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WEAVING OPERATOR FRAMES FOR B(H)

MOHAMED ROSSAFI, KHADIJA MABROUK, M’THAMED GHIATI,
AND MOHAMMED MOUNIANE

ABsTrACT. This paper aims to study the concept of weaving operator frames within
Hilbert spaces H. Properties of weaving operator frames are explored. An investigation
into the dual aspect of weaving operator frames within B(H) spaces is presented.
The behavior and characteristics of weaving operator responses within the context of
Hilbert spaces are discuted. Finally, perturbation results concerning weaving operator
frames are obtained.

B crarri BuBwaeThcs KoHIenIisa GppeiiMiB CIITAIOUNX OIEpaTopiB B riab0epTOBHUX
npocropax H. HdocaiiKyorscs BaacTuBocTi (ppeiiMiB crtiTarodux oneparopis. Busdye-
HO moasiiiHuit acnexkT dpeiimis crutiTaroanx oneparopis B mpocropax B(H). O6rosope-
HO IIOBEJIHKY Ta XapaKTEePUCTHUKH PeakI(iil CIliTaiodero omeparopa B KOHTEKCTI
rinebeproBux mpocropiB. Orpumano pesysnbrarn 30ypeHHs GpefiMiB cHriTaounx
orepaTopis.

1. INTRODUCTION

Frames in Hilbert spaces has been introduced by Duffin and Schaeffer [7] in 1952 to
study some deep problems in nonharmonic Fourier series. After the fundamental paper [5]
by Daubechies, Grossman and Meyer, frame theory began to be widely used, particularly
in the more specialized context of wavelet frame, and Gabor frame [8]. Frames have
been used in signal processing, image processing, data compression, and sampling theory.
However, Vashisht et al. [16] introduced weaving frames and many authors [1, 3, 4, 6, 15]
have studied their properties in light of recent technological advancements, wireless
communications, and weaving frames. For more about frames, see [9, 11, 12, 13, 14] and
the references therein. Recently, Bemrose et al. [1] introduced a new concept of weaving
frames in separable Hilbert spaces. This notion has potential applications in distributed
signal processing and wireless sensor networks, see for example [2, 4].

The paper is organized as follows. We continue this section by giving the definitions
and some basic results about frames in a Hilbert space. In Section 2 the concept of
operator frames in Hilbert spaces is introduced, and we give some of their properties.
Subsequently, we introduce the concept of a dual weaving operator frame in Section 3. In
Section 4, we introduce the notion of weaving operator responses of elements of Hilbert
spaces to show that the concept of operator frames is a generalization of the usual frames
for Hilbert spaces. Sufficient conditions for perturbations of weaving operator frames are
given in Section 5.

Throughout this paper, let H and K be two Hilbert spaces and {#;};cr be a sequence
of closed subspaces of K, where I is a subset of N. Let B(#,K) be the set of all
bounded linear operators from the Hilbert space H into the Hilbert space K. We write
B(H) = B(H,H) in the case where L = H. We denote by Iy the identity operator on H.
For T € B(H), we denote T for pseudo-inverse of T'. Let

[m] ={1,2,---,m}and [m]*=N\[m]={m+1,m+2,...}

for a given positive integer m.
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Definition 1.1 ([7]). A family of vectors {f;};cr in a Hilbert space H is said to be a
frame if there are constants 0 < A < B < oo such that, for every f € H,

2
AlFIP < DI < BISIP, (1.1)
iel
where A and B are lower frame bound and upper frame bound, respectively.
If A = B, the frame is termed a tight frame. If A = B = 1, it is referred to as a

normalized tight or Parseval frame. Additionally, if a sequence {f;};cs fulfills only the
upper bound condition in (1.1), it is also denoted as a Bessel sequence.

Definition 1.2 ([10]). A set of bounded linear operators {T;},.; defined on a Hilbert
space H is termed an operator frame for B(#H) if there exist positive constants A and B
such that for all f € H, the inequality

2
AFIP <D CIT 1 < BIFIP (1.2)

iel
holds, where A and B represent the lower and upper bounds for the operator frame,

respectively.

