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ABSTRACT. In this work, we solve the system of Laguerre-Freud equations for the
recurrence coefficients ¢, 0,41, n > 0, of the D,,-Laguerre-Hahn orthogonal sequences
of polynomials of class one in the case when (o = —ag, (n+1 = n — ap4+1 and
Ont1 = —a% with ay, # 0n > 0, where D,, is the divided difference operator. There
are essentially six canonical cases.

B po6ori po3s’sizano cucremy piBusHb Jlareppa-Ppeiiga qi1st peKypeHTHUX Koedii-

€HTIB (pn, On+41,n > 0, nocaigoBHOCTEN OpTOroHanbHux D.,-mHOro4senis Jlareppa-

— — : — 2

XaHa IepIIoro poay y BUNAAKY, KO (g = —&0, (nt1 = Qn — Qny1 1 Opp1 = —af,

3 an # 0, n >0, ne Dy € omepaTropom po3aiieHol pisauni. Bcranosieno mictb
KAHOHIYHUX BUIIA/IKiB.

1. INTRODUCTION AND PRELIMINARY RESULTS

There are many papers whose interest is D_,,—Laguerre-Hahn orthogonal polynomials,
the polynomials that are related to the divided difference operator D,, [1, 5, 12, 14].
In [14], the authors have established a system satisfied by coefficients of the recurrence
relation of D_,,- Laguerre-Hahn orthogonal sequences of class one. This system is not
linear and it was solved only in the symmetric case (see [14]). So, the aim of this paper is
to solve the system in a special nonsymmetrical case. Indeed, we exhaustively describe the
family of D_,,-Laguerre-Hahn sequences {Z,,},>0, of class s = 1, verifying the following
three-term recurrence relation:

Zusa(@) = (2 = (a0 = an41) ) Zua (1) + a2 Za(a) , 120,
Zl(l'):.’E+C¥0, Zo(.’E)Zl,

with a,, # 0, n > 0. This family has been the subject of some works: for instance, Maroni
[10, 11] characterized such sequences by a particular quadratic decomposition and by a
perturbation of a symmetric form.

The structure of the manuscript is as follows. The first section is devoted to preliminary
results and notations used in the sequel. In the second section, first we give some
properties of the regular form associated with the sequence {Z,},>0. Especially, we
focus our attention to the case where it is D_,,-Laguerre-Hahn of class one. Second,
using these properties and the Laguerre-Freud equations for the recurrence coefficients
Cns Ont1, n >0, of orthogonal polynomials with respect to a D,,-Laguerre-Hahn form
of class one, we obtain all the sequences which we are looking for. Finally, we show that
there are essentially six canonical cases.

Let P be the vector space of polynomials with complex coefficients and let P’ be its
dual. The elements of P’ will be called forms (linear functionals). We denote by (9, f)
the action of ¥ € P’ on f € P. For n > 0, (¥), = (¥,2") are the moments of 9. In
particular, a form ¢ is called symmetric if all its moments of odd order are zero [3].
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For any linear form ¢, any polynomial h, any a € C — {0}, b,c € C, let DY = ¢, hd,
ha¥, tp9, 6c, and (x — ¢) =19 be the linear forms defined by:
(W' f)==0,f), (W, f):=0,hf), (haV,f):= (0 haf) =V, fax)),
{t0, f) = (0t f) = (0, f(x 4+ b)), (e, ) = fle), ((x—c)'0, f):=(9,0.f),
with (O.f)(z) := 7f(x; = f(c), feP.
It is straightforward to prove that for a, b € C, ¢ € P’, and f € P, we have [9]

(b—a)0u(Ouf) = Opf — Ouf, (1.1)
fa™19) = 271 (f9) + (9, 00f)d0, (1.2)
F(tp9) =t ((t_pf)9). (1.3)

We also define the right-multiplication of a form ¢ by a polynomial h by

(Vh)(z) = <19, M> = z”: (i:aj(v)j_i)mi, h(z) = iaixi.
; i=0

z—¢ i=0 =i
Next, it is possible to define the product of two forms as
(Yv, f) == (0, vf), d,veP, feP.
For 9,v € P’ and f,g € P, we have the following results [§]:
(fg)(Wv) = (f9)(gv) + 2(900 f)(gv) + x(vO0g)(fV). (1.4)

Let us recall that a form ¢ is said to be regular (quasi-definite) if there exists a sequence
{Z,}n>0 of polynomials, with deg Z,, = n, n > 0, such that

<'l97 Zan> = Tn(;n,m y T'n 7é 07 n > 07

where 6, ,,, denotes the Kronecker symbol.

We can always assume that each Z,, is monic, i.e., Z,(z) = 2™+ lower degree terms.
Then the sequence {Z,},,>¢ is said to be orthogonal with respect to ¢ (monic orthogonal
polynomial sequence (MOPS) in short).

It is well-known that the sequence {Z,},>0 satisfies a three-term recurrence relation
(see, for instance, the monograph by Chihara [3])

Znt2(v) = (2 = Cot1)Znt1(2) — Ong1Zn(x), n >0,
Zy(z) = 2 — Co, Zo(z) =1,

with (Cn,0n41) € C x (C—{0}), n > 0. By convention we set 6y = (¢)o.
The form ¥ is said to be normalized if (1) = 1. In this paper, we suppose that any
form will be normalized.
Now, let us introduce the divided difference operator [6]
fla+w)— f(z
(D)) = LD IE pep w0

w

(1.5)

We have D,, = %(t,w — Ip), where Ip is the identity operator on P. The transposed
DT of D, is
1
DL = —(ty — Ip) = —D_,. (1.6)
w
Thus, we have
<Dw79af>:_<197D—wf>7 ﬁepvfep'
For f € P and ¥ € P’ we have [2]
Dw(fﬂ) = (t—wf)(Dwﬂ) + (Dwf)ﬂ (17)

Now, let us recall some features about the D,,-Laguerre-Hahn character [1].



82 MOHAMED ZATRA AND SAFA DEKHIL

Definition 1.1 ([1]). The regular form ¥} is called a D,,-Laguerre-Hahn form if it is regular
and there exist three polynomials ¢ (monic), ¢ and B, deg(¢) =t > 0, deg(v)) =p > 1,
deg(B) = g > 0, such that

Dyy(¢9) + 99 + Bz~ (9t_,0)) = 0. (1.8)
The corresponding MOPS {Z,, },>0 is said to be D_,,-Laguerre-Hahn.

Remark 1.2. (1) If B =0, the form ¥ is said to be D,,-semiclassical.
(2) The form ¢ is called a D,,—Laguerre-Hahn form if there exist four polynomials ¢
(monic), 1][}1, ¢27 and Ba deg(¢) =t> 07 deg(d}l + 7102) =D > 17 deg(B) =q > 0,
such that [5]

Doy (¢9) 4+ 19 + t o (¥29) + Bz (9t_,09)) = 0.

Proposition 1.3. We define d = max(t,q). The D,,-Laguerre-Hahn form 9 satisfying
(1.8) is of class s = max(d — 2,p — 1) if and only if

[T {(I(®co+v)(c—w)|+|Ble—w)|+ (9, Ocw(Ocd+1) + (t-?) (O0O—uB)) [} # 0,
cE€EZ(y
v (1.9)
where Z(4) := {2z € C, ¢(2) = 0}.

The D,-Laguerre-Hahn character is shift invariant. Indeed, the shifted form J =
(hg—1 0t_p)9, a € C— {0}, b € C, satisfies

with

d(x) =a"'plax +b),  B(x)=a'Blax+b),  (z)=a"""Y(az+b).

The sequence {Z,(z) = a~"Z,(azx + b)}n>0 is orthogonal with respect to ¥ and fulfils
(1.5) with

s

~ Cn—b ~ +1
Cn: na ) 9n+1: 22 5

n > 0.

