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HYPERCYCLICITY OF AFFINE COMPOSITION OPERATORS ON
ALGEBRAS OF SYMMETRIC ANALYTIC FUNCTIONS

ZORIANA NOVOSAD

ABSTRACT. The paper is devoted to studying the dynamics of affine composition
operators on the Fréchet algebras of symmetric analytic functions on £,. We introduced
a class of affine composition operators preserving the symmetry of functions and
found necessary and sufficient conditions of hypercyclicity of such operators. Some
applications for dynamics of composition operators on the space of entire functions
of several complex variables, H(C™) are proposed. In particular, we found some
conditions of hypercyclicity for a class of polynomial composition operators on H(C").

CrarTs IpuCBsiYeHa BUBYCHHIO JUHAMIKE adiHHUX KOMIIO3UIIHAX OIEpaTopiB
Ha anrebpax (Pperre cUMETPUYHUX aHAIITHYHUX GYyHKHiN Ha fp. Beneno kiac
adiHHIX KOMIO3UIIHIX olepaTopis, mo 36epirators cuMeTpio yHKIH, 1 3HafigeHO
HeoOXi/HI Ta JlocTaTHi yMOBH rinepnukiigHocTi Takux oneparopis. [IpononyroTbes
JlesIKi 3aCTOCYBBIHHS AMHAMIKN KOMIIO3UIIHHEX onepaTopis B npocropi H (C™) mimux
bYHKIIH 1eKIIBKOX KOMIUIEKCHUX 3MIHHUX. 30KpeMa, 3HANWKEHO JeAKl yMOBH Timep-
LUKJIYHOCTI JUIst KJIAacy olepaTopis moJiiHomianbHol KoMmosunil na H(C™).

1. INTRODUCTION

The dynamics of bounded linear operators on infinite dimensional topological linear
spaces can generally be very complicated. In particular, such an operator may have a
dense orbit (that is, to be hypercyclic) or other “chaotic” and “mixing” properties. The
first example of a hypercyclic operator on the Fréchet space of entire functions H(C) on
the complex plane C was constructed by Birkhoff [10] in 1929. The Birkhoff theorem
states that the translation operator T'(f)(z) = f(z + 1) is hypercyclic on H(C). Later, in
1952 MacLane [30] proved that the differentiation operator D: H(C) — H(C), D(f) = f/,
f € H(C), is also hypercyclic. Rolewicz in 1969 observed that the weighted backward
shift operator T': 5 — {5 given by

T($1,$2,$37 .. ) = )\(.732,.’173, .. )

is hypercyclic on ¢5 whenever |A| > 1, A € C. Operators of such a type are hypercyclic in
more general situations. For details about various generalizations of Rolewicz weighted
backward shift operators we refer the reader to [4, 6, 26, 35, 37].

G. Godefroy and J. Shapiro generalized the Birkhoff result involving what are called
convolution operators [22].

Theorem 1.1 ([22]). Let T: C™ — C™ be a continuous linear operator such that

T(f)(z+b) = T(m(f))(2)

(where for f € H(C") and z € C™, 7p(f)(2) := f(z+b)). If T is not a multiple of the
identity, then T 1is hypercyclic.
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Further generalizations of Theorem 1.1 for spaces of entire functions on finite and
infinite dimensional Banach spaces were obtained in [2, 8, 12, 17, 31, 32].

Let us recall that an operator Cy on H(C™) is said to be a composition operator
if Cof(x) = f(®(x)) for some analytic map ®: C* — C". It is known that only the
translation operator Ty, for some a # 0, is a hypercyclic composition operator on H(C) [9].
However, if n > 1, H(C") supports more hypercyclic composition operators.

In [7] Bernal-Gonzélez established some necessary and sufficient conditions for a
composition operator by an affine map to be hypercyclic. In particular, in [7] it is
proved that a given affine automorphism S = A + b on C™, the composition operator
Cs: f(z) — f(S(x)) is hypercyclic if and only if the linear operator A is bijective and
the vector b is not in the range of A — I.

In this paper we consider composition operators with affine mappings on the space
Hys(£,) of symmetric analytic functions of bounded type on £,, 1 < 1 < oo and find
necessary and sufficient conditions for hypercyclicity of such operators. For this purpose
we used a method developed in [34] (see also [17, 33]). Also, we find some applications
for dynamics of composition operators on the space H(C") of entire functions of several
complex variables. In particular, we find some conditions of hypercyclicity for a class of
polynomial composition operators on H(C™).

For details of the theory of analytic functions on Banach spaces we refer the reader
to Dineen’s book [20]. All basic information about hypercyclic operators can be found
in [24, 25].

