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EXISTENCE OF SOLUTIONS FOR SOLITONS TYPE EQUATIONS IN
SEVERAL SPACE DIMENSIONS: DERRICK’S PROBLEM WITH
(r,p)-LAPLACIAN

N.E. TAIBI, A. DELLAL, J. HENDERSON, AND A. OUAHAB

ABSTRACT. In this paper we study a class of Lorentz invariant nonlinear field equa-
tions in several space dimensions. The main purpose is to obtain soliton-like solutions
with twice (r, p)-Laplacian. The fields are characterized by a topological invariant,
which we call the charge. We prove the existence of a static solution which minimizes
the energy among the configurations with nontrivial charge.

V cTaTTi BUBYAETHCS KJIaC HETIHIHUX PiBHAHD, iIHBapiaHTHUX BiJHOCHO JIODEHIIEBUX
IEPeTBOPEHbD, ISl TOJIsl 3 JIeKIJIbKOMa [IPOCTOPOBUMH 3MiHUMHU. OCHOBHOIO METOIO
€ OTPUMAaHHS COITOHONOAIOHIX PO3B’s3KiB 3 noasituuM (7, p)-naniacianom. Iloss
XapAKTEPU3YIOTHCS TOMOJIOTTYHAM IHBAPIAHTOM, KU MU HA3UBAEMO 3apanoM. Jlosegeno
iCHyBaHHSI CTATUYHOIO PO3B’SA3KY, AKUi MiHIMI3y€e eHeprito B KOHMIrypallisix 3 HeTpUBiaJbHUM
3apsiIOM.

1. INTRODUCTION

A soliton is a solution of a field equation whose energy travels as a localized packet and
which preserves its form under perturbations. In this respect solitons have a particle-like
behavior and they occur in many areas of mathematical physics, such as classical and
quantum field theory, nonlinear optics, fluid mechanics, and plasma physics; see [9].
Probably, the simplest equation which has soliton solutions is the sine-Gordon equation,

2 2
—g%—i—aa?—i—sirupzo, (1.1)
where ¢ = ¢(z,t) is a scalar field, z,t are real numbers representing, respectively, the
space and the time variable. Derrick, in a celebrated paper [8], considers the more realistic
three space dimension model,

2

9 /

A being the 3-dimensional Laplace operator and V' is the gradient of a nonnegative C'*
real function V. In [8] it is proved by a simple rescaling argument that (1.2) does not
possess any nontrivial finite-energy static solution. This fact leads the author to say,
“We are thus faced with the disconcerting fact that no equation of type (1.2) has any
time-independent solutions which could reasonably be interpreted as elementary particles.”
Derrick proposed some possible ways out of this difficulty. The first proposal was to
consider models which are the Euler-Lagrange equations of the action functional relative

to the functional
S = / / Ldzxdt,

where the Lorentz invariant Lagrangian density proposed in [8] has the form
L) = —(IVe* = [*)* =V (), p>3. (1.3)

2020 Mathematics Subject Classification. 35C08,35J35,35J60.
Keywords. Soliton, variational calculus, splitting lemma.

274


https://doi.org/10.31392/MFAT-npu26_3.2022.06

EXISTENCE OF SOLUTIONS FOR SOLITONS TYPE EQUATIONS 275

However, Derrick does not continue his analysis and he concludes that a Lagrangian
density of type (1.3) leads to a very complicated differential equation. He has been unable
to demonstrate either the existence or nonexistence of stable solutions. In this spirit, a
considerable amount of work has been done by Benci and collaborators, and a model
equation proposed in [2]. The Lorentz invariant Lagrangian density proposed in [2] has
the form

p= Vo = Ui’ alp) = ap+blpl%, p>n,
L 0) = —50(0) ~ V(©). (14)

In the case where p is constant, various mathematical results (existence, multiplicity
results, asymptotic behavior, etc.), have been obtained for different classes of solution
models (see [2, 3, 4, 1, 9, 5, 12, 7] and the references therein).

The aim of this paper is to carry out an existence analysis of the finite-energy static
solutions in more than one space dimension for a class of Lagrangian densities £ which
include (1.4) with (r, p)-Laplacian.