The next result [14] characterizes elements of the functional equation satisfied by any
symmetric D,,-Laguerre-Hahn form.
Proposition 1.4. Let s be the class of ¥. Then we have the following.
(1) If s is odd, then 2¢ — wip is odd, ¢ is even and B(x) = —B(—z — w).
(2) If s is even, then 2¢ — wi is even, v is odd and B(x) = B(—z — w).

In the sequel, we assume that {Z,},>0 is D_,-Laguerre-Hahn MOPS of class one.
This means that

o(x) = c32% + cox? + 12 + ¢, P(x) = dox® + dix + do,
B(z) = b3a® 4 baa” + by + by, |es| + [bs| + [d2| # 0,
les| + |ea| + [e1] + [eo| # O, |d2| + |di1] # 0.
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Furthermore, the Laguerre-Freud equations giving recursively the recurrence coefficients
for D_,,-Laguerre-Hahn orthogonal polynomial of class one are [14]

’I“91 = ’wbg — b1 — do — U}2b3 - (’I“ + b3)<02 — (2b2 + d1 - 3wb3)C0, (1.10)
(1 —2c3)(02 + 01) = O¢, (20 — wiP)(Co) + w(2b2 — 3wbs) + 3wbz(Co + (1)
—b3th —¢(G1) — 2(9413)(C0) (1.11)

n—1
(r —2nc3) 0y + O0pg1) — 4des Z Opi1 = Z O, (20 — w)) (¢)

v=0

+ 3wbs(Co + Co) + 2baw + én(n C1)(n — 2)wles — 2bsbr — V(Ca)

—2(0¢, B)(¢o) — (n + 2)w?by — %n(n —Dw?r, n>2, (1.12)
{2(7“ — C3)C1 — 2(263 —-r— 2[)3)(0 + 2dy + wdy — 2¢9 + 4by — 6wb3}91
= (20 — w¥)(Go) — B(Co) — B(¢o — w), (1.13)
n—1 n—1
Enbni1 — 2(2c2 —wdz) Y Oyi1 — 65 > Ou41(G + Gopr)
v=0 v=0

= (29 — wi)(¢) — B(Go) — B(Co — w) — [2b3(260 + C1)
v=0

+2by — 3wbs]fy + w?{n[(n — ez — 1] — bs} Y Gy
v=0

1 1
- §n(n + Dw?(dy + 2by — 3wbs) + 6(112 — Dnw?(2co — wdy)
- (Tl2 - 1)w2COb37 n = 17 (114)

where
r = dg + 2bs,

En =2[r — (2n + 1)es]Crr1 + 2(r — 2nc3)Cn

—4cs Z ¢ — 2n + 1 (262 - ’wdg) + 2dq + 4by + 2b3(2€0 — 3w) n>1.
(1.15)

2. D,-LAGUERRE-HAHN FORMS OF CLASS ONE: SPECIAL CASE

From now on, let ¥ be a D,,-Laguerre-Hahn form of class s satisfing (1.8) and its
associated MOPS {Z,,},,>0 satisfy

Znta(z) = (m — (o — Oén+1)) Zpi1(2) + a2 Z,(x), n>0, (2.16)
Zl($) =+ o, ZO(J:) =1,
where a,, #0, n > 0.
The next lemma will play an important role in the sequel.

Lemma 2.1. [11] The following statements are equivalent:
(1) the MOPS {Z,}n>0 satisfies (2.16);
(2) (W)an =0, n>1, and the form xV is reqular;
(3) there exists a regular symmetric form u such that 9 = (9)12~ u + 5.

Remark 2.2. The form ¢ is said to be quasi-antisymmetric (i.e ()2, =0, n > 1). For
more information about these forms see [10, 11].
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2.1. Class and functional equation of the form u = (ﬁ);lxﬂ. In the sequel, our
aim is to characterize the structure of the polynomial elements of the functional equation
(1.8) satisfied by the form ¥, for which its corresponding MOPS {Z,, },,>¢ fulfills (2.16).
This is possible through the study of the D,,-Laguerre-Hahn character of the symmetric
form u defined by

Au = 20, A= (¥)1 #0. (2.17)
Consequently, according to [4], the form wu is regular if and only if Z,(0) # 0, n > 0.
Now, multiplying equation (1.8) by z(z + w) and taking into account (1.2)—(1.4) and

(1.6)—(1.7), we get after some calculations that
Dy(Uu) + Vu+ W (27! (ut_u)) =0,

where

U(z) = k{(z — w)p(z) + w(t,B)(2)},
V(z) = k{(z + w)(z) — 2¢(z) + B(x) + (tuB)(z)}, (2.18)
W (z) = \kB(z),

with k chosen so that U is a monic polynomial.
Theorem 2.3. The form u is D,,-Laguerre-Hahn of class § satisfying
Dy(Uu) + Vau+ W (2™ (ut_pu)) = 0. (2.19)
Moreover,
(1) If (6(0), B(—w)) # (0,0) and ((wi — $)(0), B(0)) # (0,0), then
U(z) = U(x), V(z)=V(z), W(z)=W(),

and § = s+ 1.
(2) If (¢(0), B(=w)) = (0,0) and (1(0), B(0)) # (0,0), then

) = k{(x — w)(©09)(x) + w(Oot,, B)(x)},
/(@) = H{ib(x) — (©00)(x) + (0-uB) (@) + (Ot B) ()},
W (x) = Ak(©_, B) (),

d(r) + w(OutywB)(x)},
P() + (o (wip — 9))(2) + (0 B)(x) + (QutwB)(x)},
W (x) = Mk(©0B)(x),
and § = s.
(4) If (¢(0), B(~w)) = (0,0) and (1(0), B(0)) = (0,0), then
) = k{(609)(x) + w(OeOutwB)(x)},
) = k{(©0¢)(z) + (©0O_uB)(z) + (©0OutwB) ()},
W(z) = M\k(©0_,B)(z),

and § =s— 1.

For the proof, we need the following lemma.
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Lemma 2.4. (1) For all roots ¢ of ¢, we have
(1, 0-uV 4+ OU) + (t-u1)B00, W) = (e~ w)(9, O (¥ + ) 220)
+ 9000wy B) — ¢(Ocp + ) (¢ — w) — B(c — w)},
(O.U +V)(c—w) = k{c(©c¢ + ¥)(c — w) + 2B(c — w)}, (2.21)
W(c—w) = AkB(c— w). (2.22)

(2) The class of the form u depends only on the zeros x =0 and x = w of U.
Proof. (1) Let ¢ be a root of ¢. We have [13]

<U7 @c—w@c((§ - w)¢)> = %{(C - Qw)(c - w)<197 ec—w®c¢> + 2(8 - ’LU)<19, ®c¢>

+ (9, 9) — (¢ = 2w)(Bc9)(c — w)}, (2.23)
(1,00 (€ + W) — 26)) = 3 {ele — w){0, Oc_uth) + {9, (& + )
— 2e(c — W), Oc_w) — 29, 6) — cth(c — w) + 2(c — w)}. (2.24)
Taking into account (1.1), we obtain
0(@umuOe(tuB)) (@) = (Bu(tB)) (@) — (Oc-u(tuB)) (@), (2.25)

Then, from (2.25) we get

(11, 0(O—0Ou(tu B)) (2)) = ~{e(9, Ou(twB)) — (¢ — ) (9, Ot B))

’ + B(c—2w) — B(c—w)}, (2.26)
sincex=(x—c)+c=(x—c+w)+c—w.
Proceeding as in (2.26), we can easily prove that
(U,0c (B +tyB)) = %{@9, B +t,B) + (¢ — w){¥9,0._wB + O, (t,B))
— B(c—w) — B(c—2w)}. (2.27)
Now, taking into account to (1.3), (1.4) and (2.17), we obtain

w(t_ypu) = %{x(x + w)[0(t_ )] — z(x 4+ w)(t_9) — z29}.

