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THE NUMERICAL RADIUS POINTS OF L( 2_, :(?_ )

SUNG GUEN KIM AND CHANG YEOL LEE

ABsTRACT. For n > 2 and a Banach space E we let
I(E) ={[z",z1,..., 2] 1 2"(z5) = 2" = ||z =1 for j=1,...,n },

L(™E : E) denote the space of all continuous n-linear mappings from FE to itself. An
element [z*,z1,...,z,] € II(E) is called a numerical radius point of T € L("E : E) if

|$*(T(I11 o :En))| = 'U(T)v
where v(T) is the numerical radius of T. By Nradius(T") we denote the set of all

numerical radius points of T'.
Let 0 <60 < 7 and Z%oo 0 = R2 with the rotated supremum norm

[1(@, Y)l (c0,6) = max {|accos(9 + ysinf|, |zsind — yc050|}.
In this paper, we show that the numerical radius of T' € £(2 Z(Qoo K
its norm ||T||. Using this, we classify Nradius(T) for every T € L(? 5(200’9) : Z%OO’Q))
in connection with the norming points of the bilinear mapping associated with 7. Let

NA(L("E :E))={T € L("E : E) : T is norm attaining}

E?OO 9)) equals to

and
NRA(L("E : E))={T € L("E : E) : T is numerical radius attaining}.
We also show that NA(L(? Z?wﬁg) : Z%ooﬁ))) = NRA(L(? Z%oo’e) : é?ooﬁ)))’ which

generalizes some results in [12].

st n > 2 i 6anaxosa npocropy E nokiiajiemo
I(E) = {[z",21,...,zn] : 2" (zj) = ||z*|| = ||lzj[| =1 ma j=1,...,n },

ne L(™E : F) nosna4yae UpocTip ycix HelmepepBHUX n-JiHifiHUX BigoOpaxkens F Ha
cebe. Enement [z*,z1,...,2n] € II(E) Ha3WBAETHCA TOYKOK YHCEIBHOIO PAIiyCy
T € L(™E : E), axmo
[z (T(z1, ... zn))| = v(T),
ne v(T) — uancensruit pagiyc T. 3a Nradius(7T') mosHaduMO MHOXKHHY BCIX TOYOK
qucesbHOrO pajiycy 1.
Hexatt 0 <0 < 7 i é%oo’e) = R? i3 MOBEPHEHOIO CYIPEMYM HOPMOIO
1@, Yl (c0,6) = max {|w cos@ + ysind|, |xsinf — ycos@|}.

2 p2 .92

lico0) * Eoo0))
Bukopucrosytoun e, mu Kiaacubikyemo Nradius(T) mis xkoxkuoro T € L(2 £

2
tloo0)):
woro T'. Hexait

NA(L(ME : E))={T € L("E : E) : T nocsrac HOpMH }

IMokazano, mo wmcensHuit pagiyc T € L( nopisHioe cpolit mopui || T||.

2 .
(o0,6)
MOB’SI3yI0YHM 3 HOPMYIOUMMHU TOYKaMM OLTiHIAHOrO BijmoOpaskeHHsI, BiIOBiI-

NRA(L("E : E))={T € L("E : E) : T pocarae 9uceabHOro pajiycy }.
202 o) o) =NRA(LC 2 ) 1 6 ), mo

y3araJbHIOE JesKi pe3ynbraru poboru [12].

Mu rakox nokasyemo mo NA(L(
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1. INTRODUCTION

Let us sketch a brief history of norm or numerical radius attaining multilinear forms and
polynomials on Banach spaces. In 1961 Bishop and Phelps [2] initiated and showed that
the set of norm attaining functionals on a Banach space is dense in the dual space. Shortly
after, attention was paid to possible extensions of this result to more general settings,
specially bounded linear operators between Banach spaces. The problem of denseness of
norm attaining functions has moved to other types of mappings like multilinear forms
or polynomials. The first result about norm attaining multilinear forms appeared in a
joint work of Aron, Finet and Werner [1], where they showed that the Radon-Nikodym
property is sufficient for the denseness of norm attaining multilinear forms. Choi and
Kim [3] showed that the Radon-Nikodym property is also sufficient for the denseness of
norm or numerical radius attaining polynomials. Jiménez-Sevilla and Pay4 [5] studied the
denseness of norm attaining multilinear forms and polynomials on preduals of Lorentz
sequence spaces. Choi, Domingo, Kim and Maestre [6] showed that for a scattered
compact Hausdorfl space K, every continuous n-homogeneous polynomial on C(K : C)
can be approximated by norm attaining ones at extreme points and also that the set of all
extreme points of the unit ball of C(K : C) is a norming set for every continuous complex
polynomial. The authors obtained similar results if “norm" is replaced by “numerical
radius."