2. STATEMENT OF THE PROBLEM

The class of Lagrangian densities we consider generalizes the problem studied in [2],
Lagrangian density with variable exponent, in such a way as to include the Lorentz
invariant Lagrangian density proposed in [2]. First we introduce some notation. If n,m
are positive integers, and will denote, respectively, the physical space-time (typically
n = 3) and the internal parameters space. We are interested in the multi-dimensional case,
so we assume that n > 2. A point in R"*! will be denoted by X = (x,t), where x € R
and t € R. The fields we are interested in are maps 1 : "Tt — R™ ) = (¢1,...,%m).
We set

p= VoI — [yl
V4 and v, denoting, respectively, the Jacobian with respect to = and the derivative with
respect to t.
We shall consider Lagrangian densities of the form

1
L(w.p) = —50(p) = V(b), (25)
where the function V is a real function defined in an open subset 2 C R™ and « is a real

function defined by
alp) = aplp|Z~' +blp|%, a>0,b>0,1<r<2<n<p. (2.6)

The results of [2] were concerned with the case: » = 2. The action functional related to
(2.5) is

1
Sw) = [ Llpdsdt= [ ~Fa(p) - V(v)dat
RTZ

Rn«l»l 2
So the Euler-Lagrange equations are

%(a'wt) —V(a'Vy) +V'(4) =0, (2.7)

where V(o/ V¢) denotes the vector whose j-th component is given by div (o/ A\ ), and
V' denotes the gradient of V. The equation (2.7) is Lorentz invariant. Static solutions
P(z,t) = u(x) of (2.7) solve the equation

— V('Vu) +V'(u) = 0. (2.8)
Using (2.6) and (2.8) we obtain
— agAru - bgApu + V' (u) =0, (2.9)
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where

Au =V (|Vu[""?Vu),
and

Apu = V(|VulP72Vu).

Recall that the results of [2] were concerned with the case r = 2.
It is easy to verify that, if u = u(z) is a solution of the (2.7) and v = (v,0,...,0) with
lv| < 1, the field

wu(x,t):u<3ll:7yyt2,x27...,xn> (2.10)

is solution of (2.7). Notice that the function undergoes a contraction by a factor,

1
TV

in the direction of the motion; this is a consequence of the fact that (2.7) is Lorentz
invariant. Clearly (2.9) are the Euler-Lagrange equations with respect to the energy
functional

b
Falu) = / (;Wur oIV + V(u)> da, (2.11)
where m = n + 1, so the time independent fields u are maps
u:R™ — R™.

For every £ € R"H!, we write £ = (£,€) € RxR™ V : Q — R where Q = R\ {n}, n =
(1,0), and V is positive and singular at 7. More precisely we assume:
(V1) V e CHQ,R).
(V2) V(§) 2 V(0)=0.
(V3) V is twice differentiable at 0 and the Hessian matrix V" (0) is nondegenerate.
(Vi) There exist ¢, p > 0 such that if || < p then

Vin+&) = clgl™

where

Sl
SR

| =

(V5) For every £ € Q\{0} we have

V() >0, and lim infV(¢)=v >0.

[§] =00
(Vs) There exist R > 0, [{| < R = V(&) > wg|{]", wg > 0.

Example 2.1. A potential satisfying the assumptions (V7) — (Vg) is

_ .2 T ‘£|4 )
Ve =t 16+ ).

Definition 2.2. We call soliton a solution of equation (2.7) having the form of equation
(2.10), where u is a local minimum of the energy functional.
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3. FUNCTIONAL SETTING
Let p > n > 2 and, with no loss of generality, we can consider the functional (2.11)
with b = 1. It will be convenient to introduce the following notation:

fa(u) = /n (;|Vu|r + %|Vu|p + V(u)) dl‘,

and we define the space E, to be the completion of C§°(R™, R"*!) with respect to the
norm

[ulla = al[Vullr + IVulle + [lullzr, o >0,

p>n>2>r>1,

ie.,
B, = —CSO(R”,R"*l)H'Ha;
1
n+1 v
luller = | D Mz |
j=1
1
n+1 "
IVulle = [ D IValz- |
j=1
and
1
n+1 P
IVullzr = | D IV,
j=1
For every a > 0, the norms | - ||, are equivalent, so we have to study only two cases:
a=0, a>0.

