Methods of Functional Analysis and Topology METHODS
Vol. 29 (2023), no. 3-4, pp. 83-93 M FA I OF FUNCTIONAL ANALYSIS

doi.org/10.31392/MFAT-npu26 3-4.2023.01 AND TOPOLOGY

THE ALAOGLU THEOREM FOR TOPOLOGICAL BC-MODULE

AMJAD ALI AND ADITI SHARMA

ABsTRACT. In this paper we prove the bicomplex version of the Alaoglu theorem for
a topological BC-module X. The concept of a BC-dual pair and a product-type open
cover in bicomplex is also introduced.

Hoeeneno GikomiiekcHy Bepcito Teopemu Alaoglu y tomosiorignomy BC-momysti
X. Takox HaBeseHO NOHATTs 1po BC-ayanbHy mapy Ta BiAKpUTE TMOKPUTTS THUILY
100y TKY B GIKOMILJIEKC.

1. INTRODUCTION

Classical topological vector spaces are one of the very important structures that involves
an algebraic structure with a topology investigated in functional analysis. Topological
vector spaces has some interesting applications to various other branches of mathematics
such as in differential calculus and measure theory in infinite-dimensional spaces. For
details on topological vector spaces we refer to [4, 21, 24]. Some interesting work such
as that on bicomplex Hilbert space was carried out by Gervais Lavoie, Marchildon and
D. Rochon [6, 7, 8] that gave way to the research on various other bicomplex version of
the classical spaces. The bicomplex version of topological vector spaces, called bicomplex
module, and its various properties were studied in [11, 13, 14]. The main purpose of this
paper is to study separation properties in bicomplex modules and the bicomplex version
of the Alaoglu Theorem. Various separation results to be used in this theorem has already
been proved in various other papers such as [11, 13, 14, 16].

In Section 2 we summarize the basics of bicomplex and hyperbolic numbers which
may otherwise be found in details in [1, 17, 22]. Our main aim of this section is to give
an overview of how real number system is different from the hyperbolic number system
which is an affordable replacement for the set of real number system and the difference in
the set of complex number and the set of bicomplex number and how the conjugations
and modulus are constructed in the bicomplex number system. Section 3 deals with a
BC-dual pair and it idempotent decomposition.

Finally in Section 4 we introduce the Alaoglu Theorem for topological BC-module.
For further more details on bicomplex analysis and their applications one can refer to
[1,2,3,5,6,7,8,9, 10, 12, 15, 17, 20, 22| and references therein.

2. PRELIMINARIES

We shall briefly summarize some basic properties of bicomplex numbers and hyperbolic
numbers. We know that in case of complex numbers, we take only one imaginary unit,
however for bicomplex numbers, we consider two imaginary units i and j satisfying ij = ji
with i%2 = j2 = —1. Now let C(i) be the set of complex numbers with imaginary units
i and let C(j) be the set of complex numbers with imaginary units j. We define set of
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bicomplex numbers denoted by BC as

BC = {Z =21 + ix9 + jxs + iJJ,‘4 1 X1,%2,T3,T4 € R} = {Z =21+ jzo 21,29 € (C(l)} .
(2.1)

Then the set BC becomes a ring under the usual operations of addition and multiplication
defined by

Z+W = (21 +j22> + (w1 +jw2) = (21 + wl) +j(22 —l—w2)

Z-W = (z1 + jz2) (w1 + jwa) = (z1w1 — zow3) + j(zow1 + z1w2).
The set of complex numbers C(i) is a subring of BC. Due to the fact that the set BC has
two imaginary units whose square is —1 and one hyperbolic unit whose square is 1, one
can define the following three conjugations for BC:
(i) the bar-conjugation, Z = z; + jZo,
(ii) the f-conjugation, Z = z; — jzz, and

(iii) the *-conjugation Z* = 7z = Z1 — jZo,
where Z1,Z5 are the usual conjugations of complex numbers z1, zo in C(i).

