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ON THE STABILITY OF RADICAL FUNCTIONAL EQUATION
IN MODULAR SPACE

ABDERRAHMAN BAZA AND MOHAMED ROSSAFI

ABSTRACT. In this work, we prove the generalised Hyer Ulam stability of the following
functional equation

3(x) + 6(v) + B(2) = a6 <f/ % ). <1 (0.1)

and s is an odd integer such that s > 3, in modular space, using the direct method,
and the fixed point theorem.

1. INTRODUCTION AND PRELIMINARIES

The modulars and modular spaces as generalisation of normed space were by Nakano
[10]. Since the 1950s, a number of eminent mathematicians [1, 6, 9, 11, 15] have focused
extensively on it. Two applications of modular and modular spaces are found in [8, 7, 11, 15]
interpolation theory and Orlicz spaces.

We begin by introducing the definition and some properties of modular and modular
spaces.

Definition 1.1. Let Y be an arbitrary vector space. A functional p : Y — [0,00) is
called a modular if for arbitrary u,v € Y:
(1) p(u) =0 if and only if u = 0.
(2) p(au) = p(u) for every scalar o with || = 1.
(3) plau+ pv) < p(u) + p(v) if and only if « + 5 =1 and «, 8 > 0.
If (3) is replaced by:
(4) plau+ pv) < ap(u) + Bp(v) if and only if @+ =1 and «, 3 > 0, then we say
that p is a convex modular.
(5) Tt is said that the modular p has the Fatou property if and only if
p(z) <liminf, . p(z,) whenever x = p — lim,, o0 .
A modular p defines a corresponding modular space, i.e., the vector space Y, given by:
Y,={ueY:p(Au) - 0as A — 0}

A function modular is said to satisfy the Aj-condition if there exist 7, > 0 such that
p(ku) < mpp(u) for all u € Y,.

Definition 1.2. Let {u,} and u be in Y,. Then:

(1) The sequence {uy}, with u, € Y,, is p-convergent to u and write: wu, Lo if
p(u, —u) — 0 as n— oco.

(2) The sequence {u,}, with u,, € Y, is called p-Cauchy if p (u, — ;) — 0 as
n,m — o0o.

(3) Y, is called p-complete if every p-Cauchy sequence in Y, is p-convergent.

Proposition 1.3. In modular space,
o Ifu, 5w and a is a constant vector, then u, + a 5w+ a.
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° Ifunﬁ>u and v, 5 v then auy, + Bu, 2 au+ Bv, where a+ B <1 and v, B > 0.

Remark 1.4. Note that p(u) is an increasing function, for all u € X. Suppose 0 < a < b,
then property (4) of Definition 1.1 with v = 0 shows that p(au) = p (%bu) < p(bu) for
all w € Y. Morever, if p is a convexe modular on Y and |a| < 1, then p(au) < ap(u).

In general, if \; >0,¢=1,...,nand > A\;,=1 then
pArur + Agug + - -+ Apuy) < Aip(ur) + Aap(ug) + -+ + Anpl(uy).

If {u,} is p-convergent to u, then {cu,} is p-convergent to cu, where |c| < 1. But the
p-convergent of a sequence {u,} to u does not imply that {au,} is p-convergent to auy,
for scalars o with |a| > 1.

If p is a convex modular satisfying Ay condition with 0 < 73, < k, then

1 Tk
plu) < Tkp(%u) < Zp(u) for all u.

Hence p = 0. Consequently, we must have 7, > k if p is convex modular.

In many settings, the functional equations are essential for studying stability issues.

The work on stability concerns began with Ulam’s initial doubts about the stability of
group homomorphisms [14]. Hyers [4] used Banach spaces to tackle this stability issue by
taking in to account Cauchy’s functional equation.

Aoki [2] extented the work of Hyers by assuming an infinite Cauchy difference. The
additive mapping work was given by Rassias [12]|, and Gavruta [3] presented similar
results.

In this work, we study the stability of the following functional equation:

F@)+ 1)+ 1) = af (;/ “j]*) gl <t

in modular space, using the direct method and fixed point theorem.

Proposition 1.5. Let ¢ : R — Y be a mapping satisfying (0.1), where Y is a vector
space. Then ¢ confirm: ¢(/x® + y°) = ¢(z) + d(y),Va,y € R.