Proposition 3.1. The Banach space Ey is continuously embedded in L*(R™, R" 1) for
every s € [r,o0],1 <r < 2.

Proof. The space FEj is continuously embedded in L™(R™, R™*1), therefore it is sufficient
to show that Ej is embedded also in L (R™, R"1). Since C§°(R™, R"*!) is dense in Fy,
and also in L?, so it is sufficient to prove that there exists ¢ > 0 such that, for every
u € Co(R™",R"*1), we have

[ullze < cllullo-

We fix u € Co(R™, R™*!) and consider a family of cubes Q) C R™ such that
mes(Qr) =1, UrenQr = R™.

Then, by a well-known inequality (see [6, page 283]), for every k € N and Q; C R",

lu(z)] < ‘/Q udy’ + M||VullLe (@) (3.12)
k

where M > 0 being independent of w. Thus
lu(@)] < llullLr @y + MIIVullLe@u) < lluller@n) + MIVulLr@n) < (14 M)lullo.

Hence
lullree < cllullo, ¢=14+ M. O

Corollary 3.2. The Banach space Ey is continuously embedded in W1P(R"™ R*+1).
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Proof. By definition of the space Ey, we have for every u € Fy
[ullo > [|Vaull e

From Proposition 3.1 there exists c¢; > 0 such that
cillullo > [lullzr

and so

[ullo > cllullw.r. 0

Corollary 3.3. For every a > 0, the space E, can be identified with the Banach space
W = Wl,p(RnanJrl) ) Wl,T(Rn,Rn+1)7

equipped with the usual norm

lullw = llullwrr + llullwre.
Proof. C§°(R™,R"*1) is dense in WHP(R™, R""1) and also in W17 (R" R"*!). For any
u € E, we have

l[ulla < sup(L, a)llufw.

From Corollary 3.2, there exists ¢ > 0 such that for every u € C§°(R™, R" 1), we have

lulla = c(llullwrr + [lullwre).

O

By Proposition 3.1 and well-known Sobolev embeddings, we now make a Remark.

Remark 3.4. (see [6, Theorem 9.12 (Morrey), page 282]).
Since p > n, by the preceding Corollaries and well-known Sobolev embeddings, we get
easily some useful properties of the Banach space E, :
(1) We have
E, c W'P(R",R™) C L°(R™,R" 1), (3.13)
if {u} converges weakly in E, to u , then it converges uniformly on every compact
set contained in R”.
(2) Furthermore the E, functions are Holder continuous of order (p — n)/p,
lu(z) = u(y)| = CP/P|z —y||[Vul| 1, (3.14)
ie.,
E, C Cot(pfn)/p(Rn’anLl)
is a locally compact injection.
(3) For every value a > 0, the functions in E, are bounded and decay to zero at
infinity,
lim wu(z) =0. (3.15)
|z|—o00
Recall that 7 is a singular point of the potential V, so it is reasonable to consider in
space E,, the open subset

Ao ={u€E,:u(zx)#mn, forallz e R"},
which is open in E,. In fact, if u € A,, by Remark 3.4, we have

a:lean” lu(z) —n| =d > 0.

Then, by using Proposition 3.1 (Ey is continuously embedded in L*°), we deduce that
there exists a small neighborhood of u contained in A,.
The boundary of A, is given by

OA, = {u € E, : there exist z € R" such that u(z) =n}.
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We can show that A, has a rich topological structure, more precisely it consists of
infinitely many connected components. These components are identified by the topological
charge we are going to introduce.

4. ToPOLOGICAL CHARGE AND CONNECTED COMPONENTS OF A,

For the sake of simplicity, we consider the function space

C= {u :R™ — R\ {n} is continuous and lim wu(z) = 0}

|z|— o0

where 1 = (1,0). Every function u € C we write in the form u(z) = (ug(z), a(z)) € R+
where ug : R™ — R and @ : R™ — R".

Definition 4.1. For every function u € C we define the support of u
K, ={z e R" :up(z) > 1}.
Then we define the topological charge of u
deg(a, Ku,0)  if Ky # 0,
ch(u) :=
0 if K, =0,

so that with the Brouwer degree,

deg(a, K,,0) = Z sgnda(x).
zea—1(0)
where J; denotes the determinant of the Jacobian matrix. For more information about
this subject, see [L1].

