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EDGE-BASED LINEAR WAVE EQUATIONS ON QUANTUM TREES
WITH DIRICHLET VERTEX CONDITIONS AND ITS SIMULATION

MOH. JANUAR ISMAIL BURHAN, YUDI SOEHARYADI, AND WONO SETYA BUDHI

ABsTRACT. We investigate the linear wave equations on the quantum trees Sy and
P> > S with Dirichlet vertex conditions at each leaf vertex. We first determine
the edge-based Laplacian spectra on the quantum tree using quantitative analysis
of the scattering matrix. This yields edge-based Laplacian spectral properties in the
quantum trees Sy and P> > S2, which we use to determine the general solution of
the linear wave equation. Furthermore, we provide a solution to the wave equation
with a Gaussian wave packet as an initial condition. We present an example of our
numerical simulation.

HocaimpkyoTbes JiHiHI XBUIIbOBI PIBHSIHHS HAa KBAHTOBHX JepeBax Sy 1 Py > So
3 By3JsioBuMu ymoBamu Jlipixisie Ha KOXKHiil Bepinnai pebpa. CrouaTky BH3HATAEMO
CHEKTp JIaljlaciaHa JijIsi KO2KHOI'O By3Jjla HA KBAHTOBOMY JIEPEBi 3a SKICHOI'O aHAJII3y
Marpulli posciroBanss. lle 1ae crekTpaJibHI BJIACTHBOCTI JiamsiaciaHa Ha KOXKHOMY
pebpi st KBaHTOBUX JiepeB Sy 1 Po > S2, gkuil gaji BUKOPUCTOBYETBHCS JJIs
BU3HAUEHHSI 3araJIbHOIO PO3B’SA3KY JIHIHHOIO XBHJIBLOBOIO piBHsAHH:A. Kpim Toro,
PO3B’sI3aHO XBUJIbOBE DIBHSHHS 3 XBHJIbOBUM IIakeToM [ayca B sIKOCTi 11O4YaTKOBIit
ymoBu. HaBesieMo IIpUKJIa YUCETBHOTO MOJETIOBAHHS.

1. INTRODUCTION

A linear wave equation on graphs has been discussed extensively since early 2000.
Friedman and Tillich in [7] use edge-based Laplacian to model a linear wave equation
on a graph and determine a solution based on the Laplacian eigensystem. In 2019, Aziz
[2] explored the linear wave model and determined the solution to classify the structure
of graphs or networks. This graph classification method was started by Aziz in [1], and
further explored by Gajewski in [8]. Both Friedmann and Aziz used adjacency calculus
to determine the Laplacian spectrum. Furthermore, the vertex conditions given to the
vertices are only Neumann-Kirchhoff type. The graph is assumed to be equilateral, that
is, the graph has edges of a uniform length or weight. A comprehensive discussion of
Laplacian eigensystem can be found in Wilson’s work [12] published in 2013.

Many types of quantum graphs can be used for a precision physical model in biology
problems, such as the wave equation in trees as a model for blood flow, see Carlson 2006
[6]. A Quantum tree has a particular structure with leaf vertices (that is, the vertices
with degree one) to which we can assign the Dirichlet vertex condition. In graph-theoretic
terminology, a tree is a graph that does not contain cycles. In this paper, we solve the
linear wave equation on an equilateral quantum tree with the Dirichlet vertex condition
at the leaf vertices. The two types of trees used in this paper are the star graph Sy and
the tree P, > S5. The star graph Sy is a special type of graphs in which N vertices have
degree 1 and a single vertex has degree N. This looks like the N vertices are connected to
a single common interior vertex. A star graph with total of N + 1-vertices is denoted by
Sn. The tree P, > So combines three trees: two star graphs So and one graph P,, where
P, is simply an interval, that is a graph consisting of two vertices connected by one edge.
In contrast to Aziz’s work in 2019 and our previous results [5], here we determine the
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edge-based Laplacian spectrum using the scattering matrices as in [3, 4, 9]. This spectral
analysis approach has some advantages, including obtaining edge-based Laplacian spectra
for quantum graphs with Dirichlet vertex conditions and non-equilateral graphs.

Our main result in this direction is obtaining some properties of the scattering ma-
trix and the edge-based Laplacian spectrum on the Sy and P, > Sy along with their
eigenfunctions. Furthermore, we obtain a solution of the edge-based linear wave equation
on equilateral quantum trees with Dirichlet vertex conditions at each of its leaf vertices.
These results include formulas distinct from that of Aziz et al. 2019 [2]. Our method
works for arbitrary (connected) graphs.