Hence, employing the identical procedure used to derive (2.26), we obtain through a few
simple calculations

(ut — i, OOy W) = ;{c(c — w){t_ ¥, 09O .y, B)

+ (B(z™ ' (9t_uV)),z+¢) — (c — w) (¥, 0oy B)
—¢(¥,0.(twB)) — (¥, B+ t,B) + B(c — w)}. (2.28)
Using (2.18), (2.23)—(2.24) and (2.26)-(2.28), we can deduce that
(4, 0c—w(OU + V) +1_,uBO ., W)

= %{c(c — W), 00—y (Ocd + V) + t_p,¥OO . B)

— (¢ + Oco)(c —w) — Bl — w)}
k
+ X<Dw(¢n9) + 9 + Bz~ 9t _,9),x + ¢).
This yields (2.20), since (Dy,(¢9) + %9 + B(z~19t_,9),z + ¢) = 0, by (1.8). Next, it is
easy to get (2.21) and (2.22) from (2.18).
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(2) Let ¢ be a root of E such that ¢ ¢ {0,w}. Using (2.18) we obtain

(c —w)p(c) + wB(c—w) =0. (2.29)
We suppose |(V 4+ 0.U)(c — w)| + |W(c —w)| = 0. In this case, we have
B(c—w) =0,
{ {(Ou + ¥)(e — w) + 2B(c — w) - $(0)} = 0. (2:30)

Therefore, from (2.29) and (2.30), we have
¢(c) = Blc—w) = (¢ + Ocp)(c —w) =0.

Hence, from (2.20) we obtain

ke(e — w)
A

(U, Oy (V 4+ OU) + t_yyuOoO.—,, W) = (9,0 (Y + O,9)

+t_ 0000w B) # 0,
since ¥ is D,,-Laguerre-Hahn and so satisfies (1.9). O

Proof of Theorem 2.3. We can write (©oU + V)(— B(—w) — ¢(0)}, W(—w) =

w)= k{2
AkB(=w), (©wU +V)(0) = k{(wy) — ¢)(0) +2B(0)} and W (0) = AkB(0).
B(0)) # (0,

(1) If (6(0), B(—w)) # (0,0) and ((wi—@)(0), B(0)) # (0,0), then |(©oU+V)(~w)|+
|[W(—w)] ;éfO and |(9w§]—|—V)(0)| +|W(0)| # 0. Thus, (2.19) cannot be simplified
and so the form w is of class

5 = max (deg(U) — 2, deg(V) — 1,
deg(W) — 2) = max (deg(¢) — 1,deg(v),deg(B) — 1).
Hence, s = s+ 1.
(2) If (¢(0), B(—w)) = (0,0) and (¢(0), B(0)) # (0,0), then
[(©oU + V) (—w)| + [W(-w)| =0,
(U, O_y,(OU + V) 4+ t_pyu®eO_, W) = 0,

according to (2.20), (2.21), and (2.22). So, (2.19) can be simplified by the
polynomial z + w and becomes

Doy (Uu) 4+ Vu + W(x_lut,wu) =0, (2.31)
where
q(x) = k{(z — w)(B09)(x) + w(OotwB)(x)},
V(z) = k{(z) — (009)(x) + (0w B)(x) + (OotwB)(2)},

W(z) = Mk(©_,B)(z).
If 0 is a root of U, then a simple calculation gives
¢'(0) = B'(~w) =0, (2:32)
(V + 000 (—w) = k{ (¢ + Oo) (—w) + 2B’ (—w) — ¢'(0)},
W(—w) = AB'(—w),
- , , (2.33)
(u,0_y(V + 6oU) + t_wueoe_wm E(¢'(0) — B'(—w))
—5 (W + B00) (—w) — B2(0,0_ (¢ + ) + t OO, B).
Assuming that |(V + ©U)(—w)| + |W(—w)| = 0, from (2.32) and (2.33) we have

that (u, ©_,(V + 00)) 4 t_,uO¢O_, W) # 0, since ¢ is D,-Laguerre-Hahn
and satisfies (1.9). Hence, (2.31) cannot be simplified by x + w and so, § = s.
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(3) 1f (wib(0)— 6(0), B(0)) = (0,0) and (6(0), B(~w)) # (0,0), then [(0,U+1)(0)|+
[W(0)| = 0 and (u,Og(V + O,U) +t_,u®2W) = 0. So, (2.19) is simplified by
the polynomial z and it becomes

Doy (Uu) 4+ Vu + W(x_lut_wu) =0, (2.34)
where

U(x) = k{(¢(z) + w(OutwB)(x)},

V() = k{¢ + (©o(w) — §)) (z) + (B B) () + (OutwB)(x)},

W(z) = Me(©oB)(z).

T

If w is a root of E, then
o(w) +wB (0) =0, (2.35)

W (0) = AkB'(0),
(V +6,0)(0 0) = F{(wyp — ¢l)( ) +2B(0) + (©ud + )(0)},
(1, 00(V + 0,U) + t_,uOFW) = “E(9,0,(6 w¢+w) (t-w?)OFB)
—5(wy' = ¢)(0) = 5 (¢(w) + wB'(0)).
Assuming that [(©,U + V)( ) 4 [W (0 0)| = 0, from (2.35) and (2.36) we can
deduce that (u, ©g(V + ©,U) + t_,u®2W) # 0, since 9 is a D,,-Laguerre-Hahn
and satisfies (1.9). Hence, (2.34) cannot be simplified by = and so, § = s.

(4) If (¢(0),%(0)) = (0,0) and (B(O),B(—w)) = (0,0), then (2.34) is simplified by
z + w and becomes

Dw([?u) + Vu+ W(x_lut,wu) =0,

(2.36)

where

U(x) = k{(008)(z) + w(©eOut,B)(x)},
V(z) = k{(801)(2) + (860 _wB)(2) + (B¢OutwB)(x)},

9

W(z) = M(©_,00B)(x),
and so, § =s— 1.
O

2.2. Structure of the polynomials ¢, 1 and B. Let us spilt up each polynomial
form ¢, 1/}7 60¢, @0’1/1, B, th, eoB, @,U,B, @Qth, @wth, @0@103 and @OG,Mth
according to its odd and even parts that is,
¢(x) = ¢°(2%) + 2¢°(2?), P(x) = P°(a?) + z9°(a?),
(©00)(x) = ¢1(2?) + x¢9(2?), (O0v)(z) = ¥§(a?) + 29 (2?),
B(x) = B(a?) + aB°(a?), (twB)() = (twB)*(a?) + z(tw B)°(2?),
(OuB)(w) = Bi(a) + 2B7(a%), (O-uB)w) = BiG%) 42830, o
(OotwB)(z) = (twB)i(z?) + 2(twB) (2?),
(OutwB)(z) = (twB)5(a?) + x(tw B)3(2?),
(©0 @—wB( ) = B5(2?) + xB3(z?),
(©0OutwB)(2) = (twB)§(2?) + z(twB)§(a?).
Proposition 2.5. Let ¢ be a D.,,-Laguerre-Hahn form of class s = 1 satisfying (1.8).
The following statements hold:
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(1) If (¢(0), B(~w)) # (0,0) and ((w — $)(0), B(0)) # (0,0), then
2¢°(x) = wyt(x) + w?°(x) + 2wB°(x),
(z — w)o(z )—2wB0(x) 2B¢(x), (2.38)
B*(z) = (tuB)*(x), B°(z) = —(tuB)°(x).

