Methods of Functional Analysis and Topology METHODS
Vol. 30 (2024), no. 1-2, pp. 37-49 M FA I OF FUNCTIONAL ANALYSIS

https://doi.org/10.31392/MFAT-npu26 _ 1-2.2024.04 AND TOPOLOGY

BICOMPLEX PALEY-WIENER THEOREM

SANJAY KUMAR AND STANZIN DOLKAR

ABsTRACT. In this paper, we study the bicomplex version of the Paley-Wiener
theorem and the Cauchy integral formula in the upper half-plane.

Busuaerbcst Teopema Ileitni-Binepa ta inrerpasibaa dpopmysna Komri B BepxHiit
miBITOIKHI Yy BHIAIKY OIKOMIIEKCHUX UHCEJL.

1. INTRODUCTION

The study of bicomplex numbers started in 1892 when Segre [36] found that the
property of commutativity had been missing from the skew field of quaternions. The
quaternions were first introduced by W. R. Hamilton in 1844. The study of bicomplex
numbers has always been an active field of research. Segre was inspired by the works of
Hamilton, and then he introduced a new number system called the bicomplex numbers.

The work of J. D. Riley in [30] has further developed the theory of functions with
bicomplex variables. Also, without forgetting to mention the work of G. B. Price [28], who
provided us with a very powerful method to study holomorphic functions with bicomplex
variables.

We denote the set of bicomplex numbers by BC and define it as follows:

BC = {21 + jzo | 21,72 € C},

where C is the set of complex numbers. Therefore, bicomplex numbers are sometimes
called complex numbers with complex coefficients. The set of complex numbers has the
imaginary unit ¢. In BC, there are two imaginary units, ¢ and j, which commute, i.e.,
ij = ji, and satisfy i> = j2 = —1. Bicomplex numbers can be added and multiplied, and
both operations are commutative and associative.

There are three types of conjugations on the set of bicomplex numbers. These are
the “bar conjugation,” the “x-conjugation,” and the “f-conjugation”, which are given as
follows:

— Z =721+ jZ» the bar conjugation.

— Z =2z, — jzo the f-conjugation.

— Z* =721 — jZ» the x-conjugation.
Here 21,29 € C(7) and Z; and 2 are the classical conjugates of z; and z2. Due to these
three types of conjugations, three types of moduli arise in the set of bicomplex numbers.
Among the three, we use only the moduli that arise due to the *-conjugation. For more
details on these conjugations, one can see [6, p. 8]. We will provide more details on this
in later sections.

Another important set of numbers is the set of hyperbolic numbers, which can be
defined independently of BC. We denote the set of hyperbolic numbers by

D={a+kb|a,beR},
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where k is called the hyperbolic unit with k2 = 1. The set of hyperbolic numbers is
also called split-real numbers, Lorentz numbers, perplex numbers, etc. These were first
introduced by Cockle [9]. While working with BC, we encounter ij = k. Thus, we realize
that there exists a subset of the bicomplex numbers that is isomorphic to the set of
split-real numbers. Thus, we can define the set of split-real numbers as

D={a+1ijb|a,beR}.
The following subset of D, which is given as
Dt = {a+kb|a2—b2 >0,a > 0},

will be especially useful later.

Another important feature of the bicomplex numbers BC is the presence of idempotent
units e and ef, which makes it possible to represent the bicomplex numbers in their
idempotent form. The idempotent units are also called special zero divisors as

14145 1—1j
e= and el =
2 2
Observe that e.ef =0 and 1 = e + ef. Also,

e =e and (eM)? =el.

Thus any bicomplex number Z can be represented as Z = ef3; + ef B2, where 5, and Sy
are complex numbers. This is called representing a bicomplex number in terms of its
idempotent units. Next, we describe a few representations of Z € BC. Any Z € BC can
be written as

:eﬂl _|_ eT/BQ (12)
=aq + tas + jas + kay. (13)

The equation (1.1) determines Z as an element of C? (i), while the equation (1.3) identifies
Z as an element of R, equation (1.2) is the idempotent representation of Z see [12, Page
7] for more details. As we have mentioned earlier, among the three moduli that arise due
to the three conjugations, we use the modulus that arises due to the x-conjugation and
call it the k-modulus. Let us discuss this in more detail.