2. PRELIMINARY RESULTS

Let X be a topological vector space. A continuous linear operator T: X — X is said
to be hypercyclic if there is a vector x € X such that the set Orb(T,z) = {z, Tz, T?z, ...}
of iterates of x is dense in X. The vector z is called a hypercyclic vector associated to
the hypercyclic operator T. An operator T is called hereditarily hypercyclic if there is an
increasing sequence of positive integers (ny) such that for each subsequence (my) of (ny)
there is some x € X such that the set

{T™*(z): k € N}

is dense in X.

An operator T is called topologically transitive if for any pair U,V of nonempty open
subsets of X there exists some integer k& > 0 such that T*(U) NV # @. T is called
weakly mixing if T®T: X & X — X & X is topologically transitive. It is well known
(see e.g. [25, p. 39]) that for separable X the hypercyclicity of T is equivalent to its
topological transitivity.

A sufficient condition for hypercyclicity, the well known Hypercyclicity Criterion,
independently discovered by Kitai [27] and Gethner and Shapiro [21], has been the
fundamental tool for proving hypercyclicity. The following version of the hypercyclicity
criterion was given by Bes (see [9]).

Theorem 2.1 (Hypercyclicity Criterion). Let X be a separable Fréchet space and T: X —
X be a linear and continuous operator. Suppose there exist in X dense subsets Xo, Yy, a
sequence (ny) of positive integers, and a sequence of mappings (possibly nonlinear, possibly
not continuous) Sy : Yo — X so that

(1) T™ (x) — 0 for every x € Xo as k — oc.
(2) Sk(y) — 0 for every y € Yy as k — .
(3) T™ o Si(y) =y for every y € Y.

Then T s hypercyclic.
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Actually, T satisfies the Hypercyclicity Criterion if and only if T is hereditarily
hypercyclic and if and only if T is weakly mixing [25, p. 76].

From the Universal Comparison Principle (see e.g. [24, Proposition 4]) we have the
following simple proposition to be used in the sequel.

Proposition 2.2. Let T be a (hereditarily) hypercyclic operator on X and A be an
isomorphism of X. Then A~YT A is (hereditarily) hypercyclic.

If A is an isomorphism of X, then A™!T A is said to be an perator similar to T. If
T = C, is a composition operator on H(C™) for some mapping a: C" — C" and A = Cs
is a composition with an analytic automorphism ® of C”, then A7'TA = Cpopop-:-

Let X be a Banach space with a symmetric basis (e;)$2;. A function g on X is said to

o0
be symmetric if for every x = Z xrie; € X,

i=1
oo o0
g(z) = 9( Z xiei) = 9( Z wiea(i))
i=1 i=1
for an arbitrary permutation o on the set {1,...,m} for any positive integer m. A sequence

of homogeneous polynomials (Pj);?‘;l, deg P, = k, is called a homogeneous algebraic basis
in the algebra of symmetric polynomials if for every symmetric polynomial P of degree n
on X there exists a unique polynomial ¢ on C" such that

P(z) = q(Pi(x),...,P.(x)).

More information about various algebras of symmetric analytic functions and their
algebraic bases can be found in (3, 5, 11, 14, 28, 36| and references therein.

Throughout this paper we consider the case where X = ¢,, 1 < p < oc. Let us denote
by Ps(€,) the algebra of all symmetric polynomials on ¢,. From [23] we know that the
so-called power polynomials (Fy)32 ,,

Fi(z) = Zxk k> [p]

form an algebraic basis in P,(¢,), where [p] is the ceil of p.

We denote by H(¢,) the algebra of entire symmetric functions on ¢, which is topologi-
cally generated by polynomials F7,1,. .., Frpj4n—1. It means that H (£,) is the completion
of the algebraic span of F,,..., Fp)4n—1 in the uniform topology on bounded subsets.

Note that if (P;)32, is a homogeneous algebraic basis in Ps(£,), then (P,..., P,) is a
homogeneous algebraic basis in H(¢,). We will use notations P := (Py)}_;.

For a given algebraic basis P in H7(¢,) the mapping

Froflty, .o otn) = F(Prpto - Prpyan—t)

is a topological isomorphism between H(C™) and HZ(¢,) (see e.g. [1]).

To investigate dynamics of composition operators with affine mappings on spaces of
symmetric functions, we need to have affine mappings on ¢, such that the corresponding
composition operators map symmetric functions to symmetric functions. One can check
that for a symmetric function f on ¢, the function f(-+y) is not symmetric for any fixed
y € {p, such that y # 0. So, the space of symmetric functions is not invariant with respect
to the usual translation operator f(-) — f(- + y). However, there is another, “symmetric”
translation on ¢,. For given =,y € £,, x = (z1,x2,...) and y = (y1,y2,...), we set

xeoy:=(T1,Y1,T2,Y2,--.)-
It is easy to check (see e.g. [14, 15]) that
(1) llz oyl = llzl + llyll.
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(2) F,(xzey)=F,(x)+ F,(y) for any integer n > [p].