This article is arranged in the following order. In Section 2, we mentioned and focus on
the concept of metric trees, Laplacian, vertex conditions at vertices, a system of eigenvalue
problems, and secular determinants using scattering matrices. Section 3 contains our
main results. The first result deals with properties of the scattering matrix in the star
graph Sy, followed by the Laplacian spectrum of Sy and P, > S along with their
eigenfunctions. The second result is the general solution for the edge-based wave equation
on Sy and P, > S5, with the Gaussian wave packet initial data. In Section 4, we present
a simulation of wave evolution on the star graphs Ss, Sy, and P, > Sy with Gaussian
wave packet as initial data.

2. PRELIMINARIES

In this section, we provide some basic notions and terminologies so that we can bring
some machinery used in differential equations into graphs under consideration. Our
primary references for this purpose are [3, 4, 7, 9.

Let T = (V, E) be a directed tree with the set of vertices V' and the set of directed
edges F, which we assume to be nonempty and finite. Next, we assume that the tree T is
nonempty, directed, connected, finite, and simple (see [4, 9]). Each directed edge e can
be identified with a pair of vertices (o(e), t(e)); that is, o(e) and t(e) are the origin vertex
and the terminal vertex, respectively. The edge e = (o(e), t(e)) is parameterized by the
interval [0, L], with relation 0 +— o (e) and L, «— t (e), where L. is any positive real
number which, by physical consideration, can be considered as length or weight of the
edge e. We let E, to be the set of all edge incidences to the vertex v, that is,

E,={ecE:v=o0(e) orv=t(e)}.

The degree d,, of the vertex v is the cardinality of F,. The boundary set 9T of a tree T
is the set of all vertex having degree one. An element of the boundary set is called a leaf
vertex, denoted by vjeqr. Meanwhile v, € V\OT is called an interior vertex of the tree
T.

Let Zr = Ueer({e} x (0, L.)). The metric tree T based on T is the set

T:ITUV.
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FIGURE 1. lllustrates T, Zr, and T for a simple star tree S3.
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The set Zr can be considered as interior of the metric tree T. For alternative definitions
of metric trees (metric graphs), see [4, 11]. Furthermore, a metric tree is called equilateral

if all L. are identically 1. Next, we denote T, as the pair (T, m), where T is the metric

tree and m is the metric on 7. Based on the Lebesgue measure on each interval [0, L], a
Lebesgue measure on the metric tree T, can be defined [7].

There is a one to one correspondence between functions f on 7, and families
{fe : e € E} of functions f. defined on intervals [0, L.] which satisfy the following com-
patibility condition:

fei (Uint) = ij (’Uim‘/)y
where v;;,; is identified with the corresponding end-point of the interval [0, L.,], resp.,
0.,

Linear differential operators on graphs have been discussed in [4, 10, 7]. In this paper,

we use edge-based Laplacian notions introduced by Friedman and Tillich in 2004. The

edge-based Laplacian is negative Laplacian, that is, the negative second derivative. The
Laplacian acting on the function f = (f) is

d*fe
dx2’

ATf: e€e k.

The domain of the Laplacian is defined as
D(Ar):={f=(f): f.€ H*([0,L.]) : f. satisfy the vertex conditions,e € E},

where H? denotes the Sobolev space of functions on the interval [0, L.] whose second

derivative is square integrable. The Sobolev space on the metric tree is H? (T),) =
®eernH?(]0, Le]) with the norm

||f||%2(Tm) = Z ||f8||§-12([0,Lc]) , feH*(T,) and f = (f.), e€ E.

eckE

Recall that the norm

2 2 2 2
[ fellzzo.n.y = Wellz2qo,r.p) + el zeqo,n.y) + 1 2o, r.y for every fe € H? ([0, Le)) .

A quantum tree is a metric tree T}, equipped with a differential operator #, accompa-
nied by conditions at the vertices (vertex condition). Next, we write the quantum tree as
an ordered pair (T;,,, H). There are two types of vertex conditions on a vertex in what
follows, which will be used in the next section.

Let |V| and |E| are the cardinalities of the sets V' and E, respectively. We define the
signed incidence matrix (qve) |y g bY

-1, ifv=o(e)),
Qu,e = 1, if’l):t(e),
0, others.