An operator frame {7;},.; is called tight if the constants A and B can be chosen to
be equal. It is called a Parseval operator frame when A = B = 1. Moreover, if every
operator T; is self-adjoint, i.e., T; = T7*, it is called a self-adjoint operator frame. For
each sequence {H;}icr, we define the space @;crH; by

@ierMs = {{fi}ierlfi € His I{fitietl5 = Z [1fill* < oo},
iel
with the inner product defined by
{3 Aad) =D (fira) -
il
The synthesis operator of {®;};cs is given by
Tp:@&Hi — H; To{gitier = Y Pigi, forall g, €M,
il
We call the adjoint of Ty the analysis operator which is given by Tgf = {®P; f}icr-
By composing Te and T, we obtain the frame operator

Sof =ToTof = O;®if
icl
which is bounded, positive and invertible. Then, the following reconstruction formula
takes place for all f € H

f=55"Saf =855 f =Y ;0S5 f = S;'P;0;f.
iel el

We call {@7;5;1}7;6[ the canonical dual operator frame of {®; };cy.

2. WEAVING OPERATOR FRAMES FOR B(H)

This section introduces the concept of woven operator frames in the context of a
Hilbert space H. Woven operator frames extend the notion of classical operator frames
by giving two families of operator frames. We will formally define woven operator frames
and explore some of their properties.
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Definition 2.1. Two operator frames {@; € B(H)}ier and {¥; € B(H)}ier in a Hilbert
space H are said to be woven operator frames if there exist universal constants 0 < A <
B < oo such that for each partition o of I, the family {®;}ico U {¥;}icoe is an operator
frame in H with bounds A and B, respectively, that is,

APPSR f 1P+ D 1w f1P< Bl fII> (2.3)
1€0 1€0¢
This definition introduces the concept of woven operator frames in the context of a
Hilbert space.

Definition 2.2. A family of operator frames {®;;};c,, for ¢ € I in a Hilbert space H is
said to be woven operator frames if there exist universal positive constants A and B such
that for any partition (0;);er of N, the family {U;c1®i;}jeo, is an operator frame in H
with bounds A and B, respectively, that is,

ANFIP< DD N2 fIP< BIFIP. (2.4)

icl jeo;

Note that if I is a countably infinite set, the family {®;;}52, for i € I is referred to as
infinitely woven.

In the context of discrete Hilbert frames, the concept of infinitely woven frames was
extensively studied by Deepshikha and L. K. Vashisht in their paper [6].

Proposition 2.3. Let {®;;}jco, for i € I be a family of woven operator frames in a
Hilbert space H. Then the frame operator S is self-adjoint, positive, bounded and invertible
on H.

Proof. Since S§ = (T3Ts)* = T3Ts = S, the frame operator Sg is self adjoint.
Let {@”} . be woven operator frames in H with universal lower and upper frame
bounds A and B, respectively. Then

(Saf, f) ZZQ’ Diif f) ZZ Qi fi f)

i€l jEo; i€l jEo;
=D D (@it Py =D > eI
i€l jEo; i€l jeo,
and, hence,
Al < Sg < BI.
Therefore, the frame operator S is positive, bounded and invertible. d

Proposition 2.4. If each &; = {P;;}icr is a g-Bessel sequence for a Hilbert space H
with bounds B; for all j € [m], then every weaving is a g-Bessel sequence with Z;"zl B
as a Bessel bound.

Proof. Let {o; }je[m] be any partition of I. Then, for every f € H, we have

ZZII%J‘H <ZZII%J”H <ZB||f||2

j=li€o; j=1iel
This completes the proof. O

Remark 2.5. Proposition 2.4 also holds for infinitely woven frames, given that the
sequence {B;}32, belongs to £'(I).