All of the above conjugations satisfy additive, multiplicative and involutive operations
on BC and is a ring automorphism of BC. Three possible moduli arise according to the
multiplication of a bicomplex numbers and its three different conjugations:

() Z- 2t = 20" = 212 + 222 = (Im[* = |n2[?) + 2Re(mn)i,
(i) Z-7Z= |Z\j2 =m? -+’ = (|Zl|2 - |Z2\2) + 2Re(21722)j,

(i) Z-2* = |Z|k* = (|12 + |22]?) — 2Im(z1%2)k.

It should be noted that these modulus are C(i)—, C(j)— and D-valued. For details of
conjucations on the set of bicomplex numbers see [1, 17, 22]. However, the {-conjugation
defined by Zt = 21 — jza, where Z = 2, + j2z2; 21, 20 € C(i) is important in the sense that
it paved us a way to define the invertiblity of a bicomplex number. A bicomplex number
Z is said to be invertible if Z - Zt # 0 and its inverse is given by

Al Al
=77 T TZF

Further, if Z # 0, but Z - Z1 = |Z|? = 0, then Z is said to be a zero-divisor. We denote
the set of all zero-divisors by

NC={Z=21+jn:Z#0,Z-Z" =21+ 25 =0}

and is called the null cone of the set of bicomplex number BC.
Now there are two special zero divisors and we call them idempotent elements. They
are defined by

271

1 1
e; = 5(1 +1ij) and eq = 5(1 —1ij),

where z; = % and zo = i%, considering e; and es as bicomplex numbers, although these
are hyperbolic numbers that is a subring of BC. We can see that e; and es are zero
divisors and are mutually complementary idempotent elements.

The sets BCe, = €1BC and BCe, = e2BC are (principal) ideals in the ring BC and
have the property that

BC,, NBCe, = {0}

and

BC = BCe, + BC,,. (2.2)
Equation (2.2) is called the idempotent decomposition of the ring of bicomplex numbers
BC. The Euclidean norm | - | of a bicomplex number Z = z; + jzo = aje1 + aseaq,

where o := z; — iz9 and ay := 21 + izs are complex numbers in C(i). Note also that
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are; € BC,, and agsey € BC,, is defined as |Z| = /22 + a2 + 22 + 22 = /|21 > + |22/
and it is easy check that for any Z and W in BC, we have

Z- W[ <V2|Z||W|.

The D-valued norm of the bicomplex number Z = aje; + ases denoted by |Z]x is
defined as |Z|x = |ai|e1 + |as|eq, where |a1] and |as| are the usual modulus of complex
numbers a; and ag. Further |Z - W]k = |Z|x - |[W |k and the Euclidean norm and the
hyperbolic norm of a bicomplex number is related by

1Z]| = 12].-

For the above discussion one can refer to [1] and [17].
The hyperbolic numbers, denoted by D, is a ring of all numbers of the form Z = a + kb,
where a,b € R, with k satisfying k? = 1, i.e.,

D={a+kb:a,beR, k*=1, k¢ R}.

The set {x +ijy:z,yeR, i2=j% = 71} is a subset of the set of bicomplex numbers
which is isomorphic to D as a real algebra. It is well known that we can also decompose
the set of hyperbolic as

D= Del + ]D)ez. (23)

We call equation (2.3) the idempotent decomposition of . Thus the idempotent repre-
sentation of any hyperbolic number x = z1 4+ kxo is given by

x = Bre1 + foeq, B1,B82 € R

with 81 = x1 + x2, B2 = x1 — x2. Also the set of positive hyperbolic numbers, denoted
by DT, is the set of all those hyperbolic numbers whose idempotent components are
non-negative, i.e.,

Dt = {B1e1 + Boez2 : 1,52 > 0}.

