (S;)i>0 be a C-semigroup, with generator A, and f a continuous
function from [0, 4o00[ to X. Then

t+h
= > 0.
}lbg%h/ u)du = S f(t) Yt >0
In particular,
i 2 [ Sustwan = (s,
Proof. For t > 0, by continuity of f and ¢ — S; on [0, +o0[, we see that the function
g(t) = S¢f(t) is continuous on [0, +-00[. Define F(z) = :Jﬂr g(u) du. Then
F(h)—F@©) _ . "
/ = =
F/(0) = Jim ~ i [ Sufw)du

On the other hand, we have F'(z) = g(t + ), so that F'(0) = g(t) = S¢f(t). Finally,

t+h
}fﬂ%h/ Suf(u)du=Suf(t) vt > 0. 0

Lemma 2.3. Let A € C, define a bounded linear operator,
t
By(t)x =/ A S du
0
Then we have:
Vi>0, Ve e X : By(t)x € D(A), (2.12)
Vee X, Vt>0: (M —A)B\(t)x = (eMC — Sy)x = (eM — T})Cx, (2.13)
Ve € D(A)Vt>0:  By(t)(M — A)z = (eMC — Sy)x = (eM — T})C. (2.14)
Proof. Let h > 0. We have

)
)

t t
/ A0S, 8z du — O / HM—u) g, du))

0 0

t t
/ AMCOS), x du — O / MW g, du))
0 0

L(Su(B(t)2) = C(BA(D)) =

N

S

t t
eA(t_“)Sthuxdu—/ AM-w g du)
0

/
htt t
C’(/ AUt g o duy — / At-u g du)
h 0
J

t
e/\(t_“Jrh)Suxdu—i—/ Atmuth) g 2 du
0

I

S S S sl el I e
Q
/N

Q
~—~

+t t
+ e)‘(t_“HL)Suxdu—/ AMt-w g du)
0

t A ptth
/ AM=WG pduy + — / MG 2 du
0 hJ
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e h

- | e)‘(t_“)S’uxdu).

Hence, by Lemma 2.2, we have that the limit hm (Sh(BA( )x) — C (B (t)x exists, and

lim (Sh(BA( )x) — C(Ba(t)z)) = ABx(t)x + S;z — eMCx.

Thus we obtain that By(t)z € D(A) and
A(By(t)z) = ABx(t)x + Sz — eMC.
Then By (t)x € D(A), and
(M — A)By(t)x = (eMC — S))x = (M - T))Cz Yt >0.
Using (1.7), we get AB\(t)z = By (t)xz on D(A). So, if x € D(A) and ¢ > 0, then
Br(t)(M — A)z = (eMC — Sy)z = (eM — T})C. O
Lemma 2.4. For allt >0, € C and z € D(T;) we define ax(t)z = C~(1Bx(t)z) and
Ba(t)x = CTH(FFa(t)x), with F)(t)x = fo e~ By(s)xds. Then we have:
(A= A)ax(t)z = Mz — Ty, (2.15)
(A= A)Br(t)z =z — e May(t)z. (2.16)
In addition, the operators A, ax(t) and Bx(t) commute pairwise.

Proof. We have
A(C’*l(lBA(t)x))

=C- 1( (ABA(t)x) + Siz — eMCx)

Alax(t)z)

z+ Tz — M,

t
tyx 4+ C 1S — eMa
)
so that (A — A)ay(t)r = e Mz — Tz and

ABA(D)) = A(CTH(FEA D))

=C! (%()\FA(t)x) + Six + %eiAtBA(t)x - Cx)
= \G\(t)x + e May(t)r — z
Thus we get (A — A)Bx(t)z =z — e May (). -

Lemma 2.5. Let (S;)i>0 be a C-semigroup on X, with a generator A. Then for allt >0
and n € N, for every x € D(T}) we have

(M — A)"ay(t)"x = (e — T))"z, (2.17)
Y (YN — A"z = (eM — Ty)"x. (2.18)
Proof. According to (2.13) and (2.14) we have
(M —T))x = (M — A)ax(t)z Ve € D(T}), t >0
=a\(t)(M — Az Vz e D(Ty), t > 0.

Proceeding by induction on n, we finish the proof. O
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Corollary 2.6. For every A € C and t > 0 we have

N\ —A)c N(e ) (2.19)

R(eM — T) ( A), (2.20)

N(A— A)" € N(eM —Ty)", (2.21)

R (e — Tt) CR®(A—A). (2.22)

Proof. The proof is a direct consequence of (2.15), (2.17), and (2.18). O

Theorem 2.7. For allt > 0 we have that exp(togqep(A)) C gap(Tt).

Proof. It is sufficient to prove that {A € C/exp(tA) € psap(Tt)} C psap(A).

Let A € C be such that e/* — T} is a Saphar operator. Then e!* — T} has a generalized
inverse and N (e** — T;) C R*®(e'* — T};). We show that (A — A) is a Saphar operator.

First let us prove that N(A — A) C R>®(A — A). For his we will use (2.19) and (2.22).
We have N(\ — A) C N(et* —T;) € R®(et* — T;) C R®(\ — A).

We justify that A — A has a generalized inverse.