Proposition 2.6. Let {®;}ien and {¥;};en be g-Bessel sequences in a Hilbert space H
with g-Bessel bounds A1 and Az, respectively. If J C N and {®;}jecs and {¥;};cs are
woven operator frames, then @ and ¥ are woven operator frames for H.
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Proof. We have
AFIPS D2 N80+ Y I 1P< D817+ D 115 £IIP< (Ar + A2) | £
jeETNJ jeTNJ iste jEOC

Hence @ and ¥ are woven operator frames for H. O

Proposition 2.7. Let J C I. If a family of operator frames {®ij}ic s jeim) i woven,
then {®i;}ier,jeim) 5 also woven.

Proof. For any o; C I, 0;NJ C J. Let A be a lower bound of {®;;}ico,n7,je[m]- Then
for any f € H we have

ANFIP<YS D0 NeafIP <0 eIl

j=lico;nJ j=lico;

Since {P;;}icr is a g-Bessel sequence for all j € [m] for #H, the upper bound of
{®ij}ier.jem) is always given. This implies that {@;;}icr je[m) is woven for H. O

Proposition 2.8. Let {®;;}icr jem) be a woven family of g-frames for a Hilbert space

H with common frame bounds A and B. Let Sg) be the frame operator of {P;;}ier
for each j € [m]. For any partition o; of I, if Sy represents the frame operator of
U ={Pi;}ico, jelm), then for any f € H,

> 15$)a, £11? < BlSwlIfI1,

J€[m]

where (S‘(l,j))c,j denotes the frame operator S,(I,j) with sum restricted to o;.

Proof. Let (quj))gj be the synthesis operator of {®;;}icr restricted to the sum over o;.
Since Sg) > Aly, for any f € H, we have
SIS £.88 fall= S 18E) fI?
J€[m] J€lm]
= > (sup [(SY), f.g)all)?

jelm] llgll=1

= > (sup (T (T ) .9 all)?

j€[m] llgll=1

< > BT ) £ (T ) Hal

J€E[m]

=B Y > (@i f. Piif)all

jelm] oj
< B|[(So,0, f, f)All
S BHSQS',O']HH<JC7 f>.A||

This completes the proof. O

3. DUAL OF WEAVING OPERATOR FRAMES FOR B(H)

This section explores the dual aspects of weaving operator frames in B(H),
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Definition 3.1. Let 7' = {T}},.; be an weaving operator frame for B(#H). A family

of weaving operators T = {Ti} ,on ‘H is called a dual of weaving operator frame
i€
T = {T;},;c; if it satisfies

T = Z Z T Tz, Yz e . (3.5)

1€l i€o;

Furthermore, we call {ﬁ}iel a dual of weaving operator frame T = {Ti}iel if {TZ}
also a weaving operator frame for B(H) and satisfies the condition (3.5).

ier 18

Definition 3.2. A weaving operator sequence T = {T;},.; on H is a weaving operator
Riesz basis for B(H) if it satisfies

(i) span{T;},c; = H;
(ii) there exist constants C, D > 0 such that

2
Ozt < DS Trai| <D|Hadicl®, Viwitics € BierHs. (3.6)
iel 1€o0;

Theorem 3.3. Every weaving frame for B(H) has a weaving dual frame.

Proof. It T'= {T;},.; is a weaving operator frame for B(#) with bounds A, B, then the

operator sequence T' = {T; S}, _, is a weaving dual frame of T = {T;},.,. So we have
T = STS:le = Z Z Ti*TZ-S:FlJ: = Z Z Tfﬂw, Ve eH
i€l i€o; i€l i€o;

and T = {TiSiFl}ieI satisfies

el Jalf < ¥ S Bl = X X Imsitael® < Blls7 - lalP, Vo .

i€l i€o; i€l i€o;

Hence {TiSEl}iej is a canonical weaving dual frame of {T;} O

iel”

Assume that T' = {Tz}Z ¢ 1s a weaving operator frame for B (H) with analytic operator

Rrand T = {ﬁ}1 7 is a weaving dual frame of T" with analytic operator Rz. Then for
any z in ‘H, we have

r=Y > T/Tx = RyRza. (3.7)
i€l i€o;
This shows that every element of H can be reconstructed with a weaving operator frame

for B(H) and its weaving dual frame. Moreover, we also have another fact that for any
operator A on H, we get