The Neumann-Kirchoff vertex condition at a vertex v;,; € V\IT is

Z qvum@fé (Uint) =0,

eckE,.

int

and the Dirichlet vertex condition at a vertex vieqs € 9T is fe (Vieay) = 0.
Next, we consider an equilateral quantum star graph Sy and an equilateral quantum
tree P, 1> S5 with Dirichlet vertex conditions at all leaf vertices. Then the eigenvalue
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problem of the edge-based Laplacian on the two quantum trees is given as follows,

—fd =X for each e € F,
fei Wint) = fe; (Vint) for each e;,e; € E,,,,,
Z Quing,efe (Ving) =0 for each v;,; € V\OT, (2.1)
c€E,,,,
fe (Vieay) =0 for each vieqr € 0T

Furthermore, the two quantum trees are illustrated in Figure 2 below.

D
D 61 D
\JNK»:‘ '
D, D
D/ T \D \‘NK—)NK
D D/ D

FIGURE 2. (a) Quantum star graph Sy and (b) quantum tree Py > Ss.
(The letters D, N K signify the Dirichlet, and Neumann-Kirchhoff vertex
conditions, respectively. Where the direction of the edge e determines
the parameter from 0 to 1).

2.1. Secular Determinant. Edge-based Laplacian spectra of a quantum graph can be
calculated using its Secular Equation. This method uses the notion of a scattering matrix
of a quantum graph [3, 4]. We apply the notion of secular determinants for graphs to
trees.

Let (Tyn, —Ar) be a quantum tree and {1, ..., |E|} be the label set for its edge set. The
eigenvalue problem —Ar f; = Af; = k?f; is given on each edge j. We express the solution
on any edge j as a superposition of two plane waves,

fi (@) = aze™ + aze i), (2.2)

where x denotes the edge coordinate (according to the assigned direction of the edge j)
and L; the length of the edge j. The coefficient a; is the amplitude of the plane wave
moving from the coordinate x =0 to z = L;, and aj is the amplitude of the plane wave
with opposite direction. The solution is based on scattering of the plane wave e~
coming towards the vertex v along one of the edges incident to v.

We determine the frequency k of the eigenfunctions by solving the eigenvalue problem
coupled with vertex conditions at the vertices of the quantum tree. From these calculations,
we obtain a matrix multiplication which describes the system of equations from the value
of the plane wave amplitude on the eigenfunction,

SD (k)a = a, (2.3)

where D is the diagonal matrix D (k) := Diag (e'*%7)

led{l,.,|E|}U {T, ,E} The scattering matrix S := (s;;) € C2EI*2IEl is a matrix

; and the vector a := (ar)y |, With
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with the following entries:

21, ifl=7,

()
si={ gt ifl#Tand t(f)=o(l),
0, otherwise.

Here dy(;) denotes the degrees of the vertex ¢ (j). The vertex condition is the Neumann-
Kirchoft.

Furthermore, if we consider (2.3), we will obtain a characteristic equation that we can
use to calculate the spectrum of the Laplacian.

Proposition 2.1 (Berkolaiko [3]). Suppose (Tp,, —Ar) is a compact quantum tree, then
k% € C\ {0} is the eigenvalue of the operator —Ar if only if k satisfies the equation

det (I — SD (k)) =0,

where D (k) := Diag(e'*Li) and L; is the length of the edge corresponding to the coefficient
aj.

The function ¥ (k) := det (I — SD (k)) is called the secular determinant. In [3, p.16,17],
the relation between the representation of vertex conditions on vertices, vectors containing
functions, and derivatives of functions on vertices. A local scattering matrix for vertices
with Dirichlet conditions can be obtained from this relation. In the following is a scattering
matrix for a quantum tree with a leaf vertex with Dirichlet conditions.

Let (T,,,—Ar) be a quantum tree and d, is the degree of the vertex v. Suppose j is a
directed edge with a parameterized direction corresponding to the interval [0, L;] and j is
the same edge with the opposite direction. The scattering matrix S on T,,, which has
the Dirichlet condition at the leaf vertices, has the following entries:

_1’ lfl = 37 dt(]) = 17 and f (t (j)) = 07
2 o )
o T Tl HI=Tanddiy >, 24
’ dj), if l#jand t(j)=o0(l),
0, otherwise.