(2) If (¢(0), B(~w)) = (0,0) and (¥(0), B(0)) # (0,0), then

(z — w?)[¢°(z) — 2¢°(2)] = 22(B° — wB°)(),

(z — w?)[we®(z) — 220¢°(x) + wy®(2)] = 2(2x + w?) B () — 6w B°(x),

Be() = (1 B)* () — w(tu B)"(x). (2:39)
xB°(x) = w(tyB)®(x) — x(tyB)°(x).
(3) IF (6(0), B(—w)) # (0,0) and ((wi> — )(0), B(O)) = (0.0), then
£02(2) + wi (x) + 2B4(x) = 6 (x),
(w? — 22)0°(x) — wi(z) — AB*(x) + 20B°(x) = wge (x),
w(ty B)(2) + 2t B)°(x) = — (& — ) B(x), (240)
Pl(tB)F () + w(te BY (@) = (x — w?)B(x).
) 560, 50 = 00 and (40, 50) = 00, thr
(2 — w2 (x) + 2B (x) — wB°(x)) =
o e )] o PuleBe(o) B, (2.41)

B(z) = (tuB)*(z), B°(z)=—(tuB)’(2).
For the proof, we need the following lemma.
Lemma 2.6. Let f € P and a, b € C such that a # b and f(a) = f(b) = 0. We have
(z — a?)(©af)"(x) = afe(x) + af(2),
(z — a®)(0af)(z) = f(x) + af(x),
(z —a®)(x — b*)(©aOnf)(x) = (ab+ @) f*(z) + (a + b)z f°(2),
(= a®)(z = b*)(0a0uf)°(x) = (a + ) f(2) + (z + ab) f*(2).
Proof. Taking into account the definition of the operator ©, and that f(a) = 0, we get
(x —a)(Oqf)(x) = f(x). Which gives

@) = (uf)(2) — a(@uf) (@), F(2) = 2(Ouf)°(2) — a(Ouf) ().
Hence, the desired result (2.42). Finally, from (2.42) we can deduce (2.43) since (0, f)(b)
0.
Proof. (of Proposition 2.5) Writing
Ulx) =Ua?) +a0%?),  V(z) =V(a®) +aV°(®),
W(o) = Wea?) +aWo(i), (b)) = (b W) (2) + 2t W) (22).
We have to examine the following situations:
(1) (¢(0), B(—w)) # (0,0) and ((wy) — ¢)(0), B(0)) # (0,0). According to (2.37) and
from the expression of polynomials U, V and W given in Theorem 2.3, we get
Ue(x) = k{—wo®(z) + 2¢°(x) + w(t, B)*(2)},
U°(x) = k{—w¢®(x) + ¢°(2) + w(t,B)°(2)},
Ve(z) = k{wy®(z) + 2¢°(x) — 2¢° () + B(2) + (tu B)*(2)},
°(z) = k{wy®(2) + ¢°(2) = 2¢°(2) + B°(x) + (tuB)’ ()},
() (x) = (L W) (=) = Me{ B (2?) + 2B°(2?) — (tw B)*(2?) + x(t, B)°(2?)}.

(2.42)

(2.43)

o

<t

=
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Then, (2U° — wV°)(z) = Ve(z) = (B® — (t,B)®)(z) = (B° + (t,B)°)(x) = 0,
from Proposition 1.4, since § = 2. This gives (2.38).
(2) (¢(0), B(—w)) = (0,0) and (¢)(0), B(0)) # (0,0). Similarly as above,

U(x) = k{—wéf (z) + 2¢% (x) + w(t, B)§ (2)},

U°(x) = k{95 (x) — we?(x) + w(t, B)(x)},

Ve(x) = k{v®(x) — 95 () + Bs(x) + (tuB) ()},

Veo(x) = k{y®(z) - ¢1(2) + B3 () + (tuB)7 ()},

W (@) + (taW)(~x) = Me{ BS(2?) + 2B3(2%) + (tu B)§ (2%) — (tu B)3 (2°)}

—

( i
£5 =1, then (20 —w ) (x) = 7°(x) = (Bs+ (ta B)S)(2) = (B — (L B)?)(x) =
0. This leads to result (2.39) from (2.42).

(3) (¢(0), B(—w)) # (0,0) and ((wy) — ¢)(0), B(0)) = (0,0). In this case, we have
U(2) = k{6 () + w(tuB)s(2)},  U°(x) = k{¢°(2) + w(tuB)3()},
Ve(a) = kg (2) + wif(e) — ¢§(2) + B (@) + (tuB)s(2)},
Vo(x) = {2(x) + wipf(z) — ¢9(2) + B (2) + (t B)3 ()},
W (@) + (tuW)(—2) = M Bf (2%) + 2 B7(2%) + (tu B)5(a?) — 2(tw B)3(2%)}.
Since u is of odd class, (2U°¢ — wV®)(z) = V(z) = (B + (twB)§)(z) = (B —
(twB)$)(z) = 0. This gives the desired result (2.40) from (2.42).
(4) (¢(0), B(—w)) = (0,0) and (¥(0), B(0)) = (0,0). In this case, we obtain
J¢(x) = K{¢(2) + w(tuB)5(x)},  U°(2) = K{¢(2) + w(tuB)3(x)},
Ve(x) = k{$f(2) + BS(x) + (tuB)5(2)},
Ve(e) = k{vf(z) + B(x) + (twB)3(2)},
W (@) = (tuW)(~2) = Me{B§(2%) + 2 B3 (2%) + 2(tw B)§(2”) — (tu B)5(2%)}.
Since u is of even class, (2U° — wV?)(z) = V¢(z) = (BS — ( B)§)(x) = (BS +
(twB)$)(z) = 0. This gives (2.41) from (2.42) and (2.43).
O

Theorem 2.7. If ¥ is a D,-Laguerre-Hahn form of class one satisfying (1.8) and its
corresponding MOPS fulfilling (2.16), then

o(x) = 323 + cox® + 1z,  Y(x) = dox?® + diz, B(x) = boa® + by, (2.44)
(CSaCQ) 7£ (0,0), (037d27b3) 7& (anvo)a (b2>c2) # (an), .

with
dl = —2b2, bl = ’wbg, 202 = ’wdg, (245)

or
d(x) = c3x® + c2x® + 1z +¢o,  Y(x) = dox® + diz +do, B(x) = box® + byz,
63362) (O7O)a (637d2363) # (07O7O)a (037d1 + 2b2) 7& (O7O)a

(
(007b2) (070)7 (b2702) 7é (070)7
(2.46)

with
co = wdy, c¢1 =wdy+wby —dy, co=wds+ dy+ 2bs, (2 47)
wesg = 7U.)d2 — 2(d1 + 2b2), 2b1 = ’LUbQ. '
For the proof, we need the following lemma.

Lemma 2.8. [14] The functional equation (1.8) is equivalent to

D_yy((¢ — w¥)9) + 99 + (t, B) (z7' (9t,0)) =
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Proof. (of Theorem 2.7) We have to consider two cases:

o A. deg(¢) < 1. We have ¢°(x) = ¢, ¢°(z) = 1, ¥°(x) = dox + do, ¥°(x) = dy,
Be(l‘) = bgl‘ + bo, BO(JC) = bgl‘ + bl, (th)e([E) = (b2 — 3wb3)1: + b() + w2b2 —
'LUSbg — wb1 and (th)o(IL’) = bgft + b1 + 3w2b3 - 2wb2 with ‘bg‘ + |d2| 7& 0.. By
virtue of Proposition 2.5, such an assumption leads to a contradiction.

e B. 2 < deg(¢) < 3. In this case, we get ¢°(z) = cax + ¢g, ¢°(x) = czz + ¢y,
Ye(x) = dox + do, Y°(x) = dy, B¢(x) = bax + by, B°(x) = bsx + by, (t,B)¢(x) =
(bQ — 3wb3)x + w2b2 + by — w3b3 — biw and (th)O(l‘) = bsx + 3w2b3 + b1 — 2wby
with |es] + |bs| + |d2| # 0. Following Proposition 2.5, there are four cases to
consider.