Definition 1.1. [6] The k-modulus is denoted by || - ||x. It is hyperbolic-valued and is
defined as
1Zlz =2 2"
Using the idempotent decompositions of Z € BC, we see that
1217 = el ]} + €'|B2]3,

where |- |; and |- |2 are the classical complex components of || - ||. This means we have a
map || - ||x : BC — DT, which satisfies all the properties of a norm and hence is called a
hyperbolic-valued norm, or a D-norm, or k-norm.

The next definition presents the upper half-plane in BC.
Definition 1.2. [22] We denote the upper half-plane in BC by ch and it is defined as
HthC = {Z eBC:Z =2z +jzo or Z = el +€Tﬁ2 : (51,62) S H+ X H+},

where [[t = {2z € C(i) : z =z + iy and y > 0 € C(i)} is the upper half-plane in C.
By using the consequence of the idempotent decompositions, it is very easy to see that

Mie = ell" + et (1.4)
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Definition 1.3. [29] A set G C BC is called a product type set if G = eG; +efGo, where
G1 =111 4(G) and G2 =12 ;(G), and II; ;(G) and Il ;(G) are the idempotent projections
of G on G and G, respectively. That is, a set G C BC is said to be of product type in
BC if I1; ;(G) and IIy ;(G) are open and connected sets in the complex plane.

Definition 1.4. [6] Let ¢ and b be two hyperbolic numbers such that a < b. Then a
hyperbolic interval, denoted by [a, b]p, is defined as

[a,blp={s€D; a<j<b}

Definition 1.5. [16, 29] Let G C BC be such that G = eG; + el Gy, where G; and
G5 are the idempotent components of the domain G in the complex plane. Then, a
bicomplex function F : G € BC — BC is said to be of product type if F(Z) =
efi(B1) + el fo(B2), where each fi, : Gy — C for k = 1,2 are complex-valued functions
such that F(eB; +efB2) = efi(B1) + el f2(B2), for all eB; +ef By € G.

Definition 1.6. [24] Let 01 be a o-algebra on a set G. A hyperbolic real-valued bicomplex
function m = em; + e'my defined on G is called a hyperbolic measure if m; and my are
real measures on 1.

Definition 1.7. [6] Let F' be a bicomplex product type function defined on a domain
G C BC. Then

F(epr + eTﬁz) =eFi(f1) + GTFz(ﬁz)v (1.5)

where G C BC, is a bicomplex domain of product type defined in Definition 1.5.
It is worth noting that any Z in the upper half plane Hﬁc can also be written as

Z=c¢eB+elfye Hg(c if and only if 81 =2 —ize € 1T and By = 21 +iz0 € TI7.
Then a simple elaboration shows that

b1 =z —iz2 = (xo +ix1) — i(w2 + iz3) = (o + x3) + i(x1 — x2).

Thus,
B € TIT if and only if x; — 29 >0 (1.6)
and
B2 = z1 +iz9 = (xo +ix1) +i(xa + ix3) = (o — x3) + i(x1 + 22).
Therefore,

Bo € TIT if and only if z; + 25 > 0. (1.7)
Hence equations (1.6) and (1.7) imply that 8, 82 € ITT if and only if z7 > |xa].

Now we denote the boundary of the bicomplex upper half-plane by GHI’BEC; it is defined
as

Ol =edIT + eforrt
=eR +¢eR
=D, (1.8)
which is the set of hyperbolic numbers. Here OII" is the boundary of the idempotent
components of the bicomplex upper half-plane as given in Definition 1.2.

