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ABSTRACT. The purpose of this paper is to establish a Rodrigues type formula for
g-Dunkl-classical symmetric orthogonal g-polynomials.

Harmroro metoro € BcranoButu dopmyity tuity Ponpireca s g-KIacCHIHUX CUMETPUIHIX
OPTOrOHAJIBHUX ¢-TloJliHOMiB J/laHKiIa.

1. INTRODUCTION

Let P be the vector space of polynomials with complex coefficients. Assume O is a
lowering operator on P satisfying:

OP)=P, 0O(1)=0, and deg{O(z")}=n—-1 (neN),

where N denotes the set of natural numbers and Ny := N U {0}.

In the theory of orthogonal polynomials, certain lowering operators are used to clas-
sify orthogonal polynomials. Specifically, we can define a monic orthogonal polyno-
mial sequence (MOPS) {P,},>0 as an O-classical polynomial sequence if the sequence
{Ojﬁjl tn>0 is a MOPS, where w, is a constant factor such that {Ojﬁjl }n>0 is monic.
We can enumerate some of the lowering operators such as: the derivative operator denoted

by D, the difference operator denoted by A, where Ap(z) equals p(x 4+ 1) minus p(x), the
derga
denoted by T},, where T,,p(x) equals p'(z) plus 2uH _;(z).

The O-classical polynomial sequences encompass the most celebrated orthogonal
polynomial sequences. For instance, when O = D, we obtain the continuous orthogonal
polynomial sequences such as Hermite, Laguerre, Bessel, and Jacobi [2, 18]. On the other
hand, when O = A, we get the classical discrete orthogonal polynomial sequences like
Charlier, Meixner, Krawtchouk, and Hahn (see [12]).

Let us consider Dy,p(x) as a natural extension of the fundamental difference operator,
where D,,p(z) = W for w # 0. The classical orthogonal polynomials belonging
to the D, class are discussed in [1] along with their essential properties. According to [4],
the generalized Hermite and generalized Gegenbauer polynomial sequences are the only
symmetric T),-classical polynomial sequences for the Dunkl operator. In the domain of
interest, there have been some noteworthy contributions by various authors, including
[3, 5, 6, 13, 25, 26].

Previously, a new lowering operator has been employed to address similar problems, as
detailed in references [1, 17]. This has led to the introduction of a concept called Ty ,-
classical orthogonal polynomials (also known as g-Dunkl-classical orthogonal polynomials),
where Ty , represents the g-Dunkl operator, which can be defined as follows:

(To.qf) (x) = (Hyf) () + 0 (H-1f) (x), feP, 0eC.

Hahn operator denoted by H,, where H,(z) equals , and the Dunkl operator
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The classification of the T} 4-classical symmetric orthogonal polynomials is available in
[3, 7, 9]. In the symmetric case, the T ,-classical is defined as the regular form of u that
satisfies the Pearson differential equation:

T97q(¢’u) + Wu =0,

where ® even and monic and ¥ odd are fixed polynomials of degree at most 2 and 1,
respectively.

In a recent publication ([3, 9]), it was demonstrated that, with the exception of a
dilatation factor, the only symmetric orthogonal g-polynomials g-Dunkl-classical are
the g2-analogue of generalized Hermite and g?-analogue of generalized Gegenbauer (as
defined in [15]). Therefore, it is natural to ask for a Rodrigues-type formula for these
g-Dunkl-classical symmetric orthogonal g-polynomials.

This paper is organized as follows. Section 2 provides an introduction to some initial
findings and notations that will be used in the subsequent sections. In Section 3, we
present a fresh characterization of g-Dunkl-classical symmetric orthogonal g-polynomials.

2. PRELIMINARIES

Let P be the linear space of polynomials in one variable with complex coefficients and
P’ its dual space, whose elements are forms. We denote by (u, p) the action of u € P’ on
p € P. In particular, we denote by (u), := (u,z™), n > 0, the moments of u. Moreover,
a form (linear functional) u is called symmetric if (v)an+1 =0, n > 0.

Let us introduce some useful operations in P’. For any form u, any polynomial g and
any a € C\{0} and any ¢ # 1, we let Du := ', gu, hqu and H,u, be the forms defined
by duality [17, 20]

<u/’f> = _<u7f/>7 <gu7f> = <U,gf>, [ geP,
<hau7f> = <u’haf> = (u,f(ax)>, <Hqua f> = _<U7qu>’ f e P,
where (H,f)(x) = w, geC = C\ U U, with

—1)x
n>0

U _ {0}, n=0
" 1{zeC, z"=1},n>1.