— Bi. (6(0), B(—w)) = (0,0) and (¢(0), B(0)) = (0,0). Then
d = 07 b = O, b = 07
0 3 0 (2.48)
Co — O7 d1 = —2()2, 282 = ’wdg, b1 = ’wbg.

Now, we assume that (bg,c2) = (0,0). Here, from (2.48) we have dy = d; =
dp = 0, which is a contradiction. This leads to result (2.44)—(2.45).
— Bs. (¢(0), B(—w)) # (0,0) and ((wy — ¢)(0), B(0)) = (0,0). Hence
bo=0, b3=0, co=wdy, c1=wds+ wby—dy,
co = wdy + dy + 2by, wez = —wdy — 2(d1 + 2b2), 2b; = wbs.
Now, we assume that (cs, d; + 2bs) = (0,0) or (c2,b2) = (0,0).
If (c3,dy + 2by) = (0,0), then from (2.49), we get do = 0, which yields to

contradiction.

If (¢2,b2) = (0,0), thus from (2.49), we have

(2.49)

b3 =by =by =byg =0, co=wdy, c1=wd —dp,

weg = —3dy, wdy = —d;. (2.50)
On the other hand, from (1.8), we have
(Do (¢9) + 90 + Bz~ (9t_p0)),2") =0,  n>0. (2.51)
Therefore, from (2.50) and (2.51) we can deduce for n = 0, 1 that
di(9)1 +dop =0, (2.52)
2do(9)1 — w(di(9)1 + do) = 0. (2.53)

Taking into account (2.52), we obtain from (2.53) that ag = 0. It is a
contradiction. Thus, we deduce (2.46) and (2.47).
— Bas. (¢(0), B(-w)) = (0,0) and (¢(0), B(0)) # (0,0), thus
bs =0, 2b; =3wby, 2by=w?by, co=0, c1=—dy—why,
co =di +2by, weg =2(dy + 2by) — wds.

Equivalently,

b3 =0, bg+w?by —wby =0, 2(by —2wbs) = —why,

co — wdy = —wdy, c1 — wdy = —wdy — dg — wbo,
co — wdy = dy + 2by —wdy, —wez = wdy — 2(dy + 2bs).

This leads to results (50) and (51) from Lemma 2.8 since (¢(0), (£, B))(0)) =
(0,0) and (¥(0), (tuB)(w)) # (0,0).
— By (¢(0), B(=w)) # (0,0) and ((w¢ — $)(0), B(0)) # (0,0), then
bo = 0, bg = 07 b1 = wb27 d1 = —2b27

2.54
200 = wdo, 202 = ’wdg. ( )
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Taking into account (2.54) and (2.51), we get for n = 0, dg = 0. It is a

contradiction.
O
Remark 2.9. (1) If c3 = 1, then from (2.47) and (2.51), for n = 0, we get
2(}0 = w2[b2 — (1 + dg)ao], 261 = U)[(l + dg)(ozo - U]) - 3()2], (2 55)
262 = U}(dg — ].), 2d1 = —’U}(l + dg) — 4b2, 2d0 = 'U}[bg — (]. + dQ)OZo]. ’
(2) If c3 = 0 and co = 1, hence from (2.47), we obtain
2¢p = w(wby — 2ap), 2¢1 = 2ap — 2w — wbha, (2.56)

'LUdQ = 2, dl =—-1- 2b2, Qdo = ZUbQ — 20[0.
2.3. Recurrence coefficients of {Z,,},,>0. In the sequel, we assume that {Z,, },>0 is a

D_,,-Laguerre-Hahn sequence of class s = 1 satisfying (2.16). By virtue of the Theorem
2.7, it follows that

Doy(¢9) + 9 + Bz~ (9t_,09)) = 0,
with
() = c32® + cox® + 1w +co,  W(x) = dox? +dix +do, B(x) = boa® + by

In this case, the system (1.10)—(1.15) becomes

(dl + 262)040 + wa - bl - do = 0, (257)
n—1
deg Z ayap1 + 2{(2n — 3)cz — datanan—1 + {(2c2 — wdz)n — dy — 2ba }avy,
v=0

1
—{(2c2 —wds)(n — 1) —dy — 2bs}a,—1 + (wdy — 2¢1)n + in(n — Dw?dy
1

- gn(n —1)(n — 2)w?cs — 2baag + do + 2by — 2wby = 0, n > 1, (2.58)
{2(d2 — 03)060041 — 2(d1 + bg)ao + 2((21 + wbg) — wdy — 2b1}a0
+ wdy + baw? — 2¢g — wby =0, (2.59)
n—1
2(2¢o — wds) Z a1 + {n(n — Dw?es + 2¢; — nw?dy — wd; }au,
v=0

+ (wdo — 200)(n + 1)
+ 2{[(2n - 3)63 - dg]an_l - [(271 + 1)63 - dQ]O[nJ'_l + (262 - wdg)n — d1 — 2[)2}0[3

1 1
+ §n(n + Dw?(dy + 2by) — En(n2 —1)(2¢co — wdy)w?

+ Q(U)bg — bl)ao + b2w2 —wb; =0, n>1. (260)

According to Theorem 2.7 and its proof, we are going to consider the following two cases:

(¢(O>7B(_w)) = (070) and (¢(0)7B(—U))) # (070)'
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2.3.1. Case (¢(0), B(—w)) = (0,0). In this case, taking into account (2.44)—(2.45), sys-
tem (2.57)—(2.60) can be written as

n—1
1
4es Z a1+ 2{(2n — 3)cz — datapan—1 — 2(¢1 + why)n + in(n — 1)w2d2
v=0
1
— gn(n —1)(n — 2)w?c3 — 2bgap = 0, n > 1, (2.61)

2{(2n — 3)c3 — da Y10, — 2{(2n 4+ 1)c3 — do Yy 10 +n(n — Dw?es
+2(c1 4+ why) — nw?dy =0, n>1. (2.62)
Subtracting identities (2.61) and (2.62), we obtain for n > 1, that

- 1
4cg Z ayap1 +2{(2n — 1)z — da}anani1 — 2(ep +whe)(n+ 1) + En(n + Dw?dy
v=0

1
— gn(n2 — Dw?cz — 2bsag = 0. (2.63)

Let .
Sp =Y oayp, >0 (2.64)
v=0
Then
Sn - Sn—l = O0pQn41, n Z 0, 5_1 =0. (265)

Taking into account relations (2.64) and (2.65), (2.63) becomes for n > 0,
{(21’L + 1)03 - dQ}Sn - {(2n - ].)Cg - dQ}Snfl - (n + 1)(61 + 'wa)
1 1
+ En(n + Dw?dy — én(n2 — Dw?cz — baag = 0. (2.66)

Remark 2.10. (1) If c3 = —dy = 1 and ¢; + wbs = 0, then necessarily we have that
by # 0. Indeed, if c3 = —dy = 1 and ¢; + wbs = 0, then, from (2.66) for n = 0,
we have 2a;1 = by # 0.
(2) If we take n =1 in (2.66) and taking into account the previous result, we get

w2

Proposition 2.11. We have
(n+ 2){n(n — Dw?c3 — 2nw?dy + 12(c1 + wha)} + 24bscvg
S, = 1 >0, (2.68
(n+1) 24{(2n + 1)c3 — da} " (2:68)
For the proof, we need the following lemma.
Lemma 2.12 ([7]). Let
Qn(m)zzyma n>0, m2>1
v=0
Then
1 1 1, )
Qn(1) = in(n—i— 1), Qn(2) = gn(n—&— 1)(2n+1), Q.(3) = " (n+1)%, n>0.