Then we define the D—integral of F' on the boundary of the bicomplex upper half-plane
Hﬂatc by

| Paazed —c [ mepanrd [ Reais . zeni.
olTie

— 00 —00
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Using this definition of D—integral, we say that a bicomplex function F' on BH];QC is
D—square integrable if

/(9 P IRdm < oo,

BC

where dm is the four-dimensional Lebesgue measure such that dm = edmq + etdme.
Using equation (1.5), we can say that F' is D-square integrable if and only if F; and
F5 are square integrable. That is,

o0
/ |Fi|[3dm; < oo.
— 00

We denote the space of all D—square integrable functions on Ol by L (0I1g¢), see
[27] and consequently,

L} (0TTc) = eL?(—00,00) + €' L?(—00, 00). (1.9)
The hyperbolic norm of F € L2 (81‘[%'@) is defined as
HFH%Z = €|F1|§,2 +€T|F2|§,27
where | - [], and | - |3, are the classical components of the hyperbolic norm. That is,
g 1R = e [ st [ 1 aim

Theorem 1.8. For 1 < p < oo, a Cauchy sequence {F,,} in L} (dm) with limit F has a
pointwise convergent subsequence, almost everywhere to F(xg,x3).

Proof. The proof of the above theorem is quite simple. From the definition of D-square
integrable in [27], we have

LP(dm) = eLP(dm;) + e LP (dms). (1.10)

Let Z = eB1 + efB2. Then, knowing the fact that for every Cauchy sequence {F), 1}
and {F, 2} in LP(dmy) and LP(dms) with limits Fy and Fs, there exist convergent
subsequences converging to Fy (Re(51)) and F(Re(82)), respectively. Thus, the theorem
holds for every Cauchy sequence {F),} in L% (dm). O

Corollary 1.9. Let F be the bicomplex Fourier transform of the bicomplex function F.
If F lies in L} and F € L}, then

F(xg,x3) = /8 - F(t) exp{i(zo + kxs)} dm(t) a.e.

For recent work on bicomplex analysis and its applications, one can refer to [8, 10, 26,
6, 12] and the references therein.

2. BicoMPLEX FOURIER TRANSFORMS
The bicomplex Fourier transform for functions of bicomplex variables is studied in
[7, 8, 18]. The standard bicomplex Fourier transform is defined as

Fie = exp{—itZ}F(t)dt ® dt',

1
V2T oTli

where Z = ef3; + '35 and dt ® dt' is notation to separate the e and e’ components when
we apply the idempotent decompositions.
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Now, using the idempotent units e and ef, we have

Foc = exp{—it(efy +e'fa)} dt ® dt!
]BC
L : Lo [7 : f
=—¢e exp{—itf1} F1(t)dt + —e exp{—itf2} Fo(t) dt
2 J_ o 27 o

:6]:1(F1) + GTJ:Q(FQ).

Example 2.1. [7] Consider F'(¢t) = exp{—||t||x}. Then,
. 2 ,
Fge = T3 72 where Z = z1 + j22,
with
F]B(C = eﬁ‘l(zl) + GTFQ(ZQ),
. 2 - 2

F = — d F =
1(21) 52 an 2(22) el

such that F(z) and Fy(2) are holomorphic in —1 < Im(z;) and Im(z) < 1.

The above example shows that, often, F can be extended to a function holomorphic in
some regions of BC. Next, keeping in mind that exp{itZ} is a holomorphic function of Z,
we can expect and discuss a few conditions on F' that, when imposed, turn its bicomplex
Fourier transform F (t) into a holomorphic function in certain regions of BC.

For the above claim, let § € L2 (01, dm) such that §(¢) = 0 on (—o0,0) x (—oc,0).
Then define

F(Z)= / F(t) exp{itZ}dt © dt', (2.11)
(0,00) % (0,00)
where Z lies in the bicomplex upper half-plane Hg(c. Then

exp{itZ} =exp{it(ef1 + eTﬁz)}
—eexp{itf} + elexp{itfs}
—eexp{it[(zo + x3) +i(z1 — 22)]} + el exp{it[(wo — ws) + i(w1 + 22)]}.