A partial order relation on D is defined as follows. Given z,y € D, we write z < y if
y —x € DF. It is easy to see that this relation is reflexive, symmetric and antisymmetric
and so it defines a partial order relation on D. Also for x,y € D, if z < y, then we say
that y is D-larger than x, and x is D-smaller than y. The notions of upper and lower
bounds also exist in the context of the hyperbolic plane. Given a subset S of D we can
define D-upper bounds and D-lower bounds of this set S. Using these bounds, this set can
be made D-bounded from above and D-bounded from below if they exist. Now, if the set
is D-bounded from above as well as from below, then we say that the set is D-bounded.
For the above discussions we refer to [1] and [17].
Consider the mappings

1,1, T2, : BC — C(i)
given by
mi(2) = mi(arer + azes) == o € C(i), where [ = 1, 2.

These maps are just the projections onto the coordinate axis in C2(i) with the basis
{el s ez}.

Definition 2.1 (|2]). A set B C BC is said to be a product-type if B = Bje; + Baea.
In this case, we will denote B; := m;;(B), where { = 1,2.
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3. BC-MODULE VALUED HOLOMORPHIC FUNCTIONS

In this section we study the BC-module valued Liouville’s Theorem and the Cauchy
Integral Theorem.

Definition 3.1. (|23, Section 3|). The set of bicomplex numbers forms a commutative
ring. A module X defined over the ring BC of bicomplex numbers is called a BC-module.

Let X be a BC-module. Then we can write (see [6, 23])
X =e1X1 +e3Xo, (34)

where X; = e1X and X3 = e X are complex-linear spaces as well as BC-modules.
Equation (3.4) is known as the idempotent decomposition of X. Therefore, any x € X
can be uniquely expressed as * = €1 + e2x = €121 + €2Ts.

Definition 3.2. ([11, Definition 2|). Let X be a BC-module and 7 be a topology on X
such that the operation

(i) +: X x X — X and
(ii) - : BC x X — X are continuous.
(iii) For every x € X, the set {x} which has z as its only member is a closed set.
Then 7 is a topology on the bicomplex module X and (X, 7) is called a topological
bicomplex module or a topological BC-module.

Definition 3.3. ([11, Definition 9]). A topological BC-module X is called a BC-normed

module space if there exists a map || - || : X — RT = [0, 00) known as a BC-norm on X
that satisfies the following conditions:
(i) The map || -] : X — R" is a norm over the field C(i) or the field C(j).

(ii) For each o € BC and z € X, the inequality |laz|| < v/2|al|z|| holds.

Note that X is a topological vector space over the field C(i) or the field C(j). A complete
BC-normed module space is called a BC-Banach module. For further details, refer to [6]
and [8].

Definition 3.4. Let X be a topological BC-module. Then the dual space of X consisting
of all continuous BC-linear functionals f : BC — BC is denoted X is again a BC-module
over the ring of bicomplex numbers with the addition and scalar multiplication defined by

(fi+ f2)(x) = fi(z) + fa(z) and (af)(z) = af(z) (3.5)
for f1, fo, f € Xge, x € X and a € BC.

Now since f is a continuous BC-linear functional on the BC-module X, it implies that
f = fie1 + foez, where fi and f are continuous linear functionals on X; = Xe; and
X5 = Xes, respectively. Thus we see that

Xpe = Xie1 + Xjes.

Definition 3.5. Let X be a topological BC-module and 2 be a subset of BC. Then a
function f is called a bounded function if f(2) is a bounded subset of X.

Definition 3.6. Let 2 C BC and X be a topological BC-module. Then a mapping
F:Q — X is called bicomplex analytic (or bicomplex holomorphic) in € if the limit
/ : F(Z) - F(Z)
F = 1 —_—
(20) o0 7 - 27,
H=7—Zog NCU{0}
_ . F(Z,+ H) — F(Z,)
H—0 H
H=Z—Z,¢NCU{0}
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exists for every Z € ) such that H = Z — Z, is a bicomplex number.
If F is BC-holomorphic in BC, then F is called BC-entire in BC.