The following formulas hold [17]

Hy(fu) = (hg-1f)Heu+q " (Hy-1 f)u, f €P, ue P, (2.1)
(Hg-10hg)(f) = qHy(f), [ € P, (2:2)
ha(gu) = (ha-19) o (hqu), g€ P, ueP. (2.3)

A form w is called normalized, if it satisfies (u)g = 1. We assume that the forms used in
this paper are normalized.

Let {P,}n>0 be a sequence of monic polynomials (MPS) with deg P, = n and let
{tn}n>0 be its dual sequence, u,, € P’, defined by (u,, Prn) = 6n.m, 7, m > 0, where
On,m 1s the Kronecker’s symbol. Notice that ug is said to be the canonical functional
associated with the MPS {P,},>0. The sequence {P,},>0 is called symmetric when
P.(—z) = (-1)"P,(z), n > 0.

Let us recall the following result.

Lemma 2.1. [20, 19]. For any u € P’ and any integer m > 1, the following statements
are equivalent:
(i) (u,Pp—1) #0, (u,P,) =0, n>m;
m—1
(ii)) IN, €C,0<v <m—1, A\p—1 # 0 such that u = Z AUy .
v=0
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The form w is called regular if we can associate with it a MPS {P,, } >0 such that
<u’a Pan> = Tnan,ma Tn 7é 0, n, m=>0.

The sequence {P, },>o is then called a monic orthogonal polynomial sequence (MOPS)
with respect to u. Note that u = (u)oug, with (u)g # 0. When u is regular, let F be a
polynomial such that Fu = 0, then F' = 0, [22].

Proposition 2.2. [20, 19]. Let {P,}n>0 be a MPS with deg P, = n, n > 0, and let
{tun}n>o be its dual sequence. The following statements are equivalent.

(1) {Pn}n>0 is orthogonal with respect to ug.

(ii) For allm >0

Up = (ug, P?) "' P,uy. (2.4)

(i) {Pn}n>0 satisfies the three-term recurrence relation
Po(ff) =1, Pl(ﬂﬁ) = — fo,
Poya(z) = (x = But1) Pat1 (%) — Ynp1 Po(w), n >0,
where B, = (ug, vP2)(ug, P2)™1, n >0 and yp11 = (uo,Pﬁ+1>(uo,Pz>71 #0, n>0.

(TTRR) : { (2.5)

If {P,}n>0 is a MOPS with respect to the regular form wug, then {pn}nzo, where
P,(z) = a "Py(azx), n > 0, a # 0, is a MOPS with respect to the regular form
@y = hy-1ug, and satisfies [19]

{ By(x) =1, Pi(z)=x—fo, .
Pryo(x) = (2 = Bny1) Pogr () = Yng1 Pu(2), n >0,

where Bn = a_l/Bn and Yp41 = CL_2'}/n+1~
The following lemma is necessary.

Lemma 2.3. [13]. A MOPS satisfying (2.5) is symmetric, if and only if, B, =0, n > 0.

Next, we recall the concept of Hg-semiclassical form that we will need in the sequel.

A form u is called Hg-semiclassical if it is regular, and there exist two polynomials ®

and ¥, ® monic, deg® =t > 0, deg ¥ = p > 1 such that u fulfills the g-analogue of the
distributional equation of Pearson type

(PE) : H,(Pu) + Yu =0, (2.6)

where the pair (®, ¥) is admissible, i.e., when p =t — 1, writing ¥(z) = apz? + ... ,
then a, # n+1, n € N. The corresponding orthogonal polynomial sequence {P,}»>0
is called H,-semiclassical [16]. Moreover, if u is semiclassical satisfying (2.6), the class of
u, denoted s is defined by

$ = min (max(deg@ —2,deg ¥ — 1)) >0,

where the minimum is taken over all pairs (®, ¥) satisfying (2.6). In particular, if s =0
the form w is usually called H,-classical [17].

The H,-semiclassical character is kept by a dilatation [16]. In fact, when u satisfies
(2.6), then h,—1u fulfills the following PE

Hy(a "®(az)hy-1u) + a' "W (az)hg-1u = 0,

with the recurrence coefficients, Bn and 7,41 are given above.
Let us introduce the g-Dunkl operator

Ty.q(f) (@) = (Hef) (@) + 0(H 1 f)(x), feP,0eC, (2.7)

flgz) = f(x)
(¢g—Dz =

where

(Hyf) () =
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Note that, Tp 4 is reduced to the g-derivative operator (for more details, see [17]). We,

also, have
Tim Ty fe) = 1) + 0O gy )

where Ty is called Dunkl operator, introduced by Dunkl [11] (see also [4, 8, 25]).
The transposed Ty 4 of Ty , is 'Ty y = —H, —0H_1 = —Tp 4, leaving out a slight abuse
of notation without consequence. Thus, we have