Az =" "T/TiAw, VxeH. (3.8)
i€l i€oy;

That is, an association of the weaving operator frame and its dual frame can reconstruct
pointwisely every weaving operator on H and so we can write

ALY Y TTA
i€l ico;

where > Ti*fiA converges strongly to A.

icl
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Definition 3.4. A family of weaving operators {7;},.; on H is called a weaving operator
Bessel sequence in B(H) if

span {1} }ie; = H,
where
W{Tf}iel = the cloure of {ZT;":Q : {xi}iel € S(H),VL € .7:(@5)}.
ieL
Theorem 3.5. Let T = {T;}

(1) T = {Ti},c; is a weaving operator frame for B(H) if and only if Ry is bounded
below;

(2) T ={T;},c; is an independent weaving operator frame for B(H) if and only if
Ry is invertible

ier be a weaving operator Bessel sequence in B(H), then

Proof. The proof of (1) is easy and so we omit it. Assume that T" = {T;},.; is an
independent weaving operator frame. Then we now prove that Rp is invertible. From the
condition and the definition of independent weaving operator frame, we know that R7 is
injective, and so R (Rr) = Ker (R%) = {0}.

This shows that the range of Ry is dense in H. On the other hand, from (1), we know
that Rp is bounded below, and so R (Rr) is closed. Hence Ryr is invertible. Conversely,
if Ry is invertible, then R is bounded below. Thus T = {T;} ic1 18 a weaving operator
frame.

Now, suppose that T = {T;},.; is not an independent weaving operator frame. Then
there exist a non-zero sequence {x;},.; C H and some iy € I such that z;, # 0. Thus

Trwi, =Y T}z (3.9)
i#io
Since Ry is also surjective, there exists € H such that Rrx = {Tix},.; = mi, €
®ierHi, where n;y = {Yi}icr>Yio = Ti, and y; = 0,4 # ig. Hence Tj,x = x4, and so
(2,T7 i) = (Tigw, w3y) = HQ%HQ # 0. But (3.9) implies that

<x,1}f}xi0> = <x7 Z Ti*xi> = Z (x,TFa;) = Z (Tyx, ;) = 0.

i#io i#i0 7o

This is a contradiction. So T' = {T;},.; is independent. O

Theorem 3.6. Let T' = {T;},.; be a sequence of weaving operators on H. Then the
following statements are equivalent.

(1) T = {Ti},c; is a weaving operator Riesz basis.
(2) T = {Ti},c; is an independent weaving operator frame.

Proof. It T' = {T;},.; is a weaving operator Riesz basis, then R} is bounded below
by Theorem 3.5 and so the range, denoted by R (R}.), of R} is closed. In addition,
span{T;},c = R(R}) = H. Thus R} is bijective. By the Banach Inverse Theorem,
R%. is invertible, and so Ry is also invertible. Hence (2) in Theorem 3.5 implies that
T = {T}},c; is an independent weaving operator frame.

Conversely, assume that 7" = {T;},.; is an independent weaving operator frame.
Then (2) in Theorem 3.5 shows that Ry is invertible. Thus R’ is invertible. For any
{®i},c; € ®icrHti, we have

[edierll” = 177 B ({edicn) P < 1B 1R (i) [
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x—1—2 x |2
Put C = ||R; |~ and D = ||R} . Then

2 . *
Cllwibie® < 185 (Gwabien) I = |30 D 7
i€l i€o;
2
<D[{zitics|s V{witics € BicrMi.
Thus, the condition (3.6) holds. Since R%. is invertible, the condition (i) of Definition 3.2
holds. Hence T' = {T;},.; is an operator Riesz basis. O

Lemma 3.7. Let T = {T;},.; be a weaving operator frame for B(H) with bounds A, B.
2

If Q = {Qi},c; is a weaving operator Bessel sequence in B(H) with a bound M < 1B’
then T+ Q := {T; £ Qi};c; is a weaving operator frame for B(H).