Definition 3.7. (|11, Definition 8]). A subset M of BC-linear functionals on a BC-module
X is called total if F/(x) =0 for each F' € M implies x = 0.

Theorem 3.8. If z* is a continuous BC-linear functional on a topological BC-module
X and F : Q — X is BC-holomorphic in BC, then the function x*oF : Q — BC is
BC-holomorphic in €.

Proof. Now,
: (z*oF)(Z) — (x"0F)(Z,) _ . : F(Z) - F(Z,)
A 7 -7, -7 P 77,
H=Z—Z,¢NCU{0} H=Z—Z,¢NCU{0}
= 27(F (Z))
exists for each Z, € Q. O

Remark 3.9. If F: Q) C BC — X is a BC-module valued holomorphic function with
X = Xje1 + Xoep and Z = aje1 + ages € Q, then
F(Z) = Fl(al)el -+ FQ(OLQ)G2,

where F; : 7 — X7 and F5 : Q9 — X5 are holomorphic function, and we can write

(@"oF)(Z) = (xjoF1)(on)er + (w30F2)(a2)ez
where
xjoF; : Q1 = C
and
x50F5 : Q9 — C
are holomorphic functions. Then x*oF is BC-holomorphic if and only if x70F; and x50F5

are holomorphic.

By using decomposition of a BC-linear functional, one can easily prove the following
theorem:

Theorem 3.10. Let M be a subset of continuous BC-linear functionals on a topological
BC-module X such that
M = M1e1 + M282
where My C X{ and My C X5. Then M is total in X* if and only if M1 and My are
total in X7 and X3, respectively.
Now we will prove the BC module-valued Liouville’s theorem:

Theorem 3.11. Let X be a topological BC-module with a total BC-dual and let M C X*,
which is total in X*. Then a bounded BC-entire function F : BC — X is always constant.

Proof. We know that continuous image of a bounded set is bounded [11, Corollary 2.10].
Since F' is bounded and so by Theorem 3.8, z*0F’ is bounded BC-entire for every z* € Xj.
Further by Remark 3.9

(z*oF)(Z) = (zjoF1)(ar)er + (z50Fs)(as)ea.

By applying Liouville’s theorem for standard C-entire functions [21, Theorem 6.6.5], we
conclude that (z*oF’) is constant for each z* € Xj..
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Thus for any a,b € BC
(a7 0F)(a) = (a*0F)(b)
for all * € Xz in the total set M, i.e.,
(z*oF)(a—0b) = (ajoF1)(a1 —b1)er + (z50F5)(az — ba)ea
0.
So by using Remark 3.9,
:z:ToFl(al — bl) =0 VIT S ]\47
and
x50Fy (a1 — b)) =0 Vah € M.
Hence F' is constant. O
If 1 and 72 are two curves in the complex plane with parametrization ¢; : [0,1] — 71
and @3 : [0, 1] — 2, then the hyperbolic curve I' can be written as I' = y1e1 + 12e2. In
the sequel, a hyperbolic curve I' is called a BC-rectifiable Jordan curve if and only if ~;
and 7, are rectifiable Jordan curves in the complex plane. Also y; X =9 is a rectifiable
set, see [2, Page-2544-2547] for more details.

Now we will prove the Cauchy Integral Theorem for a BC-Banach module. For the
Cauchy Integral Theorem for bicomplex valued holomorphic functions see [22].