Let n € N,n > 2. We write Sg for the unit sphere in a Banach space E. L("E : E) is
usually endowed with the norm ||| = sup(,, ...z )espx-xsp IT(@1, @) Ls("E
E) denotes the closed subspace of all continuous symmetric n-linear mappings on E. We
let

II(F) = {[m*,xl,...,xn] cat(zy) = |l2¥|| = ||z;|| =1for j=1,...,n }
An element [2*,z1,...,2,] € II(E) is called a numerical radius point of T € L("E : E) if

|z* (T (x1,...,2,))] = v(T), where the numerical radius is defined by
(

T) = sup ’y* (T(Zh,...,yn))’.

("Y1, yn ] ETI(E)

Nradius(7") denotes the set of all numerical radius points of T'. Note that

v

[*,z1,...,2,] € Nradius(T)

if and only if [—z*, —z1,..., —z,] € Nradius(T).

Let ;' = R™ with the £,-norm for m > 2 and 1 < p < oco. Kim [11] also studied
Nradius(T') for every T € L(™(Z : £7) (m € N) and classified Nradius(T) for every
T e L(32 - 12).

An element (z1,...,2,) € E™ is called a norming point of T € L("E) or L("E : E)
if |z1]| =+ = ||lznll =1 and ||T]| = |T (21, ..., 25)||. We denote the set of all norming
points of T by Norm(T).

Kim [7, 9, 10] classified Norm(T') for every T € L(2(2,), L(3¢2,) or Ls(3(3), respec-
tively.

A mapping P : F — C is a continuous n-homogeneous polynomial if there exists a
continuous n-linear form L on the product F x --- x F such that P(x) = L(z,...,x) for
every x € E. We denote by P("E) the Banach space of all continuous n-homogeneous
polynomials from E into R endowed with the norm | P|| = supj =1 [P(z)|.

For more details about the theory of multilinear mappings and polynomials on a
Banach space, we refer to [4].

An element [z*,x] € TI(E) is called a numerical radius point of P € P("E : E) if
|z*(P(x))| = v(P), where the numerical radius is

o(P)= sw |y (P)].

[y*yl€T(E)
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We denote the set of all numerical radius points of P by Nradius(P). Notice that
[z*, 2] € Nradius(P) if and only if [-z*, —z] € Nradius(P).

An element z € E is called a norming point of P € P("E) or P("E : E) if ||z|| =1
and ||P|| = ||P(z)||. We denote the set of all norming points of P by Norm(P).

Kim [8] classified Norm(P) for every P(*2). If T € L("E) or L("E : E) and
Norm(T) # (), T is called a norm attaining and if T € L("E : E) and Nradius(T) # 0
T is called a numerical radius attaining. Similarly, if P € P("E) or P("E : E) and
Norm(P) # 0, P is called a norm attaining and if P € P("FE : E) and Nradius(P) # 0,
P is called a numerical radius attaining (see [3]).

Choi, Domingo, Kim and Maestre [6] showed that for a scattered compact Hausdorff
space K and n € N, P € P("C(K : C) : C(K : C)) is norm attaining if and only if it is
numerical radius attaining.

Let

NA(L("E: E))={T € L("E : E) : T is norm attaining}
and
NRA(L("E : E)) ={T € L("E : E) : T is numerical radius attaining}.

It seems to be interesting to characterize a Banach space E such that NA(L("E : E)) =
NRA(L("E : E)). Kim [12] showed that for every n > 2, NA(L(™¢; : £1)) = NRA(L(™¢; :
£1)) and also characterized NA(L(™¢; : ¢4)).

Let 0<9 < 5 and é%oo,e) = R? with the rotated supremum norm

(2, %)l (c0,0) = max{|9£COS€—|—ysin€\7 |xsin0—ycos€|}.