3. RESULTS AND DISCUSSION

In this section, we discuss edge-based wave equations in quantum trees whose leaf
vertices satisfy Dirichlet conditions. We begin with some facts and some properties of the
scattering matrix that can be used to determine edge-based Laplacian spectra. Further,
the results obtained are used to determine the solution to the edge-based wave equation.

3.1. Some properties of the scattering matrix. In the following, some properties of
the scattering matrix are stated. We can derive the following facts.

Lemma 3.1. Let (T,,, —Ar) be an equilateral quantum tree with a scattering matriz S
defined on it. Then S is a unitary matriz. If T,, is a quantum tree with all vertices (leaf
and non-leaf vertices) satisfying the Neumann-Kirchoff condition, then S is row-stochastic,
with eigenvalues a, ..., o, € C with || =1 for each j =1,...,n.

We recall that a square matrix S = (s;;) € R"*™ with 0 < s;; <1forall 1 <i,j <n

is said to be row-stochastic if Z?Zl sij = lforallie{l,..,n}

Proof. We refer to the discussion of the scattering matrix in [3, 4]. Application of the
result explicitly to the eigenvalues, using the Proposition 2.1, yields the proof. O
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The following theorem ensures that the scattering matrices obtained from a quantum
N-star graph with different edge directions are similar. As a corollary, the eigenvalues
obtained from all the scattering matrices in a quantum N-star graph are the same.

Theorem 3.2. All the scattering matrices of the equilateral quantum star graph Sy,
which have Dirichlet conditions at the leaf vertices, are similar.

Proof. Let the standard scattering matrix S(®) be obtained from the parameterization
0(€j) = Vjeqy for each edge j € {1, ..., N}, with the rows and the columns of the matrix
5 being ordered according to the directed edge labels,

1,2,..N, 1,2,..,N.

Recall that j is a directed edge with the parameterization direction corresponding to
the interval [0, L;] and j is the same edge with the opposite direction.

If the equilateral quantum star graph Sy is formed by changing the parameterization
of any edge, that is, there are i € {1,..., N} so that ¢ (e;) = vjeay, then another scattering
matrix S is obtained with the order

1,2,...4,...N, 1,2,..i..,N.
(U

We can choose a permutation matrix P, with o ) = j for j = ¢ such that

5O = p-isp

The statement shows that the standard scattering matrix S(®) is similar to every other
scattering matrix of equilateral quantum star graph Sy. Thus, all scattering matrices
of the equilateral quantum star graph Sy, which has the Dirichlet condition at the leaf
vertices, are similar. O

Before determining the edge-based Laplacian eigensystem for trees, for convenience,
we will first discuss the notion of circulant matrices.

A circulant matrix of order N, Cy := circ(co,c1,...,¢n—1), associated with the
numbers cg, €1, ..., cy_1 is defined as

Co ¢+ CN-2 CN-1
CN—-1 € -+ CN-3 CN-2
ON - I
C2 c3 - Co C1
c1 Ca -+ CN-1 Co

where each row is a cyclic shift of the row above it. In [13], the eigenvalues of Cy are

well known:
N—-1
=> aw), j=01,..,N -1
k
2misg

where w; = e(*%) and i = v/—1. Therefore, we can write the determinant of a nonsingular
circulant matrix as:

N—
det (Cy) = H (Z cpw! > k=0,1,...N—1. (3.5)

3.2. An edge-based Laplacian eigenvalue problem on a quantum tree which
has Dirichlet conditions at all leaf vertices. Some of the previous properties can be
used to perform spectral calculations. This calculation method uses scattering matrices
to obtain the Laplacian spectrum for an equilateral quantum tree, where all leaf vertices
satisfy the Dirichlet condition.
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Lemma 3.3 (Dirichlet spectrum). Let (T;,, —Ar) be an equilateral quantum tree, with
all leaf vertices satisfying the Dirichlet condition. Let S be its scattering matriz with
entries as in (2.4). Suppose o (S) is the scattering matriz spectrum, then the Laplacian
spectrum is given as follows:

o(-Ar)={k*>0]e*ea(9)},
with the multiplicity of the eigenvalues being m (kz) =m (e’ik, S) .
Proof. We use secular determinants in Proposition 2.1. We have
0=1|I-SD (k)| = |D*1 (k)D (k) — SD (k)|
=|D™' = S||D (k)|
= |e=*1 - S||D (k)|,

and thus e~ ** is the eigenvalue of the scattering matrix S. Consequently, the multiplicity
of k? is the same as the multiplicity of e™**. O

We can see that the spectrum of the quantum tree (T,,,, —Ar), with a Dirichlet condition
at its leaf vertex, can be derived from its scattering matrix S as in the Proposition 2.1.
From the lemma above, it is clear that one must first determine the eigenvalues of the S
scattering matrix to obtain the Laplacian spectrum for the quantum tree.

