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NORM-PEAK MULTILINEAR MAPPINGS ON R"
WITH A CERTAIN NORM

SUNG GUEN KIM

ABSTRACT. Let n > 2. A continuous n-linear mapping 7' from a Banach space E
into a Banach space F is called norm-peak if there is unique (z1,...,zn) € E™ such
that ||z1]| = -+ = ||zn|| = 1 and T attains its norm only at (tz1,...,+zy).

Let Rﬁ'H = R"™ with a norm satisfying that {W1,..., Wy} forms a basis and the

set of all extreme points of BR\T | is {£Wq,...,£W,}.
In this note, we characterize all norm-peak multilinear mapping from R"‘Z'” into F'.

Hexait N > 2. Henepepsue n-jiniiine BigoOpaskentsi T' 3 6aHAXOBOIO MIPOCTOPY
E B 6anaxiB npoctop F' HazuBaeThbCst 610006poHCEHHAM 3 NIKOBUM 3HAMYHHAM HOPMU,

AKIO icHye emuuuii (z1,...,Tn) B BE™ Taknil, mo ||z1|| =+ = ||zn| =11 T mocsarae
CBOET HOPMHU TibKY 1ipu (21, ..., +xn).

Hexait R‘"/_‘ /= R™ i3 HOPMOIO, IO 3aJ0BOJIBHSE TOMY, o { W1, ..., Wy} yTBOpIOE
6asuc, i {+Wh, ..., +wn} — MHOXKHHA BCIX eKCTPEMAJIbHUX TOUYOK MHOXKHHU Brn

I
B niit craTTi onucyrorbes Bei mosisiniiHi BimobparkeHHs 3 NIKOBUMM 3HAYEHHSIMH
HOPMU 3 R\TIL-H B F.

1. INTRODUCTION

In 1961, Bishop and Phelps [3] showed that the set of norm-attaining functionals on a
Banach space is dense in the dual space. Shortly after, attention was paid to possible
extensions of this result to more general settings, specially bounded linear operators
between Banach spaces. Lindenstrauss [14] studied norm-attaining operators. The
problem of denseness of norm-attaining functions has moved to other types of mappings
like multilinear forms or polynomials. The first result about norm-attaining multilinear
forms appeared in a joint work of Aron, Finet and Werner [2], where they showed that
the Radon-Nikodym property is sufficient for the denseness of norm-attaining multilinear
forms. Choi and Kim [4] showed that the Radon-Nikodym property is also sufficient
for the denseness of norm-attaining polynomials. Acosta [1| studied norm attaining
multilinear mappings. Jiménez-Sevilla and Pay& [7] studied the denseness of norm-
attaining multilinear forms and polynomials on preduals of Lorentz sequence spaces. Paya
and Saleh [15] presented new sufficient conditions for the denseness of norm-attaining
multilinear forms. Note that the norm denseness problem of the set of norm-attaining
forms in the spaces of all continuous multilinear forms is closely related to sets with
the Radon-Nikodym property. It is also linked to a broader topic of optimization on
infinite dimensional normed spaces and variational principles (see Stegall [17], Finet and
Georgiev [6]).

Let n € N, n > 2. We write Sg for the unit sphere of a Banach space E. We denote
by L("E : F) the Banach space of all continuous n-linear mappings from F into a

Banach space F' endowed with the norm [|T']| = sup(,, ... 4 )espx-xsp 1T(T1, - z0)]l-
Ls("E : F) denote the closed subspace of all continuous symmetric n-linear mappings.
An element (z1,...,z,) € E™ is called a norming point of T if ||z1]] = -+ = ||z,] = 1

and [[T'(x1, ..., 2a)| = [IT].
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For T € L("E : F), we define
Norm(T') = {(xl, ceyXpn) € E":(x1,...,2y,) s a norming point of T}.

Norm(T) is called the norming set of T. Note that (x1,...,x,) € Norm(T) if and only
if (e121,...,€,2p) € Norm(T) for some ¢, = £1 (k= 1,...,n). Indeed, if (z1,...,2,) €
Norm(T'), then

IT(err, .. s enzn)ll = llex- - enT(wr, .o an)l| = ([T (21, .. wn)ll = (1T,

which shows that (€121, ..., e,2,) € Norm(T). If (€121, ..., epzy) € Norm(T') for some
e, ==+1 (k=1,...,n), then

(z1,...,20) = (el(elxl),...,en(enxn)) € Norm(T).

The following examples show that the norming sets can be empty, finite or infinite.