In this paper, we show that the numerical radius of T € L(? 5%0079) : 8(20079)) equals to
its norm ||T||. Using this, we classify Nradius(T) for every T' € L(? E%oo 0 6(200 p)) in
connection with the norming points of the bilinear mapping associated with 7. We also

show that NA(L(? E%OO,G) : E%oo,e))) = NRA(L(? E?Ooﬂ) : 6(20079))), which generalizes some

results in [12].

2. RESULTS
Let 0 <6< g and K%Oo)e) = R2 with the rotated supremum norm
(2, ¥) | (0,6) = max {|xcos€ +ysind|, |zsinf — y0089|}.
Note that [|(z,4)oe.0) =@ 5)lloc and [, 9)|oe.x) = Iz, 9)].
Lemma 2.1. Let 0 <60 < g Let
Wy = (—sinf + cos 8, sinf + cosf) and Wy = (sinf + cosf, sinf — cosf).

Then, £2 and K%OO’Q) are isometric via the mapping ¢ : £3 — 6%0079) such that
G(t1,t2) ==t Wi +toWa = ((t1 +t2) cos O+ (t2 — t1) sinb, (t1 —t2) cos O+ (t1 +t2) sin ).
Proof. Tt follows that for (t1,ts) € £? that
lp(t1,t2) |l (o0,0)

= [|((t1 + t2) cos 0 + (ta — t1)sind, (t1 —t2) cosb + (t1 + t2) sinb) | (00,0

= max{| cosO((t1 + t2) cos O + (ta — t1)sin ) + sin 6((t1 — t2) cos b + (t1 + t2) sin6)

)

‘ sin@((ty + t2) cosf + (ta — t1) sinf) — cosO((t1 — t2) cos O + (1 + t2)sin6) |}

= max { [ty + tal, [ty — b2l } = [ta] + [ta] = | (11, t2)ll.
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Note that {W;, W5} is a basis for 8%0079). Let (t,s) € 2. We define ft,s) (oo 0) * by
Je.s) (@Wy + yWa) =tz + sy.
The following characterizes the dual space of (?w79).

Lemma 2.2. Let 0 <60 < 5. Then the following hold:
(1) ”f(t o)l = 11t 5)lloc;
(2) (00,0) — {fts) (t75) S Ego}

Proof. (1). Tt follows from Lemma 2.1 that

[feoll = sup{lfi,s)(@Wi +yWa)| : lzWi + yWa|| 00,0y = 1}
sup{ [tz + sy| : [|sW1 + yWal(s0,0) = 1}
= sup{[tz + sy| : [lzer + yea |1 = 1}

Sup{\tl, [s1} = [1(#; )] co-

(2). (©). Let f € E(oo 9 .Let t = f(W1) and s = f(Ws). Thus, f = f ).
(D) is trivial. O

Let T € L(® ¢ (OO o) : 6%0076)). Let ¢ be the isometry in Lemma 2.1. Write

T(d(w1,91), ¢(w2,y2)) = Ti(d(x1,y1), d(w2,y2))W1 + To(d(21,y1), P(x2,y2))Wo

for some T; € L(% ¢ ) For j = 1,2, we define S; € L(? ¢%) by

(00,0)
Sj((xlvyl)v ($27y2)) :ﬂ(gb(xlvyl)) ¢(x2ay2))'
We also define St € L(? €3 : /3) by

Sr((w1,y1), (w2,92)) = S1((21,91), (v2,92))er + S2((w1,41), (T2,y2))e2

Let {e,}nen be the canonical basis of the real or complex space ¢; and {e } ey the
biorthogonal functionals associated with {e, }nen. The following presents explicit formulas
for the numerical radius and the norm of T for every T € L(™¢; : £1) and every n > 2.

Lemma 2.3. ([12]). Letn >2 and T'= 3", Tje; € L(™1 : £1) be such that
T(YalVei- Y alPe) = 3 alll Ei’ al e L(")
ieN ieN i1,erin€N

for some a(J) ., € R. Then

sup{z

JEN

(4)
g\,

(i1, ... yin) € N"} = o(T) = ||

Theorem 2.4. Let0 <0 < 7. Let T € L(? E?Oo 0) 6%00’9)). Then,
=[S7llz¢ 2.2y = v(T) = v(ST).