Theorem 3.4. Let Sy be an equilateral star graph with N > 2, with Dirichlet conditions
27i-j

at all leaf vertices. Suppose that w; = e N . Then the characteristic polynomial for the

scattering matriz of the star graph Sy is

K@ =TT [(o+ (2 0)) o 2yt (2w

=0

=(@2+1) (- DV ar )V

Proof. Let N > 2, and Sy be an equilateral star graph, with Dirichlet conditions at all
leaf vertices. According to Theorem 3.2, we can choose a standard scattering matrix of
size 2N x 2N which represents the star graphs, namely,

Onxn —Inxn
S = ,
Prnxn Onxn
where
r 2 -1 2 2 2 7
d'”int QdUint d’”é’rz,t d'”ént
-1
d”int d"’int Vint d”int
2 2 2 .
P = -1
NXxN d”int d'“mnt dvint
. : “. 2
Ay,
2 2 2 2 -1
= dvint dui’n.t dvint duint -
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and d,,,, is the degree of the interior vertex. Consider the matrix af — S

alnxnN Inxn
al — S5 = ,
QNxN alnxN
where
[ ( 2 1) 2 2 2 i
d’“mt Vint dvzn{ d’vmt
2 (24 ) 2
dvint dvint d“lnt dvint
Q _ 2 2 2 1
NxN = —d —d —\d -
Vint Vint Vint
] 2
’ ’ d“int
2 2 2 (2 4
L dvint d“int d“i'rLt d“int o

Next, the characteristic polynomial for the scattering matrix of the star graph Sy is of
the form
K (a) = |al — 8| = |a*] — Qnxn| =0.

Consider the matrix a?I — Qnxny = C as a circulant matrix of order N and, since

dvmt = N>
M A2 2 _ 2 2 2
a” + (5\7 1) N N N
2 o? + (2 _ 1) 2 2
N N N N
_ 2 2 2 2 _ :
C= N N a” + (N 1)
: 2
: N
2 2 2 424 (& _ 1)
L N N N N
Co ¢k -+ CN-2 CN-1
CN—-1 C - CN-3 CN-2
Co Cz - Co C1
C1 Ca -+ CN-1 Co

Let K (a) = |a®I — Qnxn|, then according to (3.5) we obtain
K () = [T = Q¥ xn| = IC]

N-1
= (Co + caw; + CQ'I,U]Q‘ + ...+ CN_1U};-V_1), (36)
=0
with w; = e27}3'j, co =a?+ (% — 1) and ¢; = ... = cy_1 = %
If 7 =0, then
2 2
N-1
(co—|—cle+...—|—cN_1wj )y =a’+ <N —1) +N(N_1)’

so that the first factor in the product in (3.6) simplifies to
(a2 + 1) .
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Furthermore, for each j = 1,..., N — 1, the factors in the product in (3.6) are given by

2 2 [ ami i\ N—1
(co+ o+ enarw ) =a? + ( - 1) + 5 (eQNJ NI (ezN’) ) .

N

wig \ ™
Since Zﬁ;‘ll (62 NJ) = —1, the factor is

2 2
(Co + ...+ CNfle-V*1> = a2 + ( — 1) - —

Therefore,

K (a) = [0 = Quxn| = (0 +1) (> = 1)

=(@+1)(@-)" " a+r )V
U

Next, we provide the eigenfunction formula for the eigenvalue problem (2.1) on the
star graph Sy.

Corollary 3.5 (Eigenfunctions for the star graph Sy). As mentioned in Lemma 3.3,
we denote eigenvalues of the scattering matriz S by o, with |a,.| = 1 for each r (see
Lemma 3.1). The eigenvalue kfn of the quantum star graph (Sn, —Ar) is given by
(2nm)?, if o, =1 and n € N with multiplicity N — 1,
k2, =4 @2nm+£ %)% ifa, = —i,i andn € Ng = NU{0},
(2n+1)7)?%, ifa, = —1 and n € Ng = NU {0} with multiplicity N — 1.
The eigenvectors of the scattering matriz S associated with o, are denoted by
t
Ao, = (a(f‘r,agr,...,a%‘,a%ﬁa%‘ﬁ...@%ﬁ .