Therefore, if Z € Hﬁc, then

lexp{itZ}||x = eexp{it[(zo + x3) + i(z1 — 22)]}

+el exp{it[(xo — x3) + i(z1 + z2)]|x
el exp{it(zo + x3)} exp{—t(x1 — x2)} 1

ef|| exp{it(zo — 3)} exp{—t(ax1 + z2)} |2
<ellexp{—t(z1 — x2)}[l1 + e[| exp{—t(a1 + 22)} |
= e| exp{—tImg(B1)}|l1 + e[| exp{—tImg(B2)} |2
= exp{(e(—tImgpr)) + e (~tImg3 — 2)}

= exp{—t(e(z1 — x2) + €' (21 + 72))}

2

— exp{—t(a1 — kz)

Hence, (2.11) exists and is well-defined.
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From equation (2.11),

F(Z)= / F(t) exp{itZ}dt © dt'
(0,00) % (0,00)

:e/ F1(t) exp{itBy pdt + et / Fa(t) exp{itﬂg}dfr
0 0
:eFl(Bl) +€TF2(62). (212)

Thus F' is holomorphic on HIJBQC, as each I} is holomorphic in ITT. Here each F; is defined
as

F() = [ S0 esfitn).
0
For more details, see [35].
Next, we show that the restrictions of these functions to the horizontal lines in H%‘C

is bounded in Lﬁ (81‘[3@)). Let Z € Hig(c. Then Z = eB1 + e B = zg + ix1 + jxo + kxs,
and from equation (2.12), we have

F(Z) = eFi(B1) + e Fa(Ba), (2.13)

where each F; and F5 are of the form

Fi(p) = /000 F1(t) exp{—t(x1 — z2) } exp{it(zo + x3) }dt, (2.14)

Fy(B2) = /000 Fa(t) exp{—t(x1 + z2) } exp{it(xg — x3) }dt. (2.15)

Then Fy and Fy are the restrictions to the horizontal lines in [T+ and, from [35], we see
that these restrictions form a bounded set in L?(—oc0, o). Hence from equation (2.13),
we see that the restrictions of F' to the horizontal lines in [T~ form a bounded set in
L2(dT13). Thus, the following remark concludes that:

Remark 2.2. The restrictions F; and Fy of F' to the horizontal lines also form a bounded
set in L? (OIT4¢). For more details, we refer to [35].

3. BICOMPLEX PALEY-WIENER THEOREM

In this section, we generalize the Paley-Wiener theorem in a bicomplex setting. The
basis of the Paley-Wiener theorem lies in the outstanding fact that the converse of the
Remark 2.2 is also true.

Theorem 3.1. Let F : [ — BC be a holomorphic function on Igc+ and

1
sup —/ |F(Z)|2dzo = M < .
p 27 Jorny,

x1>|z2|
Then there exists § € L3 (O114¢) such that
F(Z)= S(t) exp{itZ}dt © dt',
(0,00) % (0,00)
where Z lies in HI;;C with Z = el + eT,BQ =xo + iT1 + jxr2 + kxs and
[F(@)|7dt = M
(0,00) % (0,00)

for some constant M.
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Proof. We begin the proof with an assumption that a holomorphic L (81‘[1&) function
exists, say § and let F' be a bicomplex holomorphic function defined on the upper
half-plane H];;C. Then
F(Z) = eFy(B1) + €' Fa(Ba),

where F} for [ = 1,2 is holomorphic on the complex upper half-plane [T". Then, by the
classical Paley-Wiener Theorem, for each Fy and Fy € H(IT"), there exist §; and Fo in
L?((0,00)) such that each Fy((zo+z3)+i(x1 —22)) and Fy((wg — x3) +i(z1 +22)) are the
inverse Fourier transform of § exp{—(z1 — x2)t} and §2 exp{—(x1 + z2)t}, respectively,
that is,

Fi(B) =F ! (Sl(t) exp{—(z1 — xg)}) (3.16)
and

Fy(B2) = FH(F.(t) exp{—(z1 + z2}). (3.17)
Then, by the inversion formula, we have

3.(t) = F{F1(B1) exp{—(z1 — z2)t}} (3.18)

B2(t) = F{F2(B2) exp{—(21 + z2)t}}. (3.19)

Now, from equations (3.18) and (3.19), we get

eF1(t) + el Fa(t) =e (2177 / Fy(B1) exp{—it(xo + x3) — tz1 + targ}dxo>
+ef (;ﬂ /_oo F5(B2) exp{—it(xg — x3) — tx1 + txg}dx$>

:e% Lm Fy(B1) exp{—itp1 }dxo + ET% [m F2(B2)6XP{*itﬂ2}dx(T)
1

=— F(Z)exp{—itZ}dZ & dZ'
2w ol

=8(2).