Also, there is a so-called multiplicative intertwining [16] of z and y, z ¢y, as the
resulting sequence of ordering the set {x;y;: i, j € N} with one single index in some fixed
order. From [16] it is known that for arbitrary =,y € ¢, we have

(1) zoy €ty and [z oyl = [lz]| - [ly[|.
(2) Fpo(zoy) = F,(z) - F,(y) for any natural n > [p].
Semirings, generated by operations ‘e’ and ‘¢’ were studied in [13, 18, 19].

We will say that the map of the form z — aox ey = (a0 x) @y is a symmetric affine
operator and define the operator

Qy: H (L) — HJ (L),

Qy(f)(x) := flacxey),

where a = (a1, a2,...) € {1, a # 0. We say that Q, is a symmetric affine composition
operator. Note that

Frlaoxey) = Fy(a)Fr(z) + Fr(y) (2.1)
for every k > [p].

3. MAIN RESULTS

Theorem 3.1. The symmetric affine composition operator
Qy: H(b,) — HJ (L),

Qy: g(x) = glaovxey)
y €Ly, (Frp1(¥)s -« Fagrp1—1(y)) € C", is hereditarily hypercyclic on H(£,) if and only
if the following conditions hold:

(i) all F[p] (a) 75 0, ey Fn+"p—|71(a) 75 O,‘
(ii) for some [p] <k <n+ [p] —1, Fx(a) =1 and Fj(y) # 0.

Proof. For the convince we determine a pair (A,b) as matrix A with complex entries and
fixed column vector b in C™ as follows:

F@) - 0 0
A — ' . . .« e E
0 o Fagipp—2(a) 0
0 0 F,H_m_l(a)
and
by Frp (y)
N 5
bp—2 Fn+|'p.\—2(y)
by, Fot [p?—l(y)

We claim that conditions () and (i7) of the theorem are equivalent to the property that A
is a bijective operator on C™ and b is not in the range of A — I. Indeed, det(A) # 0 if and
only if iy rp1—1(a) # 0,7 =1,...,n. Also, if b is not in the range of A—1I, then A— I must
be non-injective, that is, i ,1-1(a) =1 for some 1 <4 <n and b; = Fi ,1-1(y) # 0.
According to [7], the composition operator

Carpo(f) = f(AL+D), t=(t1,...,tn) €C"

is hereditarily hypercyclic on H(C").
Using the isomorphism Fy : f(t1,...,tn) = f(Fip1s--- Frpl4n_1) from H(C") to
H7(C,) we can represent any g € H]({,) as

9() = f(Frp (@), oo, Frplan—1(2)),
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where f = (Ff;)fl(g). By Proposition 2.2, the affine composition operator

Q,(9) = FE (Cares (FD) ™ @) (Flyts -+ Fipn) ))

is hereditarily hypercyclic.

Conversely, if Q, is hypercyclic on H}'(¢,), then Casyyp is hypercyclic on H(C™) and
by [7], A is bijective and b is not in the range of A — I. But as we proved, it is equivalent
to conditions (¢) and (4¢) of the theorem. O

Like in [34], this result can be extended to the infinite dimensional case.

Theorem 3.2. Let a and y be vectors in £, such that

(i) F.(a)#0 for every n > [p].
(i) There is at least one number ko € N such that Fi, 4 rp1—1(a) = 1 and Fy 4 1p1-1(y) #
0.

Then Qy: g(z) — glaoz ey), g € Hyps(¢,) is hypercyclic on Hys(£p).

Proof. Let us show that Q, is topologically transitive on Hps(¢,). Let U and V' be disjoint
open subsets in Hy,(¢,). Since the linear space

U H™(0,) C Hys(£y)

is dense in Hys(¥p), it has nonempty intersections with U and V. Thus, there are integers
7,7 > ko such that H? (£,)NU # @ and H?(¢,)NV # &. Let m = max(r, j). Then H™(¢,)
has nonempty intersections with both U and V. Since the topology of H?(¢,) is induced
by the topology of Hys(¢,), the intersections U, = H*(¢,) NU and V,,, = H'({,) NV
are open in Hys(£,). By Theorem 3.1 the restriction of Q, to H"(¢,) is hypercyclic and
so topologically transitive. That is, there is a number n such that Q"( m) C Vin. Thus,
Q”( ) C V and so Q, is topologically transitive. Hence, Q, is hypercyclic. O

If we consider another algebraic basis P = (Py,..., P,) in H"({,), then FF will give
us another isomorphism from H(C") to H(¢,). Clearly, the mapping (FF)~1Q,FF is
hypercyclic on H(C™) if and only if Q, is hypercyclic on H] (¢p).