Proof. Letting z =y =z =0 in (0.1), we get: 3¢(0) = ¢¢(0).
Hence ¢(0) = 0. Letting z =0 and y = —x in (0.1), we obtain:

Hence

Letting z = —/x% + y°, we get
o(z) + d(y) — ¢ (Vas +y°) =0,

then

¢ (V2" +y°) = d(z) + o(y).

2. STABILITY OF RADICAL FUNCTION EQUATION (0.1)
IN MODULAR SPACE SATISFYING A3-CONDITION

Theorem 2.1. Let Y, be a p-complete convex modular space satisfying As-condition
witht and ¢ : R — Y, an old mapping such that:

p (9600 + 00 +62) — 0 (| L)) <l (2.2
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for all x,y,z € R and all integer q with |q| < 1, and o : R? — [0, 00) is a mapping such
that:

OO 2\ J

. " T y Z 0\ T x r -z

nh_)rgoT a(72n/872n/3,72’n/3> =0 and El ( 2) a<2j/8,2j/572j51> <oo (2.3)
j=

for all z,y,z € R. Then there exists a unique radical mapping A : R =Y, satisfying (0.1)
and

pld(z) — ;i< ) (;/s;/s;>xeﬂk (2.4)

Proof. Putting y = x and z = —2'/°2 in (2.2), we get:

p <2¢(x) - (21/5510)) <a (x,x, —21/5x) .

p (o0 (5) o) <o g ).

Then

(o026 (52)) = [ L 35 (2970 (G ) - 220 (525))

s

7'2 J X X x
? o 2]/972‘7/9572% .

Let m,n be positives integers such that n > m, we have:
x x x
26 (i) =20 (o)) < 70 (2770 (5o 57 ) - (m)
p(2°0 (57) — 270 (577) ) <770 (2770 ~5) 95z
m 1 T
Z ( ) a (2 mi 2m+511>

1 2”L§: ﬁjaAi,jL_;L
S\ g ) T

—0asm — o

for all x € R.

Then {2"¢ (2%/)} is p-Cauchy sequence in Y, which is p-complete. So, we can define
amapping A: R =Y, as: A(z) =p—lim, 02" (Qn%), ie.
limy, 00 p (2"(;5 (Qf/s) - A(x)) = 0. Now, we prove the estimation (2.4), we have:

p(6(2) — A@)) < 5p (20(0) 26 (55)) + 50 (276 (57 — 24(0))
< 5o (00 =2 (5i7)) + 50 (20 (i) ~ )
1
2

(%) (57 57 + 3o (0 (557) - 40).

for all z € R. Taking n — oo we obtain the estimation (2.4).

IN
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We have:

(ol el o) ()

n T y z
T <2n/s’ Qn/s’_Qn/s)

for all x,y, z € R and all positive integer n. And we have:

p <;)A(x) + 5 A) + A - g4 <\/W >)
<1 (1610 (522)) + b a0 (52)

J%p(A 72%(2%)) ; (A<\/@>2”Q¢(2j/sw>>

<2n¢(2n/s) ¢(2n/s) "0 (q) 02 ‘b(gn/s\/xurfﬂs))
(A( )—2"¢ (2 )) ( 2"¢(23/s))+%p(A(z)—2”¢(25/s))

Ll (A<\/m>_2n¢( \/m»
5 q on/s q

" 1, ( T Y z ) 0
-mT"al—,——,——) > 0asn— oo.
5 on/s’ gn/s’ gn/s

Hence:
A(z) + Aly) + A(2) = qA <,/“7+yq+z> .

Now, we prove the uniqueness of A.
Let A’ : R — Y, be an other mapping satisfying the estimation (2.4).

‘We have:
pAW) = A @) < 50 (2714 (575) =276 (57
E (2741 (2n/g> -2 (zn/ )
<o (4 () 6 (5m)) + T (0 () ~ 4 (55)

Ftl /72N x x x
=7 ? « 27,,7“72@’_2714»3'71

1
nol o0 2\’ T x x
) > (5) o(gmmm 57

1=n—+1

L1
TP
_1
=35°

\Hl\-'?

— 0 as n — oo (becaure 1) forall z € R.

Hence A = A’. O

2
Corollary 2.2. Let 8 > 0 be a real numbers and p > slog, (7—2) Ifp :R—=Y,isa

mapping such that:

p (6000 + 60+ 002) = a6 ({ EEEEY ) <o+ bl +14P)
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for all z,y,z € R, then there exists a unique radical mapping A : R — Y, such that:

D/ s
p(6(2) — Alx)) < ((2;/2_))| .