Thus, for a bicomplex holomorphic function in HEC’ we assumed the existence of an
L? (0Te) function § such that

1
Cor

Note that dZ ® dZ' is a notation to separate the terms when we apply the idempotent
decompositions. The integral in (3.20) is the result of choosing a horizontal line in [T,
as the equations (3.16) and (3.17) are representations along the horizontal lines in IT7.
Now, we need to show that § € Li(((), o0) x (0, oo)) is uniquely defined. So, we use the
Cauchy theorem here.

For this, let A, be a rectangular path in H]EC. Then A, being a closed path, can be
written as

3(2) / F(Z)exp{—itZ}dZ & dZ'. (3.20)

Ao =€ ko, +€l Aoy, (3.21)
where A,, and A,, are rectangular paths in e[t and ef[Tt, respectively. Using the
equation (3.21), we can assume the vertices of Ao, as e(+a +1i),ef(+a +1i) and e(+a +
iy), el (£a +iy), let

I= F(Z)exp{—itZ}dZ  dZ'.
Ko

Then,

I = 6/ Fl (Bl) eXp{*Z‘tﬂl}d,Bl + ST/ FQ(BQ) exp{fitﬂg}dﬂm (322)

@1 @2
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where ' = eFy + e'Fy such that Fy,Fy € H(ITT) and Z = ef; + efBy such that
(B1,B2) € ITT x IIT. So, by using Cauchy’s theorem, we get

I=0. (3.23)

Using the equation (3.22), we have I = el; +e'I,. Solving I; for the straight lines e(y+1)
to e(y +1iy), we get a sequence (a1 ;)32 such that I1(a1,;) — 0 and I;(—a1,;) — 0 as
j — oo in e[lT.

Similarly, for I, we find a sequence (az ;)72 such that I>(az ;) — 0as j — oo and
Ir(—az,) — 0 as j — oo in efIT*. Thus there must be a sequence {ak ;152 such that

{ar;}52, = e{lar ;152 + ef{aa,;}32, and

I(Oék,j) — 0 and I(—O{kJ’) — 0. (324)
Proceeding further, define
1 [om
Gj(x1,22,t) = %/ F(z1 + jza) exp{—it(xo + kx3) }dxo.
o

Then, by equations (3.23) and (3.24), we get
lim {exp{—ktxs + tz1}G, (21, x2,t) — exp{—kt + t}G,(1,1,¢)} = 0. (3.25)
j—00

Now, let Fie be the bicomplex Fourier transform and writing Fy, ., (2o, x3) for F(zo +

ix1 + jz2 + kz3). Then Fy, 4, lies in L7 (Ol14c).
By the bicomplex Plancheral theorem [18], we have

lim | Foy 2 (t) — Gj(21, 22, 1)|[3dt @ dtT = 0.

J=00 JolTg:

Thus, by Theorem 1.8, the sequence {G (1, z2,t)} has a pointwise convergent subsequence
that converges to Fj, ., (t) for almost every t. Now, defining

F(t) = exp{—kt + t}Fy 1 (t). (3.26)
From equation (3.25), we have
§(t) = exp{—ktws + tx1 } Fy, 4, (t). (3.27)

Thus again, from the Plancheral Theorem for BC, we have for every z1, 22 € (0,00) X
(0, 00),

/ exp{—2(—kts + 1) }[§()|2dt © dif = / 1By a (DIt @ !
ATl T3

BC

1
== | Fe, s (0, 23) | R dao
27'(' anﬂ-{c
< M. (3.28)

If we let w9, 21 — 00, then equation (3.28) shows that F(¢) = 0 a.e in (—00,0) x (—o0, 0),
and if x5, z1 — 0, then

/ ISOIE dt o dr! < a1 (3.29
(0,00)%(0,00)
Thus
Fay oy (20, 23) :/ . o (8) explit(zo, 23) }dt © ! (3.30)
ANTze
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or