Examples. (a) Let (ar)reny be a real sequence such that a; > 0 for all & and
Yopeqar =1 Let n>2 and

T((xgl))ieNv Ceey (xgn))zeN) — Z a; ‘,L,v(l) S xgn) c L:(nCO).
i=1

We claim that Norm(7T) = (. Obviously, |T|| = 1. Assume that Norm(7T) # . Let
<(J)l(»1))ieN, ce (xl(n))ieN> € Norm(T'). Then,

1= ‘T((mgl))iel\h ey (I'En))zeN)‘ S Zai |(E£l)‘ cee |x£n)| S Zai = 1a
i=1 i=1

which shows that |:z:§1)\ =...= |z£n)\ =1 for all 7 € N. Hence, (:zl(l))ieN, ce (:cgn))ieN ¢
co. This is a contradiction. Therefore, Norm(T') = §.
(b) Let

T((xgl))iew cees (xE”))ieN) = xgl) . ~x§n) € L("cp).
Then, ||T|| =1 and

Norm(T) = {((:I:l,xgl)wgl),...),...,(:I:l,xén)wén),...)) € (co)™ :
] <1, fork:l,...,n,jZQ}.

(c) Let
T((mgl))ieN, ce (xgn))ieN> = xgl) . x§”) € L(").
Then, |T|| =1 and Norm(T") = {(+ey,...,xe1)}, where e; = (1,0,0,0,...).
(d) Let T € L("E) and (z1,...,2,) € Norm(T). By the Hahn-Banach theorem there
are f; € E* such that
fi(z;) =il =1for every j =1,...,n.
Let ¢ be a permutation on {1,...,n}. We define T , . € L(*"E) by

T frota Wiy y20) = [ Fo) o) TWnits - y2m)-
j=1
Then
(Tg(1)y -+ s Th(n)» 15+ - - Tn) € Norm(Ty 4, 7, )-
If Norm(T) #0, T € L("E : F), is called norm attaining (see [4]). T € L("E : F) is
called norm-peak if Norm(T') = {(£z1,...,%xz,)} for some (z1,...,2,) € (Sg)™.
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For more details about the theory of multilinear mappings on a Banach space, we refer
to [5].

For m € N, let £7* := R™ with the ¢;-norm and ¢2, = R? with the supremum norm.
Note that if F is finite dimensional and T € L("F), Norm(T') # ) since Sg is compact.
Kim [8-12] classified Norm(T') for every T € Ls(202.), L(202.), L(303), L(203), or Ls(343).
Kim [13] has classified Norm(T') for every T € £(21Ri(w))7 where Ri(w) denotes the plane

with the hexagonal norm with weight 0 < w < 1, [[(#, y)|[n(w) = max{|y|, |x\—|—(1—w)|y|}
Saleh [16] showed that the norm-attaining continuous bilinear forms on L; (1) are norm
dense in all continuous bilinear forms if and only if p is completely atomic. This motivates
the study of the norming sets of T € L(2/1), since one can expect many continuous
bilinear forms with interesting norming sets in the ¢;-setting.
Let Rﬁl\ = R” with a norm being such that {W7,..., W, } forms a basis and the set of

all extreme points of Bgy s {£W1,..., W, }.
In this note, we characterlze all norm—peak multilinear mapping from R” I into F'.

2. MAIN RESULTS
Throughout this paper we let Rﬂl = R™ with a norm being such that {W7y,..., W,}
forms a basis and the set of all extreme points of BRW\ is {£W1,...,£W,}. Recall
that the Krein-Milman theorem states that a compact convex subset of a Hausdorff
locally convex topological vector space is equal to the closed convex hull of its extreme

points. Using the Krein-Milman theorem, we present an explicit formula for ||| for every
T € L("RY, : F).

Theorem 2.1. Let F' be a Banach space and n,m > 2. For T € L’(mRﬁ‘,H : F), we have

I —max{HT W

tm

)11 <ik<n, 1§k§m}.
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Proof. Let M := maX{HT( 717~-~»Wim)|| 1<, <n, 1 <k< m}. Suppose that

(Xq1,...,Xm) € (SRW H) . By the Krein-Milman theorem, the closed unit ball of Rﬁ-\l is

the closed convex hull of {+W7,...,£W,}. For k = 1,...,m, there are 61(]6) e {-1,1}
and tgk) >0 with Y, tgk) < 1 such that

X, = Z 5§k)tz(‘k)
i=1

It follows that

|T(X17aXWL)| < HT(Zéff) (1)W21"' Z 52(77:) Tm 'Lm)H
i1=1 Im=1
S Z HT( i1 ¢ 7fm) ‘ |5 l)t(l ‘ |6£:)t£:})|
1<ign, 1<k<m
n n
< M) (X 4)
j=1 j=1
< M=max{[T(Wi,..., Wi, i1 <y <n, 1<k <m}
< |7l
which shows that
1T = sup T(X1,.., X)) < M < T