3. STABILITY OF (0.1) IN MODULON SPACE WITHONT Ay— CONDITION

The following theorem, presents the stability results of (0.1) in modular space without
using the As-condition.

Theorem 3.1. Let ¢ : R — Y, be a mapping satifies

. (¢><x> T o) + () — a6 ( 1/‘”“’q+)) < afa,y,2) (3.5)

and: o : R3 — [0,00) is a mapping such that:
o (275, 9n/ sy on/s . a (20/52,29/5 5, 20+ /sy
( Y ) —0: Z ( )

lim ; -
27

n—00 2n

<oo (3.6)
j=0

for all x,y,z € R. Then there exists a unique radical functional mapping p : R — Y, such

that :

p((z) — qp(0) — A(z) % 3 2i <2j/sx 9i/5 9 ) (3.7)
7=0

for all x € R.
Proof. Taking y = x and z = —2'/%z in (3.5) we get

p <2¢(x) —¢ (21/Sx) — ng(())) <a (1’, x, 721/51')

p (QAS (21/8510) — 2@%(:10)) <a (m,x, —21/5510)
where ¢(z) = ¢(x) — q¢(0). 1

Then we obtain from the convexity of p and Z?;ol s < 1

(o D) (S0 o) o)

7=0

Hence:

1

n
1 R )
S 2 gef (M (2j/s ) —¢ (2@11,))
7=0
1 ! 1 j+1
< = _ j/s J/g J.s‘ )
<3 e (2 2,2 x
j=0
for all x € R and all positive integers n > 1.
Then,
bt b)) _ 1 (9272
p( o om ) Saom? 0@
n—m—1
1 1 m+j m+j mtj
< om > 2j+10‘(2 a2 -2 +S+1m)
j=0
n—1
1 1 . : j
=3 Z 25 (2”%,2”%, —2%x>

j=m
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for all x € R and all m,n € N with n > m.

b(2%a
Then {gb( — ) is a p-Cauchy sequence in Y, wish is p-complete. Then it’s p-

convergent to a mapping A : R — Y,. Thus we can write:

Alz)=p— ILm @ i.e. ILm P ((b(;nx) - A@)) =

for all x € R. By apply the Fatou property, we have:

. ) s
p(¢(x) — A(z)) < liminf p (¢(x) - ¢(22n)>

n—oo

> 1 ) .
- (995, 9d/s
Z:0 2 ( s ’

—_

+1
")

N)

for all z € R.
In order to prove that A satisfies (0.1), we note that

p <§A<x> + 2AW) + 2 A) - zaA <,/“yq+>>

1 b (2% 1 b(2%
<P (A(w) 0 (2n z)> +zp (A(y) 2 (Qn y)>

1 5(232) 1 xS+ ys + 28 4 5 (onys oJ2°+ys +2°
e D )

o (0 (TFEEEY g (o [TEIEE)
q 2n q
p <¢(23x) + ¢(2§y) + (zn ) - %qﬁ (2"/515/x8+f+zs) - (q2—3q)¢2(g)>

1 2sa:) 1
< - A —
p(A )>+1p<qA(</m) q¢(2n/5§/m)>

5 q Al q

1 2n/s 2n/s 2n/s on _ 1 2_3
5&( = Qny )—|— Eom p(qz”_fqﬁ(O))—>0asn—>oo(because¢(0)€Yp

<1 <A<x> - “32‘”) " ép <A<y> “2”’))

VR
b
—~
S~—

-

—

N DN

S| oue

<

SN—

~—

2_
and lim,, o < 2n3q =0).

o Aw) + Aly) + A(2) = qA (MW)

Now, we prove that A is unique Let A’ be an other radical mapping satisfying the

estimation (3.7).
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We have
1 1, 1 [A(2%z) ¢(2%x)\ 1 [6(2%2) A (2%w)
p<2A(3«”)—2A (I))§21)< | T T
1 n n n 1 n n / n
SWp(A(Zex)—¢(2sm))+ﬁp(¢(2-<x)—z4(2s1:))
I o 1 nti  nts ntit
§2—n Fa(Q s]z,2 s]m,fQ : x)
j=0
— 1 i i1
Szﬁa(%x,2sx,—2sx)%()asn%oo
§=0
Then A = A’, this complete the proof O

4. STABILITY OF (0.1) IN MODULAR SPACE USING THE POINT FIVE THEOREM

The following theorem of fixed point in modular space will play in important role in
establishing our stability remits of (0.1).