(Tyqu, f) = —(u,Tyqf), ueP, feP, fHeC
In particular, this yields
(To.qu),, = =Ong(W)n-1, n =0,
with the convention (u)_; = 0, where

(=D"

On.qg = [n]qg + 9%, n > 0.
Here, [n]q, n > 0, denotes the basic g-number defined by
[n]q = 11:quL =1+q+-+¢"" n>0,[0,=0.
It is easy to see that
hooTy,=alp,0h, inP', acC\{0}. (2.8)
ho(fu) = (he-1f)(hqu), fE€P, ueP', acC\{0}. (2.9)

Remark 2.4. [9] When w is a symmetric form, we obtain

Ta,q(fu) :(hqflf)(TG,qu) + (TG,q(hqflf))u
0T (Hghyr )+ (Hoglhga 1)), P weP. (210)
Now, consider a MPS{F, }, -, and let

Py](xaav(]) = 7(T9,qpn+1) (1’), 975 —[277,-}-1}(17 n > 0.

Ont1,q
Definition 2.5. [3, 7, 9] A MOPS {P,},,. is called g-Dunkl-classical or Tj 4-classical if
{PT[LH(.7 0, q)} is also a MOPS. In this case, the form ug is called gq-Dunkl-classical or

n>0
Ty 4-classical form.

3. RODRIGUES TYPE FORMULA
The following was proved in [9].
Theorem 3.1. For any symmetric MOPS { P, } >0, the following statements are equiva-

lent:

(a) The sequence {Py,}n>0 is ¢-Dunkl-classical.
(b) There exist two polynomials ® (monic and even) and ¥ with deg® < 2 and
deg W =1 such that the associated regular form ug satisfies

Tg’q(@’u,o) + Pug =0, (311)

q "' (0) — %(Qnyq +q ' [n]g-r — 0+ 07" — [n]y)@"(0) #0, n>0. (3.12)
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Proposition 3.2. If {Pn}n20 is q-Dunkl-classical symmetric MOPS, then

" P,
[m] 9 0,q ntm } >1
q ) m — )
{ - )= Hkmzl On-+h.q n>0

is also a q-Dunkl-classical symmetric MOPS and we have

Tq ( mug (6, Q)) +,,ul™(0,9) =0, (3.13)

ul™ (8, q) = ¢ degq’gm(nﬁ hg®)ug, m>1, (3.14)
g Py, () = (h;@)(m% (3.15)

gmdee W, () = U(z) — S (Tyg0 hg® —0(q+1)H_ g0 hy:®)(z).  (3.16)

I
=)

where ® and U are the same polynomials as in (3.11), { [m] (H,q)}n>0 15 the dual
sequence of{ ( 0 q)} . and &,, is defined by the condition (u([)m] (0,;))0 =1.
For the proof, the following lemma is needed.
Lemma 3.3. [3, 9] If {P,},,5¢ is ¢-Dunkl-classical symmetric MOPS, then
u([)l] (0,q) = k®ug (3.17)
where k is a normalization factor and ® is the same polynomials as in (3.11).

Proof of Proposition 3.2. Suppose m = 1. The form ug satisfies (3.11). Multiplying both
sides by ® and on account of (2.10) and (3.17), we get

Toq (@10 (1)) + w1l (0.) = 0.

Therefore, (3.13)-(3.16) are valid for m = 1. By induction, we easily obtain the general
case. U

The main result of this paper is the following.

Theorem 3.4. The symmetric MOPS {P”}nZO is q-Dunkl-classical if and only if there
exist a monic polynomial ®, deg ® < 2 and a sequence {An}nzo s A #£0,n >0, such that

m—1
Poug = ATg, (( 11 hq@)uO) , n>0. (3.18)
=0

We may call (3.18) a (functional) Rodrigues type formula for the g-Dunkl-classical
symmetric orthogonal polynomials.

Proof. Necessity. Consider <T9q [n] Pm> = (—1)”< ["],Te ' P >, n,m > 0. For
0<m<n-1n2=>1, wehave Ty’ P, = 0. For m > n, put m =n+k,k > 0. Then

(ul T Pk ) = (H Ot q> (uf, P = (ﬁ 9U7q> So.k
v=1

following the definitions. Consequently
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But from (2.4) so that, in accordance with (3.14), we obtain (3.18) where

<U0, P7%>
[T v’
Sufficiency. Making n = 1in (3.18), we have Piug = A1Tp 4 (Pug) and (3.12) is satisfied
since wg is regular. Therefore, the sequence {P,}, -, is q-Dunkl-classical according to
Theorem 3.1. B g

Ay = (—1)rg—F e, n>0. (3.19)

Next, we recall some properties of: ¢2-analogue of the symmetrical generalized Hermite
form H(u, ¢?), and q?-analogue of the symmetrical generalized Gegenbauer form G (o, 3,q?),
(see [15]).