Proof. By Lemma 2.3, it suffices to show that ||T'[| e,
v(T) = v(ST).

1Tl e, w0

(00,0) (00,9))

02, = STl 22 2.2y and

Claim. [Tz e, w2,y = 197lce 2.2
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It follows form Lemma 2.1 that

ITlee e, e ,)

= sup{||T1(¢(z1,91), O(w2,92))W1 + Ta(d(21,91), ¢(2,Y2))Wall(c0,)
(ki) | (00,0) = 1, k = 1,2}

= sup{||o(T1(d(z1,91), D(x2,92)), To(d(z1,y1), D(x2,¥2)))l(00.0)
lo(xr, yr)ll (00,00 = 1, k =1,2}

= sup{|[(T1(¢(z1,v1), P(x2,92)), Tald(x1,91), d(wa,y2)))|1 :
(ks ye)ll =1, k=1,2}

=sup{Sr((z1, 1), (x2,92))ll1 : (e, )l =1, k=1,2}

=I57llce e.02)-

42

Claim. v(T) = v(ST).

By Lemmas 2.1 and 2.2,

o(T) = sup{| f1,5) (T($(x1,91), S(a2,92)))| = [fir,5), (x1,91), D(x2,92)] € (T )}
= sup{|f(s,s)(T1(d(21,91), P(@2,92))W1 + To(@(z1,91), d(T2,Y2))Wo)] :
[f(t,s)a (b(xl?yl)a ¢('T’27y2)] € H(E%oo 9))}
= sup{[t T1(¢(z1,91), d(z2,y2)) + 5 To(d(21, 1), P(72,92))]:
[fit,s), P(x1,91), d(2,Y2)] GH(gz 9))}
= sup{[t T1(d(z1,91), ¢(72,y2)) + s Ta(p(w1,v1), d(x2,92))|:
[te} + se5, (z1,51), (w2,92)] € IL(£])}
= sup{|(te] + se3)(Sr((z1,v1), (w2,42)))| : [te] + se5, (w1,41), (w2, 92)] € ()}
= ”U(ST).
O
Let
Ay = {(X, Y) € Sp x S : S1(X,Y)S(X,Y) > o}
A= {(X, Y) € S x S : S51(X,Y)8(X,Y) < }
B = {(X,Y) € Sp X S : Si(X,Y) = o}
By = {(X,Y) € Spp X Sz Sa(X,Y) = o}.
Note that

Sg? XS@:A_i_UA_UBlUBQ.
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Let
W+:{:l:[f(1,l)7¢(~) d(Y)] €M(ll0p): X =Xor =X, Y =Y or -V,

(X,Y) € A, N Norm(S7) }
W = { -1, (X), 6(V)] € (2 ) : X = X or — X,V =Y or Y,
(X,Y) € A_NNorm(Sr) }
Wi = { £ [fu0, 6(X), 6(V)] € MR ) : X = X or = X, ¥ =Y or -,
(X,Y) € By N Norm(S }
Wa = { & [fr.0,6(X), 6] € M) : X = X or = X,V =Y or —Y,
(X,Y) € By ﬂNorm(ST)}.
Note that W, W_, Wi, Wy are mutually disjoint.

We are in a position to classify Nradius(T') for every T' € L(? (%oo o) Z%oo py) In
connection with Norm(Sr).

Theorem 2.5. Let 0< 60 < Z. Let T € L(? E%Oo’e) : f%ooﬁ)) be such that |T|| =1 and

T(p(z1,51), ¢(x2,y2)) =T1(¢(z1,91), ¢(22,52))W1 + Ta(d(21,91), d(22,42))W2
for some T; € L(* ¢ (OO p))- Then
Nradius(T') = W, UW_ U W; U Ws.
Proof. (C). Let X := [f(+,), ¢(21,91), ¢(22,y2)] € Nradius(7'). Without loss of generality
we may assume that ¢ > 0. Since || fz o) || = [|(t,5)][cc = 1, t =1 or |s| = 1.
Case 1. t = 1. It follows that