Proof of Proposition 2.11. Equation (2.66) can be written as
{(2n + ].)Cd — dz}sn — {((2n — 1)63 — dg}Snfl = (ﬂ + 1)(01 + ’lUbQ)

1 1
- Zn(n + Dw?dy + gn(n2 — Dw?es + baaxg, n>0.
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So, we obtain

n

{2n+1)cs — d2}Sp = Z {(l/ + 1)(c1 + whby) — iu(y + Dw?dy
v=0

+ éy(u2 — Dw?es + bQOzo}
= (n+ 1)(er + whs) + Qu(D)(er + wha) + ¢ (Qu(3) ~ @ul(1))wes

1
- Z(Q"(Q) + Qn(l))w2d2 + (n+ 1)baag, n>0.
Taking into account Lemma 2.12, we get (2.68). O

Corollary 2.13. The sequences {(y}n>0 and {0p+1}n>0 are defined by
Co=—ao, Cni2 = 02n41 — Q2n42, (2ny1 = Q2 — Q2pyt, n >0,
Oni1 = —03,, O2pyo = —a%nﬂ, n >0,
where, forn >0,
Qan = o,

(2.69)
QAon41 = 05()_197“
with
D(—pa)T(—pa)D(n—p)T(n—ps) _
T T i =) Ty o (€3,¢2) = (0,1),
__1+4dy  T(=ps5)L(=pe)T(=p7)'(=ps) T(n=p1)I'(n—p2)L(n—p3)'(n—ps)
dn—1—dy T'(—p1)T(—p2)T(—p3)T(—ps) I'(n—ps)T(n—pe)I'(n—p7)T(n—ps)’
An: if63:1,1+d2?é0,
I'(—=v3) (=) '(n—v1) T (n—v- .
FCrrC s o 6o = 1 d2 = =1, e1 + by £0,
Som + if cs=1, dy =1, c; +wby =0,
and
T(—p)T(—p2)D(n+1—p3)T(n+1—pg) .
W T T T i) i (e3,02) = (0, 1),
4w? D(=p1)L(=p2)T(=ps)T(=pa) (n+1—p5)I'(n+1—pe)L'(n+1—p7)I'(n+1—ps)
(1+d2)(4n+1—d2) T'(—ps)L(—pe)T(—p7)T(—ps) L(n—p1)L(n—p2)L(n—p3)L(n—ps) ’
Q, = ifcg =1, 14+dy #0,

w? T(=v1)T(—v2)T'(n+1—v3)T'(n+1—ry) . _ _
= F(iV3)F(27V4){—‘(n71/i’)r(271/2) 2, dfez =1, dy = —1, c; +wby # 0,

%(277, + l)bgao, if63 == 17 d2 = 71, C1 +wb2 =0.

Here p1, pa2, p3, pa are roots of the fourth degree equation A,(1) = 0; ps, pe, 7, Ps
are roots of the fourth degree equation By, (1) = 0; u1, pe are roots of the second degree
equation A, (0) = 0; us, pg are roots of the equation B, (0) = 0; vy, va are roots of the
second degree equation (n + 1)(2n + 1)w? + 2(cy + wbe) = 0; and v3, vy are Toots of the
equation (2n + 1)nw? + 2(c; + wby) = 0 for

An(ez) = (n41)(2nes —do){(2n+1)%w?c3 — (2n+ 1) w?dy +4(c; +wby)} — 2bsag (3 +ds),
By(c3) = 2n + D{(2n — 1)cs — da}{2n*w?c3 — nw?dy + 2(cy + wby)} — 2boavg(c3 + da),

1 1
plzz{dz—Q—i— q—2VA}, pQ:Z{d2—2— q—2VA},
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1 1
py={da =2+ g+ 2VAY, pa={d2—2~ g+ 2VAY,
1 1
ps = 1{d2+ q—2VA}, Pezz{d2— q—2VA},

1 1
P7=1{d2+ q+2vVA}, Pszz{d2— q+2VA},

2(c1 + whs) — 3w — Vo 2(c1 + whe) — 3w + Vo
o= 4w e 4w ’
2(cl+wb2)—w—\/6 _2(cl+wb2)—w+\/6
B 4w ’ B 4w ’
3w+ \/w2 —16(cq + wbs) 3w — \/w2 —16(cq + wbsy)
e 4w A 4w ’
V3:_w+\/w2—16(01 + wba) V4:_w—\/w2—16(cl+wb2)
4w ’ 4w ’

where
A = {4w%(c; + wby) + 1 + do}* + 16w 2byap(1 + da),
q=2(1+dy) +d3 — 8w 2(c; + why),
O = {w+ 2(c1 + wha)}? + 8boagds.
Proof. From (2.65), we get
QonQ2n41 = S25 — S2n—1, Q2n4+102n+2 = S2n+1 — S2n, 1 2> 0.

From the Proposition 2.11, we obtain

_ Bn(c3)
Q2nQ2n41 = 2{(4n+1)cs—dz}{3(4n—1)C3—d2}’ n =0,

and

_ An(c )
a2n+1012n+2 - 2{(471‘-‘(‘3)03—(12}{?4”-’-1)63—dz}7 n Z O. (270)

This leads to

Q2n42
Q2n

(4n—1)cz—da} An(cs) > 0.

1
- {(4n+3)637d2} Bn(63)’

Here,
Qont2 = N1, n>0.
On account of (2.70) and the above equation, we get
. An(cs)
2a0{(4n + 1)c3 — do}{(4n + 3)c3 — da}Ayin
Hence, from (2.67), we can deduce (2.69). O

Qon41 =

2.3.2. The case (¢(0), B(—w)) # (0,0). In this case, taking into account (2.46)—(2.47)
and (2.64)—(2.65), system (2.57)—(2.60) can be written as

U}(Cg + dg)ao + 2dg — wby = 0, (2.71)
2{(2n - ].)Cg - dg}Snfl - 2{(21’L - 3)03 - dQ}Sn,Q - %{(277, - 1)63 - dg}an
+2{(2n — 3)cs — da}an—1 + (2n+ 1)dy + 1nw?ds (2.72)

—%n(2n2 —6n + 1)w?cs — 2byag — why =0, n > 1,

{2(ds — c3)apan + (wds + wes + 2ba)ag + wha — 2dg — $w (3 + da) b
(2.73)
+%w2b2 —wdy = 0,
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—2wes Sy + {%(2712 —2n — w?ecs — %(Qn + Dw?dy — 2dg yov, — wdg(n + 1)
+2{2[(2n — 1)63 — dg]Sn_l — [(271 — 3)63 — dQ]Sn_Q — [(277, + 1)03 — dQ]Sn
—2[(2n — 1)c3 — do]an by, — tn(n+ Dwids + Ln(n +1)(2n — 5)wics

+wbsag + %wag =0,n>1.
(2.74)

Proposition 2.14. We have
(c3 — d2)ag = w(cg + da) + ba, (2.75)

{2n+1)cs — datant1 — {(2n — 3)ez —datan—1 = (1 — 2n)wes + wds, n > 1. (2.76)

Proof. Equation (2.72) takes the form
2{(2n —1)ez —do}Spn—1 —2{(2n — 3)c3 — do}Sp_2 = §{(2n — 1)c3 — da },,
—2{(2n — 3)c3 — da}an—1 — (2n+ 1)dy — inw?d,
—|—%n(2n2 —6n + 1)w?cs + 2byag +wby =0, n > 1.
So, we get
2{(2n —1)ez —do}Sp—1 = §{(2n — 1)e3 — da}an + G (c3 +d2)ag

1
—|—Z{ 21/ — 6v + 1)w c3 — 51/ 2w?dy — (2V—|—1)d0—|—2b2a0—|—wb2}, n > 1.