F(Z)= / 3(t) exp{—(—ktzo + tx1)} exp{it(zo + kx3)}dt © dt'
(0,00)x(0,00)

_ / 3t explitZ}dt o dtt ; Z € .
(0,00) % (0,00)

Keeping x9, x1 fixed and again applying the bicomplex Plancheral theorem, we obtain

1
by IIF(Z1 + jiz2) |l kdwo —/ 517 exp{—2(t(=kwz + z1))}dt © di’
™
(0,00) % (0,00)
</ I3 Bdr  ar'.
(0,00) % (0,00)
Thus
1
sup | F(wo+iz1+jza+kas)|[zdro = M < / 15(t)|2dt@adt!.
D 27 Jorts. (0,00) X (0,00)
0<z1,22<00 ~
(3.31)
Thus, from equations (3.29) and (3.31), we get
/ I8z dt = 01
(0,00) % (0,00)
O
Next, we discuss another class of all bicomplex F' of the form
F(Z)= / F(t)exp{itZ} dt © dt', (3.32)
(—A,A)p

where § € Li(—A, A)p, and A is finite and positive. The interval (—A, A)p is a hyperbolic
interval as defined in Definition 1.4.
We proceed by bounding the norm [|F(Z)||:

IF(2)llk < //’ IS0 exp{ (e + )} dh o i

fexp{An(ml ktzy) ||k}/ st Ollsdt@dtt.  (3.33)

Now, define
C = f?/ I13(8) || dt © dtt.
(7A5A)ID

Since C' < oo (due to the finiteness of the integral and the properties of §), equation
(3.33) becomes

IF(Z)|li < Cexp{Al Z|x}. (3.34)
We can also prove that F' being entire functions that satisfy (3.34) are called bicomplex
exponential types. The context of our next theorem is as:
The type of functions in equation (3.32) are exponential functions whose restrictions to
the real and kth-axis lie in Li (81‘[%@). We prove that the converse is also true.

Theorem 3.2. Let F be a bicomplex function of exponential type and

|F (0 + kas)|[3dzo ® dz) < oo. (3.35)
.

BC

Then there exists § € Li(—A, A)p such that,

F(Z) = / §() exp{itZ}dt © dtt (3.36)
(=A,A)p
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for all Z € BC.
Proof. Let ep be a number greater than 0, and let Fi (zo+kz3) = F(xo+kxs) exp{—ep|lzo+
kx3||x}. Then, we show that
liﬂr);l e — O/ F, (0 + kaxs) exp{—it(zo + kx3)}dro © dxg =0, (3.37)
Ol T5e

where ¢ € Ol and ||t[|x > A. As we see that ||F, — F||x2 — 0 as ep — 0. The bicomplex

Plancheral theorem implies that || F., — §|lx.2 — 0 as ep — 0, where § is the bicomplex
Fourier transform of F. Thus, equation (3.37) implies that §(¢) = 0 outside [—A, A]p
and hence from Corollary 1.9 , we see that (3.36) holds for almost every Z = x¢ + kx3.
Also, the left and right-hand sides of the equation (3.36) represent the entire bicomplex
function. Thus, (3.36) holds for every Z € BC.

Thus, in order to prove the theorem, we shall show that (3.37) holds.

For this, let A, be a bicomplex path, defined as

Aa(u) = u exp{ia},
where u € [0,00) x [0,00). Then,
Ao (W) = € Aoy +€M Ny, (3.38)
where Ao, and A,, are complex paths. Putting, the half-plane in BC as
Iec(a) = {W : Re(W exp{ia}) > A}

and again
IBc(a) = €lla + ', (3.39)

where T[], are decomposition of [Tgc() in the complex plane. Define,

QW)= | F(Z)exp{-WZ}YdZ & dZ". (3.40)

Aa

Then Q4 (W) = Qo (Wy) + e'Q, (W2), where

Qo (Wy) = Fi(Bi) exp{—=W;p;}dp; for i=1,2.