() 1=0(T) = |f1,5(T(9(z1,91), ¢(x2,y2)))]
= [Ty (p(w1,91), O(x2,y2)) + 5 Ta(d(x1,y1), d(w2,y2))]
< |Tw(d(z1,y1), d@2,y2))| + || [T2(d(z1,91), d(22,92))|
< |Ta((@r,91), b2, y2))| + [T2(P(z1,91), P(z2,92))
= T (d(z1,91), d(w2,92))|l < |IT]| =1,
which shows that (¢(z1,y1), ¢(z2,y2)) € Norm(T). Thus, ((x1,y1), (z2,¥2)) € Norm(St).
Suppose that ((z1,y1), (z2,92)) € A1. By (%),
1=v(T) = [T1(¢(x1,11), P(22,92)) + Ta(d(x1,91), d(22,92))]
= [T1(¢(x1, 1), P(72,92)) + s To(d(x1,91), d(22,92))|
= [S1((z1,91), (22,92)) + s S2((z1,91), (22,92))]
= [T1(¢(21,91), P(m2,92))] + [s][T2(d(21,41), P(x2,92))I,
which shows that s = 1. Hence, X := [f(1 1), é(w1,51), ¢(w2,52)] € W,
Suppose that ((z1,1), (22,92)) € A—. By (%),
L=v(T) = [T1(d(z1,91), d(w2,92)) — Ta(d(z1,91), d(72,Y2))]
= |Ti(¢(z1,91), ¢(22,92)) + s Ta(p(w1,91), d(T2,92))]
= [S1((z1,51), (z2,92)) +5 S2((21,91), (22,92))]
= |T1(d(z1,91), d(x2,92))| + |s|[T2((21,91), d(z2,92))l,
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which shows that s = —1. Hence, X = [f1,_1), ¢(21,91), ¢(22,92)] € W_.
Suppose that ((z1,y1), (z2,y2)) € By. By (%),
1=0(T) = |Ta(¢(x1,91), d(@2,92))| = [s||T2(d(@1,51), d(22,92))],
which shows that |s| =1 and S;((z1,v1), (z2,y2)) = 0. Hence,
X =1fa,s, o(x1,91), ¢(x2,92)] € W1,
Suppose that ((z1,y1), (z2,y2)) € Ba. By (%),
1=o(T) = |Ti(¢(z1,41), d(22,52))l,

and SQ((xhyl)a (anyQ)) = 0. which shows that X = [f(l,s)7 d)(‘rlayl)a ¢(x2’y2)] € WQ'
Therefore, Nradius(7) C Wy UW_ U W; U Wa.

Case 2. |s| = 1. It follows that
() L= 0(T) = [fi,)(T(d(x1, 1), D(22,92)))]
= [t Ta(p(z1,91), d(x2,92)) + 5 To(d(21,91), H(32,92))|
= [t| [T1(p(z1, 1), P(x2,y2))| + [s] [T2((@1, 1), d(w2,92))]
< |Ti(@(x1,91), (w2, 2))] + [T2(A(@1,51), d(22,92))]
= T (d(x1, 1), P2, 92))| < T =1,
which shows that (¢(z1,y1), ¢(z2,y2)) € Norm(T'). Thus, ((z1,y1), (z2,y2)) € Norm(St).
Subcase 1. s = 1. Suppose that ((z1,y1), (x2,¥2)) € Ay. By (xx),

1=o(T) = [T1(¢(x1, 1), P(22,92)) + To(d(x1,91), d(22,92))]
= [t Ti(¢(z1,91), ¢(x2,92)) + Ta(d(21,41), d(22,92))]
= [t[ [T1(¢(z1, 1), d(z2,92)) + [T2(d(z1,91), d(22,92))],
which shows that t = 1. Hence, X = [f1,1), ¢(x1,y1), ¢(22,y2)] € Wy,
Suppose that ((z1,1), (22,92)) € A—. By (xx),
1=v(T) = [tTi(d(z1,91), ¢(22,92)) — Ta(d(z1,y1), d(22,92))|
= [t Th(d(z1,51), d(22,92)) + To(d(z1,91), d(22,92))|
= [t [Ta((@1,91), d(x2,92)) + [T2(P(z1,91), P(z2,92))],
which shows that ¢t = —1. Hence, X = [f(_1,1), ¢(z1,91), ¢(22,92)] € W_.
Suppose that ((z1,y1), (z2,y2)) € By. By (¥x),
1=o(T) = [Ta(¢(z1,y1), d(z2,92))l,
which shows that X = [fr1), ¢(z1,91), ¢(x2,92)] € Wi.
Suppose that ((z1,y1), (x2,y2)) € Bs. By (xx),
1=o(T) = [t| [T1(¢(x1,51), d(x2,y2))| = |T1(P(x1,91), d(x2,y2))l,