(X1, Xom )eS]RﬁL |
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Therefore, || T|| = M. O

Theorem 2.2. Let F' be a Banach space and n,m > 2. Suppose that T € E("‘Rﬁl K F)
with ||T|| = 1. Then T is norm-peak if and only if there is a unique (iy,...,i,) €
{1,...,n}™ such that for all (iy, ..., im) € {1,...,0}™\{(i}, ... i)},

|r W Wi )| = 1> [T W3

Proof. (=). Suppose that T is norm-peak. Let Norm(T) = {(£X1,...,+X,)} for some

(X1,...,Xm) € (SRﬁ ||)’”. By the Krein-Milman theorem, for k& = 1,...,m, there are

M e {=1,1} and t{¥) > 0 with Dy t%*) < 1 such that
X = Z ot
i=1

Claim 1. There is (1/1, e ,z;n) € {1,...,n}™ such that HT(Wifl, W )H =1.

Zm

Suppose not. Choose (j1,.-.,7Jm) € {1,...,n}™ such that tg) e tg»:?) # 0. It follows
that

1 = ||T(X1,~-~7 n)l
= || BRI QAN w., )|
i1=1 im=1

< > HT(W“, W) || D

1<ip<n, 1<k<m
B P

+ 3 HT(Wil, )| D
(ilv-“ﬁiM)#(J—lqu—Tn)
< Dy 3 T, )| )6
(i1, im) (15, 0m)
1

(because HT Wiy, W5) H < 1at§1) tg»?:) #0)

(1) (m) 1) (m)
< bty > ty i,

(315 im ) Z(J15-2Jm)
= (tgl) +...+t%1))...(t§m) +..._|_t%m))
<1,
which is a contradiction. Therefore, the claim 1 holds.
Claim 2. (2/1, . ,ilm ) €{1,...,n}™ is unique.
Let (41,...,%m) € {1,...,n}™ such that HT i1y ..,Wim) ‘ = 1. Since T is norm-peak

and (Wil, .. .,Wim), (VVZ/1 Wlm) € Norm(T'), we have
{(£ Wi ) b= {2 W, aw, )}

Thus, i, = z;f for all £k = 1,...,m. Therefore, the claim 2 holds.
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(«<). Suppose that there is a unique (iy,...,i,) € {1,...,n}™ such that for all

(i1, yim) € {1,...,n}™\{(i%, . i)}

lrweeowi || = 1> Wi, oW,
Let (Y7,...,Y,,) € Norm(T'). By the Krein—Milman theorem, for k = 1,...,m, there are
" e {-1,1} and s( ) > 0 with S (k) <1 such that

112

Claim 3. If (i1,...,0m) # (iy,...,0p,), then s slm =,

11 Im

Suppose not. Then there is (ji,...,5m) # (z'l, e ,zlm) such that sg) e sg.:j) #0. It
follows that

1 = IIT(Yl,-.-, m)|
_ HT( SO §m> myy, )H
< Z HT “,...7Wim)‘Sgll)-~-sl(-z)
1<ix<n, 1<k<m
= HT(le,...,ij)H SS)SEZT)
T SR 2 (O] (KRR
(ila-“vim)#(jlauwjm)
< sDglm oy 3 [P Wi wi, )| 500l

(ila '7im)7é(j1a~-wjm)
‘ <1 s(-1)~-~s§-:) #0)
(1) (m) (1) (m)
< Sy, T > S5 Sip,
(il7~~-viwz)5‘é(j17~~--,jwz)
= (Sgl) _|_...+S£Ll))...+ (sgn) + ---—i—s?({”))
<

(because HT G1se e WJ)

b

which is a contradiction. Therefore, the claim 3 holds.

m

Claim 4. (Vi,.... V) € { (£ Wy, 2W, ) }.

Let i; € {1,...,n}\{i;}. Choose ja,...,jm € {1,...,n} such that 5(2) e (vm) # 0.

Since (i1, j2, -+ s jm) 7 (i1s-- -, ip,), by Claim 3, then s(l)( ;2) -~s§m)) = 0. Thus, s( ) =0

and sg, =1,s0Y; = :I:Wf Similarly, Y,, = :tW/ Thus, the claim 4 holds. Therefore,
31
Norm(T') = {(:I: Wy, £Wy )}, which shows that T' is norm-peak. This completes
the proof. O
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