Since e* — T} has a generalized inverse, there exists a S € B(X) such that

(et)‘ — Tt)S(eM — Tt) = (€t>\ — Tt)
Using (2.16), for every ¢ > 0 we have
z=(\—A)Br(t)x + e Pay(t)r Yo € D(Ty)

and
A=A4A)=A-A4)BOA—A4) +e "ar(t)(A - A)
= (A= A)Br(t)(A— A) +e—”( 2 _T)
= (A=A = A) + e N = Ty)S (e - T)
=A—A)Br\()(A—A) + e‘”(A A)ax( )Sa(t)(A — A)
)[BA()

I
~
|
N
=

>
S
4
o
L
>
Q
N
=
Q
=
~
=

Therefore, we obtain that (A— A) has a generalized inverse, that is 8 (t)+e " a (t)Sa(t).
0

For subspaces M, N of X, we write M C. N (M is essentially contained in N) if there
exists a finite-dimensional subspace F' C X such that M C N + F.
Let A be a closed operator. Then A is called an essentially Saphar operator if A has a
generalized inverse and N(A) C. R>*(A4).
The set
Oe—Sap(A) == {X € C/\ — A is not essentially Saphar }
is called the essentially Saphar spectrum of A.

Corollary 2.8. For allt > 0 we have that
exp(toe—sap(A)) C oe—sap(Tt)-
Proof. 1t is sufficient to prove that
{A € Cleap(tr) € pe—sap(Ti)} C pe—sap(A).

Let A € C be such that e** — T} is an essentially Saphar operator. Then e** — T} has a
generalized inverse and N (e — T}) C R (e** — T;) + F for some subspace F of X. Let
us prove that (A — A) is essentially Saphar operator.

Let us show that N(A — A) C R®(A— A) + F. From (2.19) we have that N(A — A) C
N(et* —Ty) € R®(et* = Ty) + F € R®(A— A) + F by (2.22). And we know that if
(e — T}) has a generalized inverse, then (A — A) also has a generalized ineverse. O
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Let A be a closed operator on X. Then A is called a Kato operator if R(A) is closed
and N(A) C R*°(A). Recall that the Kato resolvent is

pv(A) ={A € C/X — A is a Kato operator },

and we denote by ¢, (A4) := C\p,(A) the Kato spectrum of A. It is well known that
p~(A) is an open subset of C. If R(A) is closed and N(A) C. R*(A), we say that A is
an essential Kato operator. We denote

Oe—n(A) = {A € C/X — A is not an essential Kato operator }
the essential Kato spectrum of A, for more the detail see [5].
Corollary 2.9. For allt > 0 we have
expltoy(A)) C oy (T)),  eap(toe(4)) C oo q(T)).

Proof. Tt suffices to show that if R(e!* — T}) is closed, then R(\ — A) is closed.
Let y € R(A — A). Then there exists y, € R(A — A) such that y, — y. Let z,, € D(A)
be such that (A — A)z,, = y,. From (2.16) we have

zn = (A= A)Br()(zn) + eitkah(t)(xn)

and

U = (= )5y (8)(m) + ¢~ Par (1)) = (A — A)BA(E) (y) + e~ Par (DA — A)(z),
and by (2.15) we obtain

Yn = (A= A)Br () (yn) + e_t)\(et)\ = Ti)(zy)

— e — T () = g — (A= D)D) =y — (A — A (B)Y)
— y— (\— A)Ba()(y) € R —T)) = R —Ty),

Therfore there exists z € D(T;) such that

~ (A= A)B(B)(y) = (™ = T)(2)
= y= (" ~Ty)(2) + A~ A)Br(1)(y)
= A= Aan(®)(x) + (A = A)BA(1)(2)
= (A= A)(ax(®)(x) + Br(t)(2)) € R(A — A)
Finally, we have that R(A — A) is closed. O
Let A € B(X). The ascent of A is defined by
asc(A) = min{n € N/N(A") = N(A" 1)},
and if no such n exists we put asc(A) = co. The descent of A is defined by
dsc(A) = min{n € N/R(A") = R(A™™)},
if no such n exists we put dsc(A) = oco. It is shown in [8], that if A is bounded and if both
asc(A) and dsc(A) are finite, then asc(A) = dsc(A) = p, and we have X = N(AP)@® R(AP).
Clearly, asc(A) = 0 if and only if A is injective and dsc(A) = 0 if and only if A is surjective.
The ascent and descent spectrum are respectively defined by
Gase(A) i= {A € C/a(\T = A) = 00} and  0geee i= {A € C/d(A] — A) = o0}
For more detailed information on ascent and descent of an operator, we refer to [8, 1, 13].

Problem 2.10. Do these results hold true for other spectra such as the ascent and
descent spectrum?
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3. CONCLUSIONS

The objective of this article is to study the relation between the Saphar spectrum, the
essential Saphar spectrum, the Kato spectrum, and the essential Kato spectrum of the
generator of a C-semigroup (S;);>0 and those of the family 7; = C~1S;. We showed that
if (S;)>0 is a C-semigroup with generator A and if T, = C~1S; then

exp(to.(A)) C o4 (Ty)

for all ¢t > 0 with o, € {05ap; Te—Sap: Ty, Te—r }-
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