Proof. We only prove the case where T'+ Q = {T; + Q;},.;. The other case is similar.
For any x € H, we have

SN T+ l® <D0 (1Tl + Qi)

i€l i€o; i€l i€o;
=D X Tl + 0> Qi +2) 0 > 1Tl [|Qixll
i€l i€o; i€l i€o; i€l i€o;
1 1
< Bllal? + Ml +2(30 3 1Tal?) - (3 I

i€l i€o; i€l i€o;

< (B+ M)||z|*+ 2vVBVM||z|?
< (B+ M + 2V BVM)||z|?

and
ST+ Qo] = 33 (1T — Qi)
i€l i€o; el i€o;
= TP+ >0 Qi =2 > Tl Qx|
il i€o; il i€o; icl ico;
1 1
3 3
> Al + 303 IQial® = 2(30 Y Imal?) - (303 leiel?)
icl i€o; icl i€o; icl i€o;
1 1
> Alal? —2(3 S Imel?)” - (23 Iial?)
icl ico; icl ico;
> (A —2VBVM)|z|?
Hence T'+ Q = {T; + Qi},; is a weaving operator frame for B(H). O

Theorem 3.8. Let T' = {T}},.; be a weaving operator frame for B(H) with bounds A, B.
Then the following statements are equivalent.

(1) T = {Ti},c; is independent.

(2) T ={T; }ZeI is a weaving operator Riesz basis.

)
(g R (Rr) = GierHi.

(4) T = {Ti};c; has a weaving unique dual frame.

Proof. Theorems 3.8 and 3.6 yield that (1) < (2) < (3). We only need to prove (1) < (4).
(1) = (4) Suppose that an independent operator frame {7;},_; has two weaving dual

frames T = iﬁ}ief and @ = {@Z}ZEI Then Rz and R@ are left inverses of R} from
(3.7). Thus T' = Q.
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(4) = (1) Assume that T'= {T;},.; has a unique dual frame T = {i}zel Suppose

that T' = {T;},; is not independent. Then R (Rr) # ©®icrH,, i-e., R(Ry)*" # {0}
A

2vB’

Take a unit vector e € H, define a sequence of bounded linear operators U = {(71}
in such a way that ﬁzx = (z,e)x;,Vx € H. Put @ =U +T. Then for all z in H,

S5 [T = X S il < 303 )P el < el X3 el

1€E i€o; 1€l i€o; el 1€0; 1€l i€o;

Thus there exists a nonzero element {x;},.; € R (Rp)™ such that {zi}icr]] <

iel

Thus the sequence {171}2 I is a weaving operator Bessel sequence with a Bessel bound
2

less than f—B By Lemma 3.7, we know that @ is a weaving operator frame for B(H).
For any © € H, since {ﬁix}iel = {(z,e)xi};c; € R(Rp)" = Ker (R3), we see that
Ry ({Usz}ier) = > ;e TiUsz = 0, and so

i€l i€o; iel ico; i€l i€o;
Thus @ is also a weaving dual frame of 7' = {T}},.;. Clearly, @ £ T. This contradicts

the uniqueness of the weaving dual frame of T'. Hence T' = {T;},.; is independent. [J

For a frame of subspaces {W;},.; with respect to the family of weights {v;},.; for H

with synthesis operator Ty, the sequence {u;},.; = {S‘TVlei}iel is called a weaving
dual frame of {W;},.;, where the operator Sw,., = Tw Ty,

Theorem 3.9. For a frame of subspaces {W;}, ., with respect to the family of weights
{vitie; for H, define T; = viSwomw, Sy, and Q; = vimy, Sy, Then Q = {Qi},c; and
T = {T}},c; are all weaving operator frames for B(H), and Q is a weaving dual frame

of T.
Proof. Assume that {W;},; has frame bounds A, B.

Claim 1. T = {T;},.; is a weaving operator frame for B(H). For any x € H, we have

SS Tl =30 oS womw, Syt

i€l ico; i€l i€o;
< |1Swl® B||S3 x|
< B|Swol* | Syt ) 1]

On the other hand,

SN T = 30 |viSwomw, Syt

i€l i€o; i€l i€o,
>3 DSl lemw St
el 1€0;
> [l AllSwhe |

> Al Sy 17 1S w2 )12

Thus T = {T;},; is a weaving operator frame.