which shows that X = [f 1), ¢(x1,y1), ¢(w2,y2)] € Wo.
Therefore, Nradius(T) C W, UW_ U W; U Ws.

Subcase 2. s = —1. We claim that ((z1,y1), (z2,y2)) ¢ A+. Indeed, by (),
1= U(T) = |t T1(¢($1,y1), ¢($2’y2)) - T2(¢($17y1)5 ¢('r27y2))|
= ‘t| |T1(¢(I17y1), ¢(I2,y2))| + |T2(¢(x17yl)a ¢($27y2))|7

which shows that ¢ = —1. This is a contradiction.
Suppose that ((z1,1), (22,92)) € A—. By (xx),

1=o(T) = |t T\ (d(x1,91), d(x2,y2)) — Ta(d(x1,91), P(22,¥2))]
= [t [T1(d(21,91), D(@2,92))| + |To(B(z1,91), d(22,92))l;
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which shows that ¢ = 1. Hence, X = [f1,_1), ¢(21,91), ¢(22,92)] € W_.
Suppose that ((z1,1), (22,92)) € B1. By (*x),

1 =o(T) = |Ta(¢(x1,y1), d(w2,92))],s

which shows that X = [fu,—1), ¢(x1,91), ¢(x2,y2)] € W1.
Suppose that ((21,y1), (22,92)) € Ba. By (¥x),

1=o(T) = [t| [Te(P(z1,y1), P(x2,92))] = [Ti(P(x1, 1), D(2,92))],s

which shows that X = [f(t,71)7 (b(xhyl)ﬂ ¢(x27y2)] € WQ'
Therefore, Nradius(T) C W3 UW_ U W7 U Wa.

(2). We claim that W, UW_ U W; UW, C Nradius(T).

Suppose that [f(11), ¢(X), ¢(Y)] € Wy. ) N

Without loss of generality we may assume that X = X and Y = —Y since the proofs
for the other cases are similar. It follows that

1=v(T) = |fa,1)(T(o(X), ¢(Y)))|
= T (3(X), ¢(Y)) + Ta(¢(X), ¢(Y))|
= [T1(¢(X), =(Y)) + T2 (p(X), —¢(Y))]
= |T1(6(X), ¢(Y)) + T2(o(X), 6(Y))]
=[S1(X,Y) + 52(X,Y))|
= [S1(X,Y)| + [S2(X, Y]
= [T1(o(X), o(Y))| + [T2(6(X), o(Y))]

(X),0(Y)
= IT(o(X), oY) = I T = 1,

which shows that [f( 1), #(X), ¢(Y)] € Nradius(T). Hence, W, C Nradius(T).
Suppose that [f1 1), ¢(X), ¢(Y)] € W_. i i
Without loss of generality we may assume that X = X and Y = —Y since the proofs
for the other cases are similar. It follows that

L=0(T) 2 |fa,-y(T(#(X), $(Y)))|
= T2 (6(X), &(Y)) = T2(6(X), ¢(V))|
= [T1($(X), =o(Y)) = T2($(X), =p(Y))]
= [Ti($(X), 6(Y)) = To(¢(X), (Y))]
= [51(X,Y) = 55(X, Y|
= [S1(X, V)] + [52(X, Y)
= [T1(¢(X), oY) + [T2(¢(X), o(Y))]|

(
= [IT(o(X), (YD) = I T[] = 1,

which shows that [f 1), &( X), ¢(Y)] € Nradius(T). Hence, W_ C Nradius(T).
Suppose that [f(15), ¢(X), ¢(Y)] € Wi.
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Without loss of generality we may assume that X = X and Y = —Y since the proofs
for the other cases are similar. It follows that

L=0(T) 2 | fu,9)(T($(X), ¢(Y)))l
=t Ti(¢(X), ¢(Y)) + s Ta(6(X), $(Y))]
= [t Tw(¢(X), o(=Y)) + s Ta(¢(X), o(=Y))
=t S1(X,Y) + s S2(X,Y)]
= [s] [92(X, V)| < [Ta(6(X), o(Y))
STV =T =1,
which shows that [f( s, #(X), ¢(Y)] € Nradius(T). Hence, W, C Nradius(T).
Suppose that [f( ), qb(X'), qb(f/)] € Wo.