Theorem 4.1 ([5]). Let Y, be a modular space and C be a p-complete nonempty subset
of Y,. A mapping T : C =Y, is called quasi-contration if and only if there exits K <1
such that:

p(T(x) = T(y)) < Kmax{p(z —y), p(x = T(x)), p(y — T(y)), p(x = T(y)), ply — T(x))}.
Let x € C such that: 6,(x) =sup {p(T™(z) —T™(x));m,n € N}.

Then {T"(x)} is p-convergent to a point w € C. Moreover, if p(w — T(w)) < co and
p(z — T(w)) < oo, Then the p-limit of T(x)"™ is a fixed point of T and if & is any fized
point of T in C such that p(w — ) < 00, then w = @.

Theorem 4.2. Let Y, be a p-complete modular space satisfying As-condition and ¢ :
R —Y, be a mapping such that:

p <¢<x> +6(y) + 6(2) — ad (,/“Z*)) < afe,y,2) (4.8)

for all x,y,z € R, where o : R3 — [0,00) is a mapping such that:
1o <21/sx7 2/, —22/337) < 2La(z,x, —21/895) 0<L<1)

and

n/s n/s n/s
lima(2 x,2™ %y, 2 z)

n—o00 on

=0.. (4.9)
Then there exists a unique radical mapping ¢ : R — Y, such that p(¢(x) — d(x)) <

1
ma(m, x, —2Y%x) for all x € R.

Proof. We define the set: N = {g: R — Y,} and we introduce the mapping p on N as :
p(g) =inf{A > 0: p(g(x)) < a(z,x, _21/51,)}

by same methode as in the proof of Theorem 2.1 in [13], we deduce that p is convex
modular on IV, and N is p-complete.
Now, we introduce the mapping A : Ny — N as:

1
Ag)(z) = 59 (21/896) ; g€ N and z € R.

Let f,g € N; and c be positive real number with: p(f —g) < ¢, we have: p(f(z)—g(z)) <
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calx,x,—2'/°x) for all z € R.

Then
, (f (2;/595) g (212/sx)> < Lo (7 (250) - g (2))
< o (20)(275) ()
< Lea(z,z, —2Y/%x)
for all x € R.
Hence

pAf—Ag) < Lp(f —g)
for all f,g € Np.
So A is p-strict contraction.
Letting y = z and z = —2Y%z in (4.8), we get:

p (2¢(x) — ¢ (2”%)) <a (:E,x, 721/515)
Then

p (212¢> (22/595) - qs(x)) <1/2p (1/2¢ (22/5x) ! (21/%:)) +1/2p (gb (21/8) - 2¢(x))
< 2—12a (21/5m7 215y, —22/5x) + %a (x,x, —21/537)

by mathematical induction we have:

o (o (2e0) o) =

[
2]~

3
,L»—A

i—1 i—1 i
o' <2Taﬂ7 275 o, —ZEx)

-
Il

1
2it1

(]

o (2§,2§x, —2%x>

s
I
o

i
L

1
i+l

< (2L)'a (m,x, —21/5x>

N

I

=)
[\

< ﬁa (m,x, —21/515)

2? (gjx) - 2¢(a:)> + %p <2¢ (227:) - 2¢(x))

Hence p (A" — A™¢) < ﬁ

Thus 6;5(¢) < 0 and {A"¢} is p-convergent to b€ N;.
By p-contraction of A we have:

p (A6 —0d) < L5 (A6 - 0)
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Letting n — oo and apply p-atom property:

p(Ad— §) <timinf p (Ad— A")

< Lliminf p (03 - A”_1¢) — 0.

Then, we conclude that (,zAS is a fixed puint of A. Then, we conclude that ¢ is a fxed poin

of

A. By same methode as in the proof of Theorem 2.1, we deduce that ¢ satifies (0.1).

Now, we must prove that <£ is unique.

Let ¢ be another fixed point of A.
We have
p(d — ) = p(Ad — A9)
< Li(¢ — 9).
Hence ¢ = qg O
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