Proposition 3.5. The ¢?-analogue of the symmetrical generalized Hermite form H(u, ¢?)

is reqular if and only if p # —[n]e — %, n > 0. It is a Hy-semiclassical form of class

one for u # m — %, p# —[n]e — %, n > 0, satisfying the Hg-Pearson equation

1
HaH )+ (a4 1) (o = = 3 ) M) = (3.20)
The recurrence coefficients of the MOPS {Hﬁ’qz}nzo are given by
ﬂn =0,
Nont1 =" ([nlgz + n+ 3) (3.21)

Yont2 = ¢**[n+1],;2, n>0.

One can see that for p = 0, these polynomials are reduced to ¢-Hermite polynomials
(see [17]).
The set {’Hﬁ’qz (CE)} is an MOPS with respect to the regular form H(u, ¢?).
n>0

This last form is Tp ,-classical and satisfies
Ty.o(H(1,6%)) = —a(q + DaH(u, ¢°).
Proposition 3.6. The ¢?-analogue of the symmetrical generalized Gegenbauer form

. . . p— 2
G(a, B,4?) is regular if and only if a + (3 # ququ s o+ F#E—[n]p—2, BF# —[n]e—
1, a+B+2—(B+ 1) + [n]g2 # 0, n > 0. It is Hy-semiclassical of class one for

atf# 52 atB# —nlp—2, B# -1, atBt2—(B+1)¢ +nle #0, n >0,
B # m — 1 satisfying Hy-Pearson equation

Hy(z(z* = 1)G(, 8,6%)) — (@ + D ((@+ B+ 2)2 = (B+1))G(e, 8,¢°) = 0. (3.22)
The recurrence coefficients of the MOPS {Sﬁa’ﬂ’qz)}nzo are given by

ﬂn = 0, n Z 0,
_ op (adB+2+[n—1]2)(B+1+([n],2) >0
Ten+1 = (¢ (a+B+2+[2n—1] 2)(a+B+2+[2n] 2)’ n =y, (323)
n a+B+2—(B+1)g°" +[n] 2
Yotz = 0"+ U arprarpaatarsrerpiray 2 0

_1 2
The set {Sﬁf”“ 24 )} is an MOPS with respect to the regular form G(«, p— %, 7).

n>0
This form is Ty 4-classical and satisfies

T07q ((.’L‘Q _ 1) g(a,u—%,ﬁ)) — q(q + 1)<a + l)xg(a’“‘_%v‘f).

Lemma 3.7. (9] If ug is a symmetric ¢-Dunkl-classical form, then @y = hga-1ug is also
for every a # 0.

Theorem 3.8. [3, 9] Up to a dilatation, the only q-Dunkl-classical symmetric MOPS are:
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(a) The generalized q?-Hermite polynomials {H" ( )}

p#—[nlgz—3%, n>0.
Moreover,
Ty.q(H(p)) + 22H (1) =
(b) The ¢*-analogue of the generalized Gegenbauer polynomials {ST(La’ﬁ’q )(m } .
for B
T T T e SRR VR S P A R
BN ED -1 ¢ et 5 M = 5
1
a+B+2-(B+1)¢" +[n]ez #0, n>0; — -
B (B )q [n]g2 # 67&(]((]4—1)
Moreover,
L 9\ _
, = 55 q > =0.

nﬂ<@29g(mu;gﬁ)2m+1ng(

Finally, we characterize the ¢?>-analogue of generalized Hermite polynomials and the
q--analogue of generalized Gegenbauer ones in terms of the Rodrigues type formula as

follows.

Theorem 3.9. We may write
g (M p,

n H .
(1) B (@) M%) = (1) TLomy 3215, (M1, ¢%), n > 0. with

Yon+1
Voo = ¢"ln+1p, n>0
2 n—1
@) S P @)g (- L?) = ATy, ((H hys (2 — 1)) G (ap— ;,q2)> . o>
0 =0
with
—n(n—1) T
An = (VG T =m0,
v=1 "4
NG g (@+p+35+[n—1g)(u+ 3+ [n]g2)
antl (@+p+2+2n—1pe)(@+p+3+2n):)
+p+ 35— 4
= ¢*"[n+1], agu s~ (1t 5)g g n > 0.
(a+p+ 3+ 2n)p)(a+p+ 3+ 2n+1],)
19). O

’ngn+2
Proof. Use Theorems 3.4 and 3.8, Propositions 3.5 and 3.6 and equation (3.19)
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