The eigenfunction f;n () is given as follows:

C (a?“eik“"”” + a?"eikm(l*"”) , if a € {—i,1},
f;,n (.’ﬂ) = Ca’r (eiQnTrw _ ei2n7r(1—x) , Zf a, =1, (37)
CG?T (ei(2n+1)7rw + ei(2n+1)7r(17x)), Zf a, = —1.

Proof. Given the star graph Sy with N > 2, its characteristic polynomial, which is
obtained from Theorem 3.4, is

K@) =(®+1) (a- )" a+1)¥ .
The four eigenvalues are
a1 = 1 with multiplicity N — 1,
g = ¢ with multiplicity 1,
asg = —i with multiplicity 1, and
a4y = —1 with multiplicity N — 1.

According to Lemma 3.3, k? = ) is an eigenvalue of the edge based Laplacian. The
eigenvalues are:

(2n7r)2 for every n € N with multiplicity N — 1,
(7 + 2n7)? for every n € Ng = NU {0} with multiplicity N — 1,
(£Z + 2n7r)2 for every n € Ny = NU {0}.
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The eigenfunctions can be obtained by substituting the coefficient values

ai",ag", ...,a%,a%‘,ag”, ...,a%“
from the eigenvector entry a,, to the solution of the eigenfunctions of the edge-based
Laplacian eigenproblem presented in (2.2). O

We can also obtain an eigensystem for the tree P, I> S5 in a similar way. That is, we
first determine the eigenvalues of the scattering matrix for the tree P, > S; and then
determine the edge-based Laplacian spectrum using Lemma 3.3. Furthermore, based on
(2.2), the Laplacian eigensystem for the tree P» 1> S is given in the Corollary below.

Corollary 3.6 (Eigenfunction of the tree P, 1> Ss). As in Lemma 3.3, we denote the
eigenvalues of the scattering matriz S by o, with |a.| = 1 for each r (see Lemma 3.1).
The eigenvalue kfn of the quantum tree (P > So, —Ar) is given by

(2nm)?, ifa, =1 andn €N,
5 ) (2nm £ arccos (Re ()%, if o = = (5 +i3v2) and n € Ng = NU {0},
") (2nm £ arceos (Re (ar)))?, if @ = £ (5 —i2v/2) and n € Ng = NU {0},
((2n +1)m)?, if o, = =1 and n € Ny = NU {0}.

The eigenvectors of the scattering matriz S associated with o, are given by

t
[e% « « (679 « [e%
Ao, = (al”“,azr,...,aNT,aT’,a?T,...7aﬁT> .

The eigenfunction f;"" (x) is given as follows:

Qr Sike n Qr ik n (1= ) — l 12
C (aj elvﬁc—f—a?ezf(1 2)), if ap =+ (3 +i2V2),
Ar ik nT o i rn(l—2 - _ -2
f;,n (LE) _ C CLJ € ik +a- J Frn (1 ) s Zf Ay = + (% g\[) (38)
Ca®r ( 2nmwr _ 22n7r(1 x) Zf a, =1,
Ca?ﬁ ( i(2n+1)7wx + e1(2n+1)7r(1 x)) Zf a, = —1.

The steps of the proof are similar to those in Theorem 3.4 and Corollary 3.5. What
remains to be shown is that all of the eigenvectors given above completely satisfy the
eigenvalue problem (2.1), which is easy to check.

3.3. The linear wave equation for a quantum tree which has Dirichlet condi-
tions at all leaf vertices. In this section, we provide a general solution to the wave
equation on a tree. The initial condition is a single Gaussian wave packet on an arbitrary
edge of the tree.

3.3.1. Edge-based linear wave equation solution on a tree. In the following, we present
a general solution of the edge-based linear wave equation on a quantum tree obtained
using the method of separation of variables and eigenfunctions in (2.2) for the edge-based
Laplacian eigenvalue problem.

Proposition 3.7. Let X; be the coordinate on a tree that defines an edge e; and the
standard coordinate value on that edge is x. Let a linear wave equation on the quantum
tree (Tyn, —Ar) be given as follows:

uy = Aru, t > 0, and vertex conditions at the vertices of the tree.