We notice that the above definition is well posed. Indeed, since

lim wu(x) =0,
|z] =00
we have that K, is an open, bounded set; moreover, for every x € 0K,, we have which,
together with u(x) # n implies @(z) # 0.
We notice that this definition of charge is the same as in [2]. We recall that the
topological charge is continuous with respect to the uniform convergence.
Now, for every ¢ € Z we set

Ay ={ue A, :ch(u)=q}

Since the topological charge is continuous with respect to the uniform convergence and the
continuity of the embeddings F, in L* (see Proposition 3.1) assure that the topological
charge is continuous on A, it follows that A, is open in F,, since we have also
® Aa = UqGZ A‘I’
e AjNA, =0, p#q.
We conclude that every A, is a connected component of Ag.
If we assume that the space dimension is odd then we conclude that for every ¢ € Z
the component A, is isomorphic to the component A_,.
So for every u € A, we can define the charge ch(u) € Z. Now, we consider the set of a
minimizer of f, in the open set

Ay ={ue A, :ch(u) # 0}

Remark 4.2. We can easily see that ch(u) # 0 implies |lul|p~ > 1.
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5. PROPERTIES OF THE ENERGY FUNCTIONAL

Lemma 5.1. The functional f, takes real values and it is continuous on A,.

Proof. We have

fa(u):/ (aVur+b|Vu|p)dx+ V(w)dz.
W \2 2 o

First we show that
falu) < oco.

The first term on the left-hand side of energy f, is finite and continuous. Let us prove
that the second term is finite and continuous.
From the assumption (V) we have V(&) = V"(0)¢ € + o(£2).

By (V3) there exist a small neighborhood of 0 € R"™! and M > 0 such that, for every
£ € R we have

V(¢) < Ml (5.16)

Since every u € E, decays to zero at infinity (see (3.15)), there exists a ball B,, such
that, for every x € R™\ B,, |u(x)| < €.
By (5.16) and for € sufficiently small

V(u(z)) < Mu(z)]?. (5.17)

Since u € L?(R™,R"T1) (see Proposition 3.1), we deduce

/ V(u)dr < .
R™\B,

On the other hand, since u is continuous (see (3.14)), we also have

/Bu V(u)dzr < .

Let {ur} C A, be a sequence such that f,(ug) < co and uy, — u in E,.
We show that

/n Viug) — V(w).

R’n
Since f,(ug) < oo and with Lemma 5.4, u belongs to A,.
We have uy, — u on L (R"™, R"*1) (see (3.13)), and we deduce that V (uy) — V(u)
uniformly on R. Then

/B V(e /B V(s (5.18)

By (5.17)
2
/R e / o

and since up — u € L?(R",R"*1), by using the dominated convergence theorem,

/ V(ug)dx — V(u)dz. (5.19)
R\ By, R™\B,

O
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Lemma 5.2. The map f': E, — E! defined by
T
< flu),v> = < —aiATu — bgApu +V'(u),v >

= / (ag\vuw?(wwv)+b§|vu\P*2(vu|vu)+v’(u).v)dx

18 continuous.

Proof. We have
Fi(u) = fagAru - bgApqu V' (u) .
——

a

The proof for the first term on the left-hand side of f, is given in the Appendix A.
Let us prove that the second term is continuous. Let {uy} C A, be a sequence such
that f,(ug) < oo and up, — u. We show that
V' (ug) — V'(u) in E..

Since f,(ug) < oo and with Lemma 5.4, u belongs to A,. Recall that E, is continuously
embedded in L*°; see (3.13). We have

V' (ur) = V'), = sup < V'(uy) = V'(u),h >p;x8,,
IPlle, <1
with
<V'(ug) =V'(u),h >gr x5, = / V'(u) — V' (u))h dz
R

«
/Bu<

In the term 1: since ||h]|p~ < ||h||g, < 1, with the same reasoning as in (5.18), we have

/B (V' (up) — V' (w)h dz < %

with the same choice of B, as in proof of Lemma 5.1.
In the term 2: we have V'(£) = V”(0)¢ + o(€), and then by V3

Rn /Bu

) _
V' (ug) = V'(u))h da:—|—/ (V'(ug) — V' (u))h dx .
1

2

/ (V'(ug))hdz = M |uk||h| dz
R™\ B, R\ B,
< Julle2 (1A 22
< flugllze. (5.20)
From (5.20), with the same reasoning as in (5.19), we have
/ (V' (ug) — V' (w)h d < <. O
R\ B, 2

Lemma 5.3. The functional f, is coercive in Ay; that is, for every sequence uy C A,
such that ||ug|ls — 00, we have fq(ur) — oo.