Theorem 3.12. Let X be a BC-Banach module with total BC-dual and F' be a function
from a region Q C BC bounded by a BC-rectifiable Jordan curve ' into a BC-Banach
module (X, || -||) and F be BC-holomorphic that maps on a region  and continuous on
I'. Then

/ t*F(Z)dZ NdZT =0 (line integral limit in the BC — norm || - |]).
r
Proof. Let x* be a continuous BC-linear functional on the BC-Banach module X with
G= / F(Z)dZ A dZT.
r

Then

8
*
—
Q
~

I

/ x*(F(Z))dZ N dZt

/ J?IFl(Oél)dOélel +/ mSFg(ag)dageg,

71 2

where F; : Q; C C(i) — (Xy, || - ||;) for i =1,2.
Since F; is analytic in €2; and continuous on ;, =} is analytic in ; and continuous on

~v; for i = 1,2. Therefore by the Cauchy Integral theorem, x}(G;) = 0 for i = 1,2. Since

xf, for i = 1,2, is an arbitrary continuous linear functionals, G = 0 by [21, Theorem

7.7.7(b)]. 0

Remark 3.13. In a recent paper [19] various results on identity theorem for BC-
holomorphic function and D-holomorplic function are proved. By using idempotent
decomposition for bicomplex holomorphic functions, the Cauchy Integral Formula and
Identity Theorems can be easily proved for BC-Banach module-valued holomorphic func-
tions. For Cauchy Integral formula for bicomplex holomorphic function we refer to [3].
Due to the presence of bicomplex version of Hahn-Banach thoerems for BC-Banach
module and F-BC-module the theory of BC-Banach valued and F-BC-valued holomorphic
function can be established easily.
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Theorem 3.14. Let X} be a dual space of a topological D-module X, R C X be a D-
convex, D-absorbing set, and S C X be a subspace such that Re; N Se; = Rea N Sey = ().
Then there exists F € X such that F(Z) =0V Z € S.

Proof. Let F' € X};. Then we can define
F(Z) = Gre1(Zer) + Gaea(Zea) V¥V Z € X,
where G; and G2 are real linear function from X to R. Since S is a subspace, by [14,
Theorem 8.7] there is a maximal subspace H D S which does not meet R. Hence
Ze€eH & F(Z)=0

& Ghre1(Zer) =0 and Gaex(Zez) =0

< Z € N(Gyp)ert N N(G2)ea {where N(G1) and N(G2) is the null space}

& ZeN(F).
Therefore, S C H = N(F'), implies S C N(F). Hence, F(Z)=0 VZ € S. O
Theorem 3.15. Let X} be a continuous dual space of locally D-convex module X, S be a

closed subspace of X and Z ¢ S. Then there exists F' € X} such that F(Y)=0 VY € §
and F(X) #0.

Proof. Since X is locally D-convex module and Z ¢ S, there is an open D-convex
neighborhood R of Z which does not meet S. By Theorem 3.14, there exist F' € X}; such
that

FY)=0VYeS and F(Z)#0 VZe€R.

Hence, F(Z) # 0. O

Theorem 3.16. Let X}; be a continuous dual space of a locally D-conver module X and
Z ¢ cl{0}. Then there exists F' € X} such that F(Z) # 0.

Proof. Since cl{0} is a closed subspace of X and Z ¢ cl{0}, by Theorem 3.15 there exists
F € X} such that
F(Y)=0 VY €cl{0} and F(Z)#0. O

4. ALOUGE THEOREM WITH BICOMPLEX SCALARS

In this section we are going to establish a bicomplex version of the Alouge theorem.
We start with a definition of a BC-bilinear functional.

Definition 4.1. Let X be a BC-module. A function
(,)mc: X x X — BC

is called BC-bilinear functional if the following conditions are satisfied
1) (l‘ + Y, Z)]BC = (-T; Z)B(C + (97 Z)BC vxaya ze X.

ii) (ax,y)pc = a(x,y)pc Yo € BC and ¥V z,y € X.

iil) (2,y + 2)sc = (=, y)BC + (T, 2)Bc V 2,9, 2 € X.

iv) (z,09)Bc = a(z,y)pc V 2,y € X and a € BC.