Claim 2. Q = {Qi},;¢; is also a weaving operator frame for B(#). The proof is similar
to Claim 1.
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Claim 3. Ty, = Sﬁ/,lvTW,vSW,m 175, = SI;,’lUT;‘VWSWJJ7 Svw = Sw,e. It is easy to check
that 7, = Sy, 7w, Sw. Thus Ty, = Syt TwwSwie, 155, = Syt Tiv.wSw,e and so

SU,v = TU,UTIj,U
= Suwro Tw,oSw,0 Sy T, Swo
= Sy Twao Ty Swo
= S‘;/}»USW,’USW,'U
= Swv.
Hence, for any x € H, we compute

* —1 —1 —1
E E T‘z Q’L‘r = § :UiSW,vWWiSWW ’ UiSW,'uﬂ—Wz‘ SW,USW,vx

i€E i€o; i€l
—1 2
= SWW( g g v; 7TWZ..73)
icl i€o;
_ o-1
- SW,’U (SWKU‘T)

=2X.

This shows that Q = {Q;},; is a weaving dual operator frame of the weaving operator
frame T' = {T3},; O
Remark. In (1.1), if A = B, we call {W;},.; a weaving Parseval frame of subspaces

for H.

Theorem 3.10. Assume that {W;},.; is a weaving Parseval frame of subspaces for a
Hilbert space H. Then {viTw,},c; is a weaving operator frame for B(H) and a weaving
dual frame of itself.

Proof. If {W;},.; is a weaving Parseval frame of subspaces, then Sy, = I. So the
theorem is a consequence of Theorem 3.9. O

4. WEAVING OPERATOR RESPONSES

The following terminology is given by Li and Cao [10]. Let e be a unit vector in H. For
every f € H, define Tfx = (z, f)e, for all z € H. Then T} is a bounded linear operator on
H and T¢ is called operator response of f with respect to e. The set R* = {TJ? fe 'H}
is called an operator response space of H with respect to e.

Theorem 4.1. Assume that {f;},.; is a sequence in a Hilbert space H and {e;},.; is a
sequence of unit vectors in H. Then the following statements are valid.
(1) {fi}ics is complete, i.c., span{ f; : i € I} = H if and only if {Ti‘}iel is complete.
(2) {fitics is a frame for H if and only if {Tﬁz}iel 18 a weaving operator frame
for B(H).
(3) {fi}ies is a tight frame for H if and only if {T]f:}
frame for B(H).
(4) {fi},er is a normalized tight frame for H if and only if {Tﬁi"}ig i a weaving
Parseval operator frame for B(H).
(5) If {e;} is either not complete, or orthogonal, then {T)f;}

iel s a tight weaving operator

seq s ot independent.

Proof. If {fi},c; is complete, then for all z € H and all € > 0, there exist a sequence
{ci}ier € C and a finite set L € F(®) such that

szcifi —:cH <e.

1€l i€o;
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Take x; = c;e;, forall 4 in I, then <xi, ei> =¢;, forall 7 in I and so

12X miw e = [ X es—of = [E e —of <=

i€l i€o;
Thus span{T;;'} = H, that is, {T;; }iel is complete.
On the other hand, if {Tﬁ;}iel is complete, then for all x € H and all € > 0, there
exist a sequence {wi}iel € S(H) and a finite set L € F(P) such that

HZ Z T;*xl — xH < e.

i€l i€o;

HZ Z(% ei)fi — xH <e.

i€l i€o;

That is,

Thus { fi}i I is complete. Moreover, for every x € ‘H, we have
e; 2 2 2
22 Mgl =30 Xl feill” = 3 > I(e £i)
icl i€o; icl i€o; il i€o;
Thus (2) through (4) are valid.
Assume that {ei} is not complete. Then {ei : forall 4 in I}J‘ # {0}. Take a nonzero
sequence {xi}iel Cle:ie I}J'\{O}. Then
SN T =0 (wiei)fi =0. (4.10)
icl i€o; icl i€a;
This shows that the sequence {Tfe }Z. I is not independent.