Proof. In the case a > 0, n > r, we have
lulle = allVullLr + [|Vullze + [lu| 2.

Let ug € A, such that
lluglla = 00 as k — oo.
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It is clear that, if
al|Vug||pr + [|Vug||e — 00 as k — oo, (5.21)

we have
falug) = 00 as k — oo.

Assume now that there exists c. > 0 such that

a||Vug|

L+ Vugze <ec. (5.22)

and
lugllor — 00 as k — oo. (5.23)

We shall prove that
/ V(ug)dxr — oo as k — oo.

From (Vs), there exist R > 0, wg > 0 such that
€l < R = V(&) = wrl¢[" (5.24)

For every k € N, we set
Ay ={o €R": Juple)] < R},
where uj, € WHT(R™, R"T1). By the Sobolev inequality (see [6, Theorem 9.9, page 278]),

lukll e < cllVug|lpr, 7 = %, n>r>1. (5.25)

From (5.22), we obtain
[kl < e (5.26)

Moreover, from (3.12), there exists M > 0 independent of ug, such that, for mes(Qy) = 1,
uk(z)] < ‘/@ udy’ + M| VukllLe gy < llullpe ) + MVl e @u)-
k

By (5.21) and (5.26), for any « € R™, we have

luk ()] < cx + Mecs. (5.27)
Then, there exists ¢ > 0 such that
mes(R™\ Ax) < c. (5.28)
From (5.27) and (5.28), we deduce that there exists ¢; > 0 such that
/ lug|"dz < e7. (5.29)
R™\ Ay

By (5.24), we obtain

V(ug)dz > /

A

V(w)dz > wr/ ue|"dz > w, (mggr - / ukr"dx) .
R™ Ay R\ Ay,
From (5.29) and (5.23), we have

V(ug)dz > wy(|Jug|| 7 —c1) = 00 as k — oo.
RTL

In the case, a = 0 or n = 2, by (V;), there exists R, > 0 such that, for every £ € R"
with |£| > R., we have

V(€)= 5. (5.30)

SN

Let ug € A, be a sequence such that

[lugllo = o0 as k — oo.



EXISTENCE OF SOLUTIONS FOR SOLITONS TYPE EQUATIONS 283

Since the functional f, is invariant with respect to translation in R™, we can assume
[l L = lur(0)]- (5.31)
Now, we consider the case
IVuglle < M, and |ug||- — as k — oco.

Here we have two subcases:

(a) lugllpe — o0 as k— oo ,
(5.32)
or
(b) |lug|lLe is bounded. ,
(5.33)

In the subcase (a), by (5.32), we can choose a sequence (Ry) C (0,00) such that

To < |Jug|lpee — K(RkT) and Ry, — oo, (5.34)
where K = ¢M, and c is the same constant as in (3.14). For every y € R™, we have
ug (0)] — uk(y)| < [ur(0) — uk(y)].
Hence by (3.14), we obtain

p—

ur (0)] — Jur(y)] < K(ly|7").

From (5.31), we get

p—

7).

lur ()] = llullz~ — K(|yl
For |y| < Ry and (5.34), we have

lur(y)] > [lug |~ — K(R,” ) > R.. (5.35)
From (5.30) and (5.35), we get

/ V(ug)dz > / V(ug)da > “mes(B(0, Ry)).
n B(0,Rx) 2

This implies that

V(ug)dx — oo as Ry — 0.
Rn
In the last subcase (b), we assume there exists M > 0 such that

lug|| e < M.
From (5.24), we obtain

/ V(ug)dz > wyy|lugllr — oo as k — oo. O

We are going to study the behaviour of energy f, when u approaches the boundary of
A,; we remark that OA, = E, \ A,.