Taking into account Lemma 2.12 and (2.71), we obtain
2{(2n — 1)cz — d2}Sp—1 — 2{(2n — 1)c3 — do}an, = 5n(n+1)(n? — 3n — 1)w?cs
Hn(n+1)(2n + 1) 2dy — (n+1)%dy + £(2n 4 1)wby + 2boagn, n > 1.

According to the above equation and (2.65), we get from (2.73) and (2.74) the desired
result (2.75) and (2.76), after some calculations. O

Corollary 2.15. The sequences {(y}n>0 and {0p41}n>0 are defined by
Co=—0ap, GCani2=Q2ni1— Q2ni2, Gont1 = Q2p — Q2py1, n >0,
Oonq1 = —o/én, Oonq2 = —a5n+1, n >0,

where, forn >0,

{wdgn —wegn(2n — 1) — (c3 + d2)ao }, (2.77)

Qop =

{(n+D[wdy — wes(2n — 1)] + b }. (2.78)

1

(477, — 1)03
1
Aop+1 = )

(4TL —+ 1 C3 — d2
Proof. From the equation (2.76), we get
{(dn+ 1)z — da}aoni1 — {(4n — 3)es — datasn—1 = wdy —wez(dn— 1), n > 1.

Taking into account Lemma 2.12 and (2.75), we obtain (2.78). Proceeding as in (2.78),
we can easily prove (2.77). O

2.4. The canonical cases. Before quoting the different canonical situations, let us
proceed to the general transformation

Zn(x) =a""Z, ( x), n>0,
Gn =0 an, (=0, Oni1 = a 20941, n>0.
Then, the form ¥ = h,—19 fulfils
Dypa-1(a" " ¢(az) ) 9) + a'~plax)d + a” ‘B(az)(z 71(?%77“1—179)) =0, t = deg(P).

Any so-called canonical case will be denoted by ., Cn, 6 n+17 0.
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2.4.1. The case (¢(0), B(—w)) = (0,0). On account of (2.44)—(2.45) and Corollary 2.13,
we get the general situation

Cn =Qp_1 — Qp, N > Oa a_1 = 07

Ony1 =—al, n>0,
) 9 (2.79)
D, (x(c;:,x + cox + 01)19) + (d2(E — 2box)¥
+boz(z +w) (z7 1 (Vt_ V) =0,
with, for n > 0,
Qop = OéQAn, Qaop41 = Oéalgn. (280)
Theorem 2.16. The following canonical cases arise:
(1) If p(z) = 2% + c1z and B(z) = boz(z + w), we have
50 = _dOa
Cont2 = Gont1 — Ganta,  Cong1 = G2 — Gopg1, 1 >0,
Cont2 2n+1 on+2,  C2nt1 2 2n+1 (2.81)

0 — _72 0 — _ 72
927z+1 - —052n, 92n+2 - _a2n+1a n 2 Oa

D_i(¢(x)0) + (x)9 + B(x)(z~(It:9)) = 0,

with B
o(x) =%+ ((B+27)i+ (21 +28 - 1))z,
P(x) = 2ia? + 20 (27 + 28 — 1)iz, (2.82)
B(z) = 327 +28 - )iz(x — i),

and

)\F(r+6)F(r+%)F(n+r+1)r(n+f+ﬁ+%) >0
D(r+ )L (r+B+3)0 (nd7+5)0(n+7+5)”

- 1 D(rHD)T(r+B+ )T (n+7+ 2T ((n+7+5+1)

D S ¥ Cc) Y Cores |y e sy e S L

(2) If p(x) = 23 + cox® + c12¢ and B(x) = box(x + w), we have the following subcases:
(a) do+1 75 0:
60 = _&Oa

Con42 = Qopy1 — G2pt2, Gopg1 = Qop — Q2pt1, N 2>0,

Aop — — )

(2.83)

> AR " (2.84)

Oni1 = =03y, Obongz =—03,,1, n >0,

D; ((ﬁ(x)@) + ()9 + B(x) (x_l(zgt,ﬂg)) =0,
with
p(x) =2 — (21 +a+ B)ia® — {27 + 2T + 278+ aff — T

1
Jr
4T+ 2a+28-1)

+ (47 + 20+ 28 — 1)(—27% — 270 — 273 — af + T)]i}z,

(27 +1D)(2T +2a+28 - 1) (T +a)(T+ )

1;(33) = 2021 4+ a + p)2?
2 (2.85)
- )\(4T+2a+2ﬁ_1)[27+1)(27’—1—204—1-2/3—1)(T+a)(7+ﬂ)
+ (47 + 200+ 28 — 1)(=27% — 210 — 278 — af + 7)),
- 1
B@) = Yo Taar25-0)

+ (47 + 20+ 28 — 1) (=277 — 210 — 273 — aff + 7))z (2 + 1),

(27 + D27 +2a+28 - 1)(1+a)(T+ )
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and, forn >0,

)\ Ar+20426-1 I'(r+a)T(7+B)T(7+ )T (t+a+58+3)
dn+474+20+28-1T'(t+a+ )T (7+B+ )T (v+ 1) (t+a+p)

I'(n+74+1) (n+7+a+B)(n+7+a+3)D(n+7+8+3)
L(n+7+a)T(n+7+B)L (n+7+ )L (ntr+at+B+3)

Qgpn =

2.86
~ _ 4 D(r+at )L (r++ ) (r+ 1) (1 +a+) ( )
Q2n+1 = X@n+ar+2a+26+1) T(r+a)D(r+B) L1+ L) (r+ath+L)
L(n+7+a+)I'(n+7+B+1)(nt+74+ 3T (n+7+a+8+3)
I(n+7+1)(n+7+a+B)(n+1+a+$)D(n+7+6+3) -
(b) da +1=0 and ¢; + wby # 0.
(o= —@0, Cont2 = Gont1 — Gontz,  Cong1 = Qon — G2pq1, 1 >0,
92n+1 = _d%nﬂ 92n+2 = _d%n+17 n >0, (287)

D_i(®(2)0) + ¥(2)d + B(z)(z~1(9t;9)) = 0,

with ~
P(x) = a® + iz® + [(B* — 15)(1 — 5) — 24]=,
P(z) = —2? — 2(B% — &+ 2p)z, (2.88)
B(z) = (8% — 35 + 20)z(z — 1),

and for n > 0,

[(3—28)T(284+ 3T (n+B+3)M(n—B+2)

Q2n = — AT (a Dl (n—2 T 1T (n i 25+ ) (2.89)
G = 1L DG =BT(A+ T (n=26+3)D(nt26+) '
20+l = XTI —2B)T @6+ DTt BT DT (=51 1)
() do+1=0 and ¢; + wby = 0.
(o =—q0, Con42=Gont1 — G2ns2, Cong1 = Gon — G2pt1, 71 >0,
92n+1 = 75[%7” 02n+2 = 76‘%7;-‘,—1’ n > 07 (290)
D; ((i)(x)qg) + U(z)d + B(x) (ac_l(@t,ﬂ?)) =0,
with
- 1 - .
o(z) =z — 52'352 - 2§ix, P(r) = —2 — 4§x, B(z) = 2§x(m +1), (2.91)
and, forn >0,
agpn = —A(0o.n + i), Gonp1 = 220 +1). (2.92)
' 8p A

Proof. (1) In this case, (2.79)—(2.80) reduces to
Cn=0n-1—0n, n2=0,
On+1 = —afl, n >0,
Dy (2% + c12)9 + (222 — 2bo2)9 + box(z + w) (z 71 (It_ V) = 0,
with
Q2 = 00 R TG T (i)

_ w? P(=p)T(=p2)T(nt1—ps)T(nt+1—pig)
Q2nt1 = o0 ~ ()T T ) Tnpz) > =0

With the choice of wa™" = —i and putting ag = —X, a ey =i(B+27)+ $ (27 +26 —
1), by =—%(27 428 — 1)i, we get (2.81)-(2.83).
(2) (a) In this case (2.79)—(2.80) can be written as