Next, we suppose that {ei} is orthogonal. Take a mapping ¢ : I < I such that ¢(i) # 4
for all @ € I and define z; = ey(;). Then

D Tirwi=Y Y (eowei)fi =0. (4.11)
i€l 1€1 1€0;

Hence the sequence {T;}Z el is not independent. O

Theorem 4.2. Let {f,;}ieI CH, {ﬁ}le[ C H and {ei}iel be a sequence of unit vectors
in H. Then the following statements are equivalent.

1) {fi}iel and {E}iel are a pair of weaving dual frames for H.
(2) {T;:}iel and {T;Z}iel are weaving dual frames of each other.

Proof. (1) = (2) Let (1) hold. Then Theorem 4.1 implies that {T;;}iel and {Tff"}iel

are weaving operator frames for B(H). For any « € H, we may compute

DD T TEe = Y Ti(w fiye

i€l 1€0; i€l i€o;

=D (& fijeiei)f

i€l i€o;

= Z Z<x, ﬁ><€i, €i>f

1€l 1€0;

:ZZ@,ﬁﬂ}zx

i€l i€o;

Hence {T; }Z 7 Is a weaving dual frame of the operator frame {Tfe }1 el
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Similarly, we can prove that {TE’}
{TJ% }ieI ’

(2) = (1) Suppose that {T]f }ieI and {T;‘ }ieI are weaving dual frames of each other.
Then we know from Theorem 4.1 that { fl}z cr and { ﬁ}z oy are frames for H and

Z Z Tel*Tela: =z Z Z Te *Tellx =z, VreH.

i€l i€o; icl 1€0;

;er 18 @ weaving dual frame of the operator frame

Furthermore, for any x € H, we get

v=D D T T =3 Y Ty fijes

icl i€o; i€l i€o;
:ZZ<fo €, €; fz ZZ fz <€z,€z
i€l i€o; i€l i€o;
= Z Z<-T7fi>f
i€l i€o;
and
e
i€l i€o; i€l i€o;
:ZZ< (z, fiei, €i) fi ZZ z, fi <€z,€z
iel 1€o0; 1€l i€o;
il ica;
Thus { fi}z‘ o and { fl}z 7 are a pair of weaving dual frames for H. O

5. PERTURBATION THEOREM FOR WEAVING OPERATOR FRAMES

In this section, we explore the perturbation theorem for weaving operator frames.

The following theorem is an adaptation of Theorem 4.1 in the continuous weaving
frames setting, providing a variant of Paley-Wiener-type perturbation, as presented by
L.K. Vashisht and Deepshikha in [15].

Theorem 5.1. For each j € [m], let &; = {P;; }icr be a weaving operator frame for H with
frame bounds A; and Bj. Assume that there exist nonnegative scalars cj, n;, p;, (j € [m])
such that for some fized n € [m],

A=Ay — > (¢j+1v/Bn+1jV/Bj)(VBn+/Bj) >0
JE[M\{n}

and

/
S - aigal < o S| + ] i +2,(Xlal?)
icJ ieJ

for any finite subset J C I, g; € H; and j € [m]\ {n}. Then for any partition {o;} c[m)
of I, the family {®Pi;}ics, jeim) 5 @ weaving operator frame for H with the universal frame
bounds A and Zje[m] Bj. Furthermore, the family of weaving operator frames {®;}jc[m)
for H is woven.