The general solution of the linear wave equation is

w(X,0) = 3 [ase™ + aze™ )] {ay cos (k) + By sin (k1)) (3.9)
k
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where a; is the coefficient of the eigenfunction on the edge e; and
{ay cos (kt) + B sin (kt)}
is the temporal part.

3.3.2. Initial Conditions. Since the wave equation is a second-order partial differential
equation, we can give the initial conditions and initial velocity,

u(X;,0) =p(X;) and w (X,0) =7 (X;).

Corollary 3.8. Given a solution to the linear wave equation in Proposition 3.7. Suppose
the initial condition is Gaussian wave packet

p(j,z) = e a(z—p)?

on the edge ej, zero on the other edges, and the initial velocity is zero. If the value of a is
sufficiently large, then the solution to the wave equation is of the form

.2 . . . .
u(X;,t) = Hg E e ia [aj/e”““ + ajfe’k(lf”)] [aje““ + a;elk(l*m) cos (kt) ,
k

with the value of k is determined by the structure of the quantum tree T'.

Proof. We observe that

p(X;) = Z [ajeikm n a;eik(km)} a,
k

with

ak =Y Fi,
J

1
F, = / p(j,x) {a]—ei’” + a;eik(l*x)] dx.
0
Also, the initial velocity

r (X]) = Z {ajeikm + a;—@ik(lim)} Bkk,
k

with
Bk = G,
J

1
Gy = / r(j,x) [ajeik‘” + a;eik(l_‘”)} dx.
0

Let the initial condition be a Gaussian wave packet p (j,z) = e—a@=m* on a single edge,
zero on other edges, and the initial velocity is zero. For a large value of a,

Fk :/ e—a(w_M)Q |:ajeikz _’_ajeik(l—w)} dx

— 00

— a_j/ e—a(z_u)2eikzdx+a7/ e—a(x_ﬂ)Qeik(l—r)dm.

— 0o — 00

i) i)
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For i),
oo oo
aj/ 7a(w M) ezk:wdx_aj/ ooz 24 (2pa+ik)z— ap, dr
%) o)
(2ua+1k) 2
/,e —ap
uzk——
a
For i)

oo
2 .
a;/ efa(:bf,u,) ezk(l T d.I = a= / ooz 24 (2pa+ik)z—ap 7ka+zkdl,

z (2//.a+tk) —ap?+ik
a

™
— (1—p)ik—
= a] \/: ®
From 4) and #i), we obtain

e 2 . .
F, = \/76_2 [aje’k“ )
a J

Since r (X;) = 0, it follows that 8, = 0. O

3.3.3. A particular form of the solution of the wave equation. For some particular value
of k, we can calculate

2 . . . .
ug (Xj,t) = \/?e_ia [aj/ezk“ + ag/e’k(l_“)] [aje“”C + a;elk(l_x) cos (kt).  (3.10)
a

From this equation, the solution to the wave equation on a quantum tree with Dirichlet
conditions at the leaf vertex can be obtained from superposition of several equations
depending on a particular structure of the tree.

Theorem 3.9. Consider the eigenfunctions in (3.7) and (3.8) obtained from the Laplacian
eigenvalue problem on the quantum trees Sy and Py > S, respectively. Then, the
particular form of the solution of the wave equation on the quantum tree Sy and Py > So
(8.10) for some frequency k is given as follows:

Uanr = \FZ (2n2) [ (62n7riu _ 32”7“(1*#))] %
[aj ( 2nmwix 2n7r’b(1 Z))] cos (2TL7Tt> fO’f’ k= 9n.
(2n+1)2x2

(2) U@2n+1)r = EE L T [a]v (e(2n+1)7ri,u +e(2n+1)7ri(1—,u,))] %
[a; (e@nHbmiz 4 eCriDmil=2))] cos ((2n + 1) wt) for k= (2n+ 1)«
= \/%ka e Ta {aj/e““v“ + aj/e“%(l_“)] [aje““l”” + a;-eikp(l_x)} x
cos (kpt) for k, = 2nm £ arccos (Re () .