Ch=0p—1—0pn, n>0,

Opi1 = —a2, n>0,
Dy (23 + Swdoz? + c12)9) + (doa? — 2bo2)0) + boz(z + w) (z~ 1 (Vt_0)) =0,
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with, for n > 0,

_oo(1+ds) T'(=p5)L(=p6)L(—p7)L(—=ps)L(n—p1)T'(n—p2)T'(n—p3)L'(n—ps)

@20 = T dn—T—dy T(—p1)T(—p2)T(—p3) T (—pa) L (n—ps) L (n—pe)L (n—p7)L(n—ps) ’
o _ 4w? I'(—p1)T(—=p2)T(—p3)T (—=pa)T(n+1—p5)T'(n+1—pe)T(n+1—p7)T(n+1—ps)
2n41 = ag(@nt1—dy L(=ps)T(=pe)T(—p7)T(—ps)L'(n—p1)T'(n—p2)T'(n—ps)L(n—pa) ’

The choice wa™t =i and putting &g = -, da = =227 +a+ ), a 2(c; +wby) =

272 - 2170 =278 — B+ 7T, alby = m[@r + 12T +2a+28—-1)(1+

a)(t+B) + (47 +2a + 28 — 1)(—272 — 27a — 278 — a3 + )] we obtain (2.84)-(2.86).
(b) In this case (2.79) and (2.80) become

<n =0p_1—Qpn, n>0,
2
Opt1 = —az, n>0,

Dy, (2 = Jwa? + c12)0) — (22 + 2bg2)V + boz(z + w) (z 7 (9t_,V)) =0,

with for n > 0,

_ T'(—v3)T(—va)T(n—v1)T'(n—vs2)
Q2n = Qo F(—V?)F(—u;)l"(n—u;)l—‘(n—l/i)7

o _ LzF(—I/l)F(—Vz)f‘(’ﬂ-‘r1—U3)F(n+1—V4)
2n+1 4ap  D(—v3)I'(—va)T'(n—v1)I(n—v2) °

The choice wa™" = —i and putting & = =\, a 2(c1 +why) = B2 — 15, a by =
L(B% — L 4 2p), we get (2.87)-(2.89).

(c) In this case (2.79)—(2.80) becomes

Ch=0Qp_1—0Qn, n2=>0,
Ont1 = fafl, n >0,

Dy ((2® — 3wa? — whoz)9) — (2 + 2box)9 + box(z 4+ w) (271 (It_,0)) =0,

with for n > 0,

nw? ) (2n + 1)bs
Qopi] = ————.

4b2a0 ’ 2n+1 9

! =i and putting &o = —A, a'by = 2%, we obtain (2.90)-(2.92) O

aon = g (8o, +
By choosing wa™

Remark 2.17. (1) The form o given by (2.84)-(2.85) is regular if and only if
A1 +2a+28+1# —4n, n>0.
(2) The form 9 given by (2.90)(2.91) is regular if and only if p # 0.

2.4.2. The case (¢(0), B(—w)) # (0,0). On account of (2.46)—(2.47) and Corollary 2.15,
we get the general situation,

gn =Qp_1—Qp, N2> 0,

Opt1=—02, n>0, (2.93)
Dw((03x3 + oz + cz + 00)19) + (dox® + dyx + do)V ’
+boz(z + tw) (z7H(It_y?)) =0,
with, for n > 0,
Aoy = m{wdgn —wesgn(2n — 1) — (e3 + dz)ao}, (2.04)

Qopi1 = m{(n + D[wdy — weg(2n — 1)] + b }.

Theorem 2.18. The following canonical cases arise:
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(1) For ¢(z) = 2% + c1z + co and B(z) = box(z + w), (co,b2) # (0,0), we have

Co = —ao, C(ont2 = Qont1 — Qany2, Gont1 = Q2p — Q2pg1, 71 >0,
73 _ 2 7] _ =2
92n+1 = —Qap, 02n+2 = —Q9p41, T > 07 (295)

D_i(¢(2)9) + 9 (x)0 + B(x)(z~ (0t9)) =

with ~
d(x) = (x4 0)(x + 2i7 = N),
(z) = 2ix® — (1 4+ 27)x — i(27 + i)), (2.96)
B(z) = 2ra(x — i),
and
Gop =i(n+74+14N), aopy1 = +7+1)i, n>0. (2.97)

(2) In the case where ¢(x) = 3 + c2? + c12 + ¢o and B(z) = bax(z + Lw), (co, bo) #
(0,0), we obtain the canonical case below:
(o= —Go, Cont2 = Gont1 — Gont2, Cong1 = Gon — Gong1, 1 >0,
02n+1 = _&57” 02n+2 = _&gn-i,-la n Z 07 (298)
D;(¢(x)0) + P(x)0B(x) (z~ 1 (It_iD)) = 0

with

b(z) =23 —(2T+1+
+3a’7i|x

a+2/\)1x2 + o Pa(t+a+1)+ir(a+i\)(4r+2a — 1)

[i(a+iX) (272 4+ 27 — 7) + Aa(27 + a)]

+ X
D) = —(dr + 142220022 1 [2r(2r — 1) + TG ip i Aa(2r + a)
+i(a + i) (272 + 27a — 7)),
B(z) = -2r(r — 1+ a+z)\)zx(ac + 14),
(2.99)
and, forn >0,
G — — (nt+74a)[i(a+i)) (n+7)+Aa]
{ 2n — 2(n+71)(a+i\)+a? ’2 (2 100)
~ c(ntr+D)[(a—iN) (n+17)+o .
Ggni1 = —i (2n+2)7['(+1)(o¢)—i(-i)\)+)a2 L n>o.

Proof. (1) In this case from (2.56), (2.93), and (2.94) are written as
Cn=Qn-1—an, n2=0,
Opi1=—a2, n>0,
Dw((x2 + (0 —w — Fbo)x + w2b2 — wao)ﬁ) + (2 2 (1+2by)x + ’U}bg — ao)ﬁ
+byx(z + tw)(z —l(ﬁt,wﬁ)) =0,
with w
Qo = ap —nw, Qg1 = —(n+ Dw — §b2, n > 0.
By choosing wa™! = —i and putting &g = —(\ —i7), by = 27, we get (2.95)—(2.97).
(2) In this case (2.93)—(2.94) can be written, using (2.55), as
Cn=0p_1—an, 120,
0n+1 = 70&2 n 2 0,

no

D, <(x3 + Lw(dy — 1)2? + Lw[(1 + da) (a0 — w) — 3ba]z + Sw?[by — (1+ dg)a0]>19>
—‘r(dgﬂ?Z - [%(1 + dg) + 2()2}5(1 + %[bz — (1 + dQ)Oéo])’l?

+boz(z + Jw) (a:_l (ﬁt_wﬁ)) =0,
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with

Qo = —ﬁ{(l + do)ap + wn(2n — 1) — wdan},

Aop41 = —m{(n + 1)[w(2n — 1) — U}dg] — bQ}
Taking wa™! = i and putting &g = — “*ji[j(z‘ﬁ;fj;gw, do = —(4T+1+a2f¢2>\)7 a"lhy =
—27(7 — 1+ 5%)i, we obtain (2.98)(2.100). O

Remark 2.19. (1) The form ¥ given by (2.95)-(2.96) is regular if and only if
TH+iAF—n, T+1#-n n>0.

(2) The form 9 given by (2.98)-(2.99) is regular if and only if 7+ 1 # —n, 7+ a #

o> o’ Ao
—n, m+275£—n, m—i—T#—n, O(_H.)\Z;én, n > 0.
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