Aaq

Using the complex version of this theorem on [35, Page 375|, we see that each Q,(W;)
is holomorphic in the half-plane [1,, and so (W) is holomorphic in ITgc(q). Also, if
a =0, then

Qo(W) = / F(zo + kxs)exp{—W (xo + kxg) }dxo © dxzr) ;. ReW >0
(0,00) % (0,00)
and if a =7,
Q. (W) = —/ F(xg + kas)exp{—W (xg + kas3)}dxg © da:g ;. ReW < 0.
(—00,0) x (—00,0)

Thus, Qg and Q, are holomorphic in the indicated half-planes in (3.35).
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Now, if we see that

Qo(ep+it) — Qp(—ep —it)

_ / Flo + ks) expl—(en + it) (w0 + kars) Yo+
(0,00) % (0,00)

F(zo + kas) exp{—(—ep + it) (zo + kzs)dz}

~—~—

(—00,0) x (—00,0)

F(zo + kas) exp{—(ep + it)(zo + kxs) — (—ep + it)(xo + k) da)

I
S—

e

F(xg + kxs) exp{(xg + kx3)[—ep — it + ep — it] }dag © dar:jJ
[T
:/ F(xzg + kxs) exp{(xo + kx3)(—it) }dzo © dxf),
olTze
then it is sufficient to show that Qq(ep) — Qr(—ep +it) - Oas ep — 0if ¢ > A and
t < —A.

This can be shown by using the idempotent decomposition of 2y and €2, with the help
of idempotents e and ef and also using the fact that this theorem holds for its complex
version.

Therefore,

I
S~

lim ep — 0/ F., (xo + kxg) exp{—it(zo + kx3)}dzo = 0.
v Ol

0

Now, we prove the bicomplex Cauchy integral formula for the upper half-plane. We
start with the following statement:

Theorem 3.3. If F € HP(II), 1 < p < oo, then
_ b FW)
2w Jorp W—Z

F(2) AW 0 dW' ;Z € T

and the integral vanishes for all Z € Tlge, where Ty Tepresents the bicomplex lower
half-plane.
Conversely, if H € L} (0lT#:) (1 < p < o0) and
1 HW)
2mi Jortz. wW—-Z

dW o dwt =0

for all Z € Tlge. Then for Z € Hfst([:v this integral represents a bicomplex function
F € HP(T1g), where the boundary function

F(xg,x3) = H(xg,x3) a.e.

Proof. Since HP (1) = eHP(IT") + ¢! HP(I17) and F € HP(I1;). Then the bicomplex
Cauchy integral Formula, see [29], is given by

1 [ F(W) 1 [ F(W)
C(F(Z)) =e— ————dW. f— ————dWs.
FE)=esn | w—a™tess | W, -5
That is,
C(F(Z)) =el, + €Iy,
where I; and I3 are the complex Cauchy integrals for Fy, Fy € HP(IT") which is analytic
in both [TT and IT~. Then the bicomplex Cauchy integral is holomorphic in both HIJB[C

and [lgc.
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Now, using the idempotent decompositions, we have
C(F(2)) = C(F(Z")) ={e31(51) + 'F2(62)} — {eF1(51) + [ F2(52)}
= e{F1(81) = F1(B1)} + e {F2(B2) — F2(B2)}-
So, from the complex analogy of this theorem, we have,
C(F(Z)) = C(F(2")) = e{ Fi(B1)} + e{Fa(B2)} Br. Bz € TTT
=F(2); Z € Tlge.
Thus, C(F(Z*)) is holomorphic for Z € [Tj.. So, C(F(Z)) must be identically constant
in [pe. Since C(F(Z)) — 0 as Z — oo, we have
C(F(z))=0.

Thus,
C(F(Z")) = F(Z) € ¢
and
C(F(Z)) =0 €Ilpe-
Conversely, suppose H € L} (Bﬂgc). Then

Li (0MTgc) = eL(O11T) + efL(011T) (3.41)

and )
1 HW
— W eodWt =0 :Z eIt
2mi Jorp, W—2 © 14 € Ige

Since H € L} ((’9ch) and using the decomposition in equation (3.41) and using the
fact that the result holds in each LI(ATT"), the theorem follows. O
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