A BC-bilinear functional can be decomposed uniquely as

(z,y)ec = (T1,y1)e1 + (22,y2)ez,
where © = z1e1+22e2,y = y1€1+y202 € X and (-, -) is a bilinear functional on topological
vector spaces.
Suppose X and Y be a BC-modules. Then a BC-bilinear functional (-, -)pc : X XY —
BC is a map which is BC-linear in either argument if the other one is fixed. We usually
omit the explicit reference to a bilinear functional, (-, -)gc, and just refer to (X,Y) as a
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BC-paired spaces. If for every non-zero = € X there exists y € Y such that (z,y)pc # 0,
then we say that Y distinguishes points of X. If every BC-module of X distinguishes
points of Y, then we say that (X,Y) is a BC-dual pair.

Let us suppose that X and Y are BC-module with BC-bilinear function (-, -)gc. For
any x = rieq1 + rseq € X, y = y1€1 +y2e2 € Y,

(z,y)ec = P1(x1,y1)e1 + Pa(z2, y2)ez, (4.6)

where 8;(z,y;) = m,i{(xl,yl)} e C(i), for I =1,2.
Suppose (X,Y) is a BC-dual pair. Then by the definition of a BC-dual pair, Vo =
x1€e1 + xoe2 € X and Vy = y1e1 + yae2 € Y we have (z,y)pc # 0. From equation (4.6)

(z,y)Bc #0 & Pi(w1,y1)er + Pa(w2,y2)e2 # 0 = Oey + Oey
& Bi(z1,y1) # 0 and Ba(z2,y2) # 0.
Hence, we also write
(X7 Y) = (X17 Yl)el + (XQa }/é)e2
where (X,Y) is a dual pair for [ = 1,2.
If X and Y are paired BC-modules and y € Y, then the mapping
y*: X — BC
is a BC-linear functional on X, that is, y* € Xj.
The map
D:Y — Xge,y —y*
is generally not one-one. It is possible that y* # w* even though y = w. For a function
D to be injective, it is clearly necessary and sufficient that

(z,y)pc =0foreachz e X = y=0
or, equivalently,
y # 0 = there is some x € X such that (z,y)pc # 0.

Definition 4.2. If X and Y are paired BC-modules, each over the ring of bicomplex
numbers, then the map P, : X — D defined by

Py() = ()
determines a seminorm on X for each y € Y.
The weakest topology ¢(X,Y) for which the seminorms {P, : y € Y} are continuous
is called the weak topology on X for the pair (X,Y).

Theorem 4.3. Let (X,Y) be a paired BC-module. Then the following statements are
equivalent:

a) X distinguishes points of Y.

b) The map DY — Xj, y — y* is injective.

¢) o(Y,X) is Hausdroff.

Proof. a)= b): Let X distinguish points of Y, i.e., for each x; € Xje; and x5 € Xseq
there exist y; € Y1eq and ys € Yaeq such that (x1,y1) # 0 and (22, y2) # 0 ,respectively.
b)= c¢): Let D : Y — X} is injective. Then for each non-zero y; € Yie; and
Y2 € Yaeq, there is some z7 € Xje; and o € Xgeq such that 0 # | (x1,y1) | = Doy, (Y1)
and 0 # | (x2,91) | = Pz, (y2) respectively.
So, by [21, Theorem 5.5.1(a)] o(Y, X) is Hausdroff. O

Definition 4.4. A subset R of a BC-module X is said to be BC-compact if every open
cover of R has a finite subcover.
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Proposition 4.5. Let R = Rie1 + Rsea be a product-type set in BC-module X and let
G ={Q1,Q2,Q3,...} be a collections of product-type open sets such that G = J,c; Qi is
product-type open cover of R indexed by a set I. Define

G ={Qir C X1 |3 Qr € Gwith Qr = Q1,r€1 + Q2r€2}
and

Go ={Q2r C Xo | 3 Qr € G with Qp = Q1 xe1 + Q2 xe2}.
Then Gi = U,;c; Q1,i will be an open cover of Ry in X1 and Go = J;c; Q2,i will be an
open cover of Ry in Xs.
Proof. Let Ql,i € G1. Then there exists Q; € G with Q; € G with @Q; = Q1,e1 + Q2,;e2,
where i € I. Since G is a product-type open cover of R, there exists (J;c; Q1,; which is

an open cover of Ry in X;. In a similar way one proves that J,.; Q2,; is an open cover
of R2 in XQ. O

Remark 4.6. Let R = Rje; + Rses be a product-type set in a BC-module X. Then
G = U,;c; Qi is a product-type open cover of R indexed by a set I if and only if
G1 = U;e; Qu,i is an open cover of R; in X; and Go = [J;; Q2,; is an open cover of Ry
in XQ.