Without loss of generality we may assume that X = X and Y = —Y since the proofs
for the other cases are similar. It follows that

L=0(T) 2 | fu,9)(T($(X), ¢(Y)))l

=t Ti(¢(X), ¢(Y)) + 5 Ta(6(X), $(Y))]

= [t Tw(¢(X), (=Y)) + s Ta(¢(X), o(=Y))
=t S1(X,Y)+ s S2(X,Y)]

= [t [S1(X,Y)| < |T1(d(X), ¢(Y))]

< T =T =1,

which shows that [f(s), #(X), ¢(Y)] € Nradius(T). Hence, Wy C Nradius(T).

Therefore, Wy UW_ U W; U W, C Nradius(T"). This completes the proof. O
Theorem 2.6. Let 0 < 0 < 5. Then, NA(L(® (7 4 : €l p)) = NRA(L(® € 4
Z(200 9)))

Proof. (C). Let T € NA(L(? E%oo,@) :E%oo,e)))'

Let (X,Y) € Norm(T). Note that Sy € NA(L(? 3 : £3)) and (¢~ 1(X), 9o 1(Y)) €
Norm(St).

Case 1. (671(X), 671 (V) € A,

Note that ( o HX), 07 1(Y)) € Ay N Norm(S7). Choose X € {o~1(X), -~ (X)}
and Y € {(;5 YY), —¢~1(Y)} such that [f,1), ¢(X), ¢(Y)] € W,. By Theorem 2.5,
)¢

a1y #(X), ¢(Y)] € Nradius(T). Thus, T € NRA(L( 2,y < 2. ).

€
Case 2. (¢~ 1(X), ¢~ 1( )€ A_. )
Note that (d) I "(Y)) € A- N Norm(Sr). Choose X € {¢~(X), —¢~'(X)}
and Y € {d) (Y), —¢~ 1Y)} such that [f1,_1), ¢(X), ¢(Y)] € W_. By Theorem 2.5,
[fa,—1), ¢(X), ¢(Y)] € Nradius(T'). Thus, T'€ NRA(L(? Z?ooe 5500,9))).

Case 3. (¢~ 1(X),¢~1(Y)) € By. )

Note that ( ¢~ H(X), 67 1(Y)) € By N Norm(S7). Choose X € {o71(X), =0~ H(X)}
and Y € {¢ LHY),—¢~1(Y)} such that [f s, ¢(X), ¢(Y)] € Wi. By Theorem 2.5,
[fit,5), (X)), $(Y)] € Nradius(T). Thus, T € NRA(L(? 6(2000 f(oo’e))).

S
Case 4. (671(X), 6 (V)) € Bs. ]
Note that ( ¢ 1(X),p71(Y)) € Ba N Norm(Sr). Choose X € {67 1(X), =0 (X))}
and Y € {¢~1(Y),—¢~1(Y)} such that [fit,5), ¢(X), ¢(Y)] € Wa. By Theorem 2.5,

[fit.5)s #(X), ¢(Y)] € Nradius(T). Thus, T € NRA(L(? Gty oo
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(D). Let T € NRA(L(? 6%00’0) : 6%00,9))).
Then v(T') = | f1,5)(T(Z1, Z2))| for some [f(; ), Z1, Z2] € H(E%ooﬂ)). It follows that by

Theorem 2.4,

TN =v(T) = [fit,)(T(Z1, Z2))| < (| T(Z1, Z2) |l (00,0) < 1Tl 1 Z1]](00,0) [|1Z2l(00,0) = [IT],
which implies that (Z1, Z3) € Norm(T') and T' € NA(L(? E%OO o) : E?oo 0))- O
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