Bl

The above theorem directly follows from of (3.10) for both types of the trees (the star
graph Sy and P, > S3). We skip the formal proof. The formula given is evident, and all
the eigenfunctions used have appeared in Corollaries 3.5 and 3.6. The computational part
of the proof that (1)—(3) in Theorem 3.9 satisfy the linear wave equation is straightforward.
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‘“1 P
(a) (c)

FIGURE 3. (a) Quantum star graph Ss, (b) quantum star graph Sy, and
(¢) quantum tree P > Sy. (The letters D, N K signify the Dirichlet, and
Neumann-Kirchhoff vertex conditions, respectively. Where the direction
of the edge e is determined by a parameter ranging from 0 to 1).

€5

D

4. SIMULATION

In this section, we present a simulation of the evolution of a wave traveling through an
edge per unit of time t. Simulations are performed on the star graphs S3, S; and the
quantum tree P, > So with the initial conditions of Gaussian wave packets starting on
the edge e;. Figure 3 presents the quantum trees that will be used in the simulation.

We obtain a simulation of wave evolution by implementing the exact solutions from
Theorem 3.9. The tree structure affects the calculation of the frequency values k. We
refer to Corollaries 3.5 and 3.6 to get the frequency values k.

We present the wave evolution simulation in a heatmap diagram which expresses the
amplitude of the wave propagating at the edge per unit of time. The different colors
represent the amplitude values at a certain edge and time. This data set is obtained from
the amplitude value of the exact solution of the wave equation at the edge per unit of
time. A more illustrative and physical diagram of the wave evolution is given for the star
graph S5 (Figure 4).

FIGURE 4. The solution of the wave equation on the star graph Ss at
timet=0and t =1

Figure 4 a simulation of the wave solution with the Gaussian wave packet as the initial
condition at the edge e; and time ¢t = 0 with the value of the amplitude equal to 1.
Furthermore, a; represents the wave amplitude that propagates in the direction to the
interior vertex on edge e;. Figure 5 (a) presents a heatmap diagram for the wave evolution
on the star graph S3. The amplitude of the Gaussian packet wave propagating in the
direction to the interior vertex is represented by a1, as, ag and the opposite direction is
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represented by ag, as, and az for ¢ = 0...4. The amplitude of the waves due to scattering
at ¢ = 1 is the amplitude of a7 of —1/3 (reflection occurs) and the amplitude of as, a3 of
2/3 (transmission occurs).

Furthermore, Figure 5 (b) provides a heatmap diagram for simulating the wave evolution
on the star graph Sy. In this case, the scattering that occurs at t = 1 produces one wave
(reflection) with an amplitude value of a7 is —1/2 and three waves (transmission occurs)
with an amplitude value of as, a3z, ag is 1/2.

Finally, Figure 5 (c) presents a heatmap diagram for simulating the evolution of waves
propagating for the tree P, > So. Starting with the initial conditions on the edge e; with
the amplitude value of aq, it propagates towards the interior vertex. There are many
scattering occurs so that one can see the difference in the amplitude values generated at
each edge. Next, Figure 5 (d) presents a heatmap diagram of the wave amplitude data
on the edges of the tree P, > S». In this diagram, each edge e; represents the sum of the
wave amplitude values a; and a7 per unit of time. So the diagram in Figure 4 (d) only
presents the wave amplitude at an edge per unit of time regardless of the direction of the
wave propagation.

Since the initial condition is the amplitude of the Gaussian packet wave represented aq
at edge e;. The wave propagation can be seen from end to end with the initial condition
that the Gaussian wave amplitude is at the end of e;. Scattering occurs at t = 1 because
a wave with an amplitude of a; meets the interior vertex. Then a negative amplitude is
generated due to reflection at the leaf vertices with the Dirichlet condition at t = 2 at the
edge of e;. We present all heatmap diagrams that give the amplitude values of the waves
propagating in the quantum tree in Figure 5.

08 08
04 04
0.0 0.0
--0.4 --0.4
08 0.8
a az as at az a3 a @ 03 a4 A a3 a4y ag
Coefficient Coefficient
(a) (b)
& 09 09
0 06 06
:’ 03 03
o~
& 00 00
m
: --03 --03
= - 0.6 0.6
ay 4 G3 44 as 4 4z 43 ag as e (=] ez €y €5
Coefficient Edge

(c) (d)

FIGURE 5. The amplitudes of the Gaussian wave packet evolution on (a)
the star graph Ss, (b) the star graph Sy, (¢) and (d) the tree Ps 1> So
with ¢ ranging from 1 to 4 units of time.
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