Lemma 5.4. Let (ur) C A, be a weakly converging sequence. If the weak limit belongs
to O\, then
falug) = 00 as k — oo.

Proof. The proof is the same as in [4, Lemma 3.7].
O

Corollary 5.5. For every b > 0, there exists d = d(b) such that, for every u € A, we
have

fa(u) <b= m]iRn |u(z) —n| > d.
zeR™
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Proof. The proof is the same as in [4, Proposition 3.9].

Lemma 5.6. The functional f, is weakly lower semicontinuous in I'y.

Proof. The proof is the same as in [4, Proposition 3.10]. Let u € A, and let a sequence
(ux) C A, weakly converge to u.
We show that

hminffa(uk) > fa(u)'
k—o0
The result is obvious when
liminf f,(ur) = +o0.
k—o0
We have
b
fa(uk) = / <(2L|Vuk|7 + 2|Vuk|1’> dl‘—‘r/ V(Uk)d.%'

A B

The part A is convex and strongly continuous, and so is weakly lower semicontinuous
(see[6, Remark 6, page 61]).

Now we have to study the part B. Since {ux} converges to w uniformly on every
compact set, we fix a sphere Br(0) and we have

lim V(uk)dzzf V(u)dx.
k—co JBr(0) Br(0)

On the other hand, since V' is nonnegative, we have

liminf/ V(uk)dleiminf/ V(uk)dxz/ V(u)dz,
" Br(0)

k—o0 k—o0

and taking the limit as R — oo, we obtain

lim inf V(ug)dx > V(u)dz.
k— oo Rn Rn

The proof is complete. O

Proposition 5.7. There exists A, > 0 such that, for every u € A, satisfying ||ul|p~ > 1,
we have

fa(u) = Aq.
Proof. By the continuous injection in Proposition 3.1,
[ulla = lJullz= =1,
and by the coercivity of f,, we get

lulle > 1 =3 A, > 0such that f,(u) > A,.

6. EXISTENCE RESULT

Theorem 6.1. The minimum points u € A, for the functional f, are weak solutions of
the system (2.9).
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Proof. Let u be a minimum point of f, and h € C°(R™,R). Let e; denote the j"-
vector of the canonical basis in R". If € is sufficiently small, then u + ee;h € A, and
fa(u+ €ejh) < oo. Since w is a minimum point of f,, then

df (u + eejh)

0 de

:/ (ar(|Vu|T2Vuth) + b2 (|VuP=2vu, Vi) + CW(f)h) dz,
1<3<n+1.

By Green’s formula,

b§(|vu|P*2vuth)dx:/ —bgdw(|v.uv’*2vuj)hdz.

R’” n
So
v (§)

0¢;

/n (—a;div(|v.u|T2Vuj) - bgdiv(\v.uP*QVuj) + ) hdx =0,
for 1 < j<n+1,and for any h € C§°(R™,R). Then
/n [—agAru - bgApu +V'(u)| ¢ dz =0, for every ¢ € C5°(R™, R"H1).
By Lemma 5.2 and by density we have
—gAru — gApu +V'(u) = 0. O

Proposition 6.2. (Splitting lemma) Let (uy) € A} be a sequence and M be a positive
real number such that

fa(uk) S M.
Then there exists | € N such that
1<1< M
SYS AL
where A, was introduced in Proposition 5.7 and there exist iy, . .., U € Ng, (x1),...,(z}) C

R™ such that, up to a subsequence,
ug(- 4 ) —
|.’E;€—.'IJ?€| — 0, 27&]7
l
> fal@;) < liminf fo(up),
k—o0

i=1
and

l
ch(ug) = Zch(ﬂi).
i=1
Proof. From Lemmas 5.3, 5.4 and 5.6, and by the same method as used in [4, Lemma
4.1], we can conclude the result of this proposition. O

The minimum is attained on the set A,, and it is easy to see that w = 0 is a trivial
solution of the problem. But, of course, we are interested in nontrivial solutions. We
consider the following problem

I.= 16111{" fa(u), A, ={u € E,:ch(u) # 0}.