From the above proposition and remark, we have the following corollary:

Corollary 4.7. A product-type subset R is BC-compact in X if and only if Re1 and Req
is compact in X, and Xo respectively.

The next definition is a particular case of Definition 4.2 above.

Definition 4.8. If (X X ) are paired BC-modules, each one considered over the bicom-
plex ring, then the mapping P,/ : X — D defined by

P, (z) = |a (z)lx

xr
determines a seminorm on X for each z € X and 2 € X'. Since { Py ()} are continuous
so o(X', X) is a weak topology on X.
Proposition 4.9. Let (X, X/) be paired BC-modules, each one is over the ring of bi-
complex numbers, and Py : X — D be a D-seminorm on X with {Py/(x)} being
continuous. Then O'(X/,X) s the weak toplogy if and only if U(Xi,Xl) and O'(Xé,XQ)
are weak topologies on X1 and Xso, respectively.
Proof. Let (X /, X) be paired BC-modules, each one is over the ring of bicomplex numbers.
Suppose that o(X /, X) is a weak topology on X. Then there exist continuous D-seminorms
P, (z) =z (z) V2 € X'. Since z'(z) is a continuous BC-linear function, there exist

T
. . . ’ ’
continuous linear functions z; and x5 such that

z (z) = z,(z)e1 + z4(x)e2.
Writing each x € X as x = x1e1 + zseq for some 1 € X7 and x5 € X5, we have
z () = zqy(z1)e1 + x4 (x2)eq.
Therefore, (1) and x4(22) are continuous seminorms on X; and Xy, respectively. Thus

o(Xy, X1) and o(X,, X5) are weak topology on X; and X,, respectively.
The converse follows by arguing in the reverse order. O

Definition 4.10. Let (X', X) be a BC-pair. If F = Eje; + Fses is a product-type
subset of X, then the polar E° of E is defined as

E° = {f €X' ¢ sup|f(u)h = 1}.
uek
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The idempotent decomposition of the polar E° is

{feX/ : sup|f(u)k<1}

uekl

EO

u1 € B4 uz € B2
o o
= El €1 —+ E262.

{fleX; . sup |f1<u1>|<1}e1+{f2eX; . sup |f2<u2><1}e2

Definition 4.11 ([18]). A product-type neighborhood U C BC of a point Zy = e +
Blea € BC is a set of the form U = Ujey + Uzeq such that U; and Uy are neighborhoods
of e and BYeq in BCe; and BCey , respectively. Recall that a set U is a neighborhood
of a point Zj if there exists a strictly positive R € DT such that B(Zo, R) C U.

Now we prove the Alouge theorem for topological BC-modules.

Theorem 4.12. Let U be a product-type neighborhood of 0 in a topological BC-module
X. Then its polar U®is bicomplex o(X , X)-compact if and only if Uy and Us are
O'(Xi, X1)-compact and O'(Xé, Xs)-compact respectively.

Proof. Suppose U = Uye; + Useq be a product-type neighborhood of 0 in a topological bi-
complex module X. Firstly suppose that U° is o(X ', X)-compact. Then, by Corollary 4.7,
U? and Ug are o(X,, X;)-compact and o(X,, X»)-compact, respectively.

The converse part is also easily follows from Corollary 4.7. O

Acknowledgments : The authors are indebted to the Referee for giving valuable
comments.
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