Proof. By Proposition 2.4, for any partition {c;};c[m) of I, the family {®;;}ico, jem) i
a g-Bessel sequence with Bessel bound Zje[m] B;.
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For the lower frame inequality, let Tq(;) be a synthesis operator associated with the

operator frame {®;;}ic; for j € [m]. Since

1729 = |- i = su \<g,zéugz
icJ

< s (Zu%gw) (o)

lgll=1 ey icJ
) 1/2
=11 (> lgil1?)
i€J
1/2
< VB (X llgil?)
i€J

for any finite subset J C I, g; € H;, for j € [m] \ {n}, we have

1T — T8 gl = Hshlp1|<g, (TS — T g,)]
oI

= sup \<g,z<¢:n—¢;;>gi>
loli=1'"" 57
_ HZ — 7))
. . 2\ /2
Snjuzibmgi +/ffjHZ@ijgi +cj(Z||gi||)
ieJ ieJ i€J

/ ; / /
<l (S odl?) "+ w1 (S al?) "+ e (X lail?)

ieJ ieJ ieJ
1/2
< (e + VB + 1/Bp) (3 9il?)
ieJ
This gives
175" = T < ¢ +n;v/Bu + 1/ B;. (5.12)

For j € [m] and o C I, we define
qujo) P BicoHi — H, Tg"){gi} = Z@Z‘jgi, gi € H;.
€0

It is easy to show that

1T gill < 175" gill < V/B; (D llgill )2
ieJ

Thus ||qujg)|| < /B for all j € [m].
Similarly, by using (5.12) one can show that for any j € [m] \ {n},

75" = TF7|| < ¢ + 1;V/Bu + 1/ B;.
For any f € H and j € [m] \ {n}, we have
I, "">< PSRN ROV ST
<@ @Sy =T8SV + TS @Sy - T TS0 £
<NTEONATS ) = (@) £+ NSV I = T8 1|

< (¢j + 15V Bn + 1i/Bi)(VBn + /B I £ - (5.2)
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Let {0} je[m) be any partition of I and Tg be the synthesis operator associated with
the Bessel operator sequence {®;;}ico; jeim)- By (5.2), we have

IT5f1? = Kf. T T3 f))

= <f72@fj¢ijf>’
el
[ e S Y @ - oye)r)]

el JE[mM\{n} i€o;
> (R onenr)| = Y |( Y @i - #)1)|
iel jem]\{n} i€
> (L1 @y Nl = 30 I s [(for Y (@i — @)1 )|
jem\iny  [Foll=1 =
> AllFIP = Y AT (T ey = T (T ) £l
jem\{n}
=(An— > (e +nVBu+1V/B)(VBu+ VBy)IfII* > 0.
Je[mI\{n}

Hence the {@ij}i@j jelm) is an operator frame for H with required universal frame
bounds. O

Proposition 5.2. Let {®;};cr be a frame for H with frame bounds A and B and T; be a
bounded, invertible operator for alli € I. If || Iy — Ti||* < 4, then {®;}icr and {®;T;}ics
are woven.

Proof. Note that Tj is invertible. Thus {&;T;}icr is automatically a g-frame. It is easy to
compute that (1 + [|T;]|?)B is an upper frame bound of {®;};c, U {®;T;}icoe. For every
o € I and for every € H, we have, by Minkowski’s inequality and subadditivity of the
square root function,

1/2
(D ll2al? + 3 leif1?)

= (Sierr+ T - - )"

= (S0t + X 10as =t~ )"

> (; 13 £11* + ; 14 11> — ; 14 (T3 — ﬂ)f||2)1/2
> (Ze; IIsPifIIQ)l/2 - (GZ 1, (I3 — T,-)fH2)1/2

> VA||fIl = VBII(Ix = To) f
> (VA= VB| Iy =TI
Thus {®;}ico U {P;T;}icoc forms an operator frame having
A—B|I —Ti*>0

as its lower frame bound. O
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Corollary 5.3. Let {®;};cr be an operator frame for H with frame bounds A and B and
frame operator Sg. If BJA < 2, then & and the scaled canonical dual operator frame
P = {i‘j‘r—%@isgl}ig are woven.

Proof. We apply Proposition 5.2 to the operator ' =T; =1} = %5;1 for all i,5 € I.
Since the spectrum of Sg is contained in the interval [A, B], the spectrum of I; — T is

contained in the interval [ﬁjr—g %] and thus
B-A

B+ A
This norm is majorized by /(A/B), whenever B/A < 2. O

113 =Tl <
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