The functional is bounded below and the set F, is not empty. We consider fields v having

the form
u(z) = [ —2 L, (6.36)
A\l +zm 1+ x| ) '
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Lemma 6.3. There exists a suitable m > 1, such that the field u defined in (6.36) belongs
to A} .

Proof. Clearly, if m is sufficiently large, then the field u defined in (6.36) belongs to E,.
For the sake of contradiction, suppose that there exists z € R™ such that w(z) = n = (1,0).
We deduce that

2
Purr—— 1,
14+ |z|m
1
—z=0.
1+ |z™

We get the contradiction: |Z| =1 and Z = 0. So, u € A,.
We show that ch(u) # 0.
We set g(x) = 3x. We have

K,={zeR": > 1} = B(0,1),

2
1 [a]m

1

)

and then by the properties of the topological degree (see [11]) we get,

deg (T BODL0) = degla(2). BO.1),0) 20,

And moreover the set A is open in the space E,; indeed,
L4 Az = quN* Ag?
e NMNAE =0, p#q.
where I'; is a connected component.
Theorem 6.4. Let a,b> 0, andp >n >2>r > 1. If V satisfies (V1) — (Vs), then there

exists a weak solution of (2.9) (i.e., a static solution of (2.7)), which is a minimizer of the
energy functional (2.11) in the class of maps whose topological charge is different from 0.

Proof. By the Splitting lemma (Proposition 6.2) and the same technique used in [2], we
can conclude that there exists a weak solution of (2.9). And with suitable change of
variable (2.10) we deduce a solution of equation (2.7) O

Remark 6.5. The functional exhibits an invariance for the symmetry group of rotations
and translations; indeed, for every function v and g € O(n), if we set uy(z) = u(gx), we
have immediately

fa(ug) = fa(u).

Then our theorem gives the existence of an orbit of minimum solutions. This orbit consists
of two connected components, which are identified, respectively, by % and

aoP(x) = u(—x).

Since typically n = 3 is odd, @ o P and @ have opposite topological charge.
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APPENDIX A. CONTINUITY OF (A, p>2) AND (A,, 1 <r<2)
Lemma 6.6. The maps (A, : E = E',p>2)and (A, : E — E',1<r<2) defined
respectively by
(—Au,v)Er B, = / |Vu|""2(Vu|Vo)de, 1<r<2,
Rﬂ,

and
(=Apu,v)pr < B, :/ |VulP~2(Vu|Vo)dz, p>2

are continuous.
The proof of the Lemma 6.6 follows from the following lemma.

Lemma 6.7. (see R. Glowinski and A. Marroco [10].)
(7) If p € [2;00) then it holds that

|2[2|P7% = yly[P?| < Blz — yl(|z] + [y])P~* for all z,y € R"

with B independent of y and z;
(#4) If p € (1;2], then it holds that

|2[2lP72 = ylylP 72| < B(lz +y))P~" for all 2,y €R"
with B independent of y and z.
Proof. Recall E to be the completion of C§°(R™, R" 1), let h € C§°(R™, R*H1).

The map (A, : E — E', 1 <r < 2) is continuous.

(Aju— Ao by = / (IVo|""2(Vu|Vh) — |Vu|""?(Vv|Vh)) dz

/ (Vo] ?Vu — [Vu[""*Vuv | Vh)dz

IN

/ |[Vo|""*Vu — |Vu|" ">Vl . |Vh| dz
Rn

B |Vo—vVu"".|Vh|dx
]R'n.

(from Holder’s inequality ) < B.|Vu — Vo|[7: || Vh| L

(from Lemma 6.7)

IN

The map ( A, : E — E’, p>2) is continuous.

(Apu— Apv, h) = / (IVo[P=2(Vu|Vh) — |VulP~2(Vo|Vh)) dz
= / (IVo[P~2Vu — |[VuP~?Vv | Vh)dz
< /]R |[Vo|P~2Vu — |Vul[P~*Vul . |Vh| dz
(from Lemma 6.7) < ﬁ/R [[Vo|P~2 +|VulP 72| . [Vu — Vu|. [Vh|do

(from Holder’s inequality ) < S (HVUH]Z;2 + ||Vu||’£;2) VU = V| e || VA Le.
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