Let us consider the case of symmetric analytic functions on ;. There is another natural
algebraic basis in Ps(¢1), so-called the basis elementary symmetric polynomials (Gx)7,
keN,

k
It is easy to check that Gi(x e y) Z Gi(z)Gr—i(y), where Gy = 1.
0

It is known (see e.g. [15, 29]) that_

ZG ﬁl%—asz)
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Thus,
> Gulaow) = [T (1 +az)
n=0 ‘,j71
:Hl‘f'almz Hl—i—azxz)H(l—i—ajxl)
i=1 i=1 i=1
Z Z agG ZanGn
=2 > > e aiGr(e) G, (@).
n=0 ky+--+kn=n j1 < <jn
So,

Gulaoz)= Y agralz Gy (@) G, ().

k14 FEkn=nj1<-<jn

Taking into account that

ij (.’E ° y) = ZGl(‘(L’)Gh*Z(y)v

we can write

-

i
o

Gplaozey)= Gi(aox)Gn_i(y)

(3.2)

<
3

i=0 kit tki=ij1<--<jn

In particular, for example, we will have

Gilaozey) = ZaJ+G1

GQ(CLOIOy):G2(a<>a:)+G1(a<>xoy)G1(y)+G2(y)
= 3 Y a2 Gy, (2)Gy (@) + Gi(a o 2)Gr(y) + Galy)

k1+ke=2j1<j2

= 2G2 Z a; —|— Gl Z aj, Ajy + G1 )Gl(y) Z aj + Gz(y)
j=1

J1<J2

For every f(t1,...,tn) € H(C"),
QuFCf(t1, . tn) = Quf (Gi(x),...,Gu(@)) = f(Gr(acm ey),...,Gulaoz 0 y)).

Let Gi(y) = ¢, and ¢o = 1. To find (fG)(_l)nyGf(tl, ..., t,) substitute (3.2) into the

formula for Q,FS f(t1,...,t,) and apply (]—"G)( 2 taking G(z) ~ t, and G(y) ~ cp.
Thus, we have

(FS) V0 FC f(t1,. .. ta)

oo n
k k k;
SYICP SRS ST SR DT T NRt Ty
j=1 1=0

kit tki=ij1<--<jn

(3.3)
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As we observed, (]-",(L; )(71) Qy]-"f is hypercyclic if and only if Q, is hypercyclic. Recall
that the bases F and G are connected by the Newton recurrent formulas,

Fy =Gy
Fo=G1Fy 1 —GoFy o+ -+ (=1)"Gpr By + (—=1)"T'nG, n>1.
Therefore, we have the following result.

Theorem 3.3. Let numbersaq,...,a, andcy,...,c, be such thatay,...,a, andby,...,b,
satisfy conditions of Theorem 3.1 for the case p =1, where by = ¢; and

be = c1bp—1 — cabp—o + -+ + (—=1)*cp_1by + (= 1) ey,
for 1 < k < n. Then the composition operator (3.3) is hereditarily hypercyclic on H(C™).

Proof. Let y = (y1,...,yn) be a vector in C™ such that Fy(y) = b1,..., Fn(y) = by.
Note that such a vector always exists and is unique up to permutations of coordinates.
Moreover, from the construction of by, ..., b, and the Newton’s formulas, we have G;(y) =
c1,--.,Gn(y) = cy. By Theorem 3.1, the operator Q, is hereditarily hypercyclic. Thus,
the composition operator (3.3) is hypercyclic as well. O

Let us compute (3.3) in H(C?).

Example 3.4. Making routine computations in (3.3) for n = 2, y = (y1,2), and
a = (a1,a2) we can see that

(FS)TVQ,FE f(tr. 1) = f((ar + az)ty + c1, 2aras + (a2 + a2) + ert (ay + az) + ).

Let a1 = 2, a2 = —1,y1 = 1, yo = 2. Then Fi(a) = 1, F3(a) =5, by = Fi(y) =
by = F»(y) = 5. By Theorem 3.1, Q, is hypercyclic on H2(¢1) and so, for ¢; = G1(y) =
and ¢y = G2(y) = 5, the operator

(FYTVQuFE: f(tr, ta) = f(t1 +3,—203 + 10t5 + 31, +5)
is hereditarily hypercyclic on H(C?).
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