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A SURVEY ON VOLUME-PRESERVING RIGIDITY
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This work is dedicated to those studying under difficult conditions
and to those lacking the means to study.

AssTrAcT. This paper employs C?—arguments to study the action of the identity
component, topologized with the C°° Whitney topology, Diffi%’oc(M) in the group
of volume-preserving diffeomorphisms on the space Z1(M) of all closed 1—forms on
a compact connected oriented manifold (M, 2). When M is closed, we recover that
Dz’ffflzi‘oo(M) is C%—closed in the group Dif f> (M) of all smooth diffeomorphisms
of M. This implies that in two dimensions, the identity component in the group of
symplectomorphisms is C®—closed. We discuss several applications in the context of
CY symplectic geometry for Lefschetz closed symplectic manifolds. This includes an
attempt to solve the C° flux conjecture.

1. INTRODUCTION

Given a compact Riemannian manifold M, and a homeomorphism h of M, there are
some interesting questions about the dynamical/geometrical properties of A which can be
addressed as follows:

e Uniform Approximation by Diffeomorphisms: Can h be uniformly approx-
imated by a sequence of diffeomorphisms? An answer to this question is given in
Lemma 2 of [27].

e Preservation of a Property (P): If h has a property (P), can one uniformly
approximate h by a sequence of diffeomorphisms having the same property (P)?
A similar question was studied in [27], [28], and [32].

e Inheritance of a Property (Q): If h can be uniformly approximated by a
sequence of diffeomorphisms having a property (Q), under which conditions does
h inherit the property (Q)? Answers to this question include the rigidity results
found in [12] and [17].

e Algebraic and Topological Properties of & : More generally, if & is a sub-
group of the group of all homeomorphisms of M arising from a certain continuous
deformation of a sub-group G of Dif f°°(M), are there any algebraic or topological
properties of G inherited by ®&? This is akin to problems solved in [7], [29], also
see Theorem A, Theorem B, and Theorem C found in [36].

The goal of this paper is to address some open cases of the aforementioned questions.
Specifically, we gather the basic notions and results that extend the findings on Hamiltonian
dynamical systems to topological Hamiltonian dynamical systems. The statement to be
proven asserts that Dif fv%oo(M ) the identity component w.r.t the C>° Whitney topology
of Dif f4°°(M) is C°—closed in Dif f°°(M). This fact is likely known, but the proof
proposed in this paper is quite elementary, relying on constructions based on metric
geometry and global analysis.
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Theorem 1.1. Let (M,Q) be an oriented closed manifold. Let {¢;} C Diffq%oo(M) be
a sequence such that {¢;} g0—> Y. If ¢ € Dif f°(M), then ¢ € szfféoo(M)

Theorem 1.1 implies that in two dimensions, the identity component in the group of
symplectomorphisms is C°—closed within the group of symplectomorphisms. This result
supports the CY flux conjecture in two dimensions. Generally, it is not known if the
identity component in the group of symplectomorphisms is C°—closed within the group
of symplectomorphisms (see page 1 of [7]).

To simplify the proof of the main result, we shall need the following continuum of
auxiliary results.

Lemma 1.2. Let (M,g) be a smooth oriented compact Riemannian manifold, and let
¢ € Dif f>°(M). The pull-back map ¢* : QL (M) — QY (M), a +— ¢*«, is continuous with
respect to the norm ||.||12, where QY (M) denote the space of all 1—forms on M.

Lemma 1.2 is saying that the pull-back operation by a smooth diffeomorphism doesn’t
"blow up" the size of 1—forms as measured by the ||.||z2 norm. It preserves the "closeness"
of 1—forms. The uniformity coming from the compactness and smoothness is crucial in
its proof.

Lemma 1.3. Let (M, g) be a smooth oriented compact Riemannian manifold, and let
a € ZY(M) be fized. Then, the pull-back map D, : Dif f*(M) — Z* (M), ¢ — ¢*a, is
continuous with respect to the CO—metric on Dif f>°(M), and the norm ||.|Lz (resp. the
norm |.]o) on Z1(M), where Z1(M) denote the space of all closed 1—forms on M.

Lemma 1.3 states that small changes in the diffeomorphism ¢ will result in small
changes in the pull-back 1—form ¢*(«) when measured in the L?—sense (resp. C”—sense).

2. PRELIMINARIES

Let M be an n-dimensional manifold, and let QP (M) be the space of all p-forms on M.
A diffeomorphism ¢ : M — M preserves a p-form « if ¢*(a) = a. For any o € QP (M),
we shall denote by Dif f*°° (M) the group of all diffecomorphisms from M to M that
preserve . We equip the group Dif f*°(M) of all smooth diffeomorphisms of M with the
C> Whitney topology, and let Dif {75 (M) denote the identity component in Dif f>°(M).
We refer the readers to [18] and [25] for further studies and illustrations of the groups of
diffeomorphisms of smooth manifolds.

2.1. Isotopies. A smooth isotopy of M is defined as a smooth map ® : [0,1] x M — M
such that ®(0,.) = idy and for each t € [0,1], ®(¢,.) is an element of Dif f°(M).
Intuitively, ® represents a 1-parameter family of diffeomorphisms of M. For each « €
OP(M), the space Iso(M,«a) consists of all smooth isotopies @ : [0,1] x M — M that
preserve o, and Dif f;7° (M) denotes the identity component in Dif f*>°(M) topologized
with the C°° Whitney topology [18]. If Diff*°°(M) is locally connected by smooth
arcs, then Dif f°° (M) coincides with set of all time-one maps of all smooth isotopies in
Dif f*>°(M). For any ¢ € Dif fi;° (M), the set Iso(1)), is defined as

{® € Iso(M,a) | ®(1,.) = ¢}. When M is an orientable n-manifold with an orientation
form Q, an isotopy ® = (¢;) of (M,€Q) is Q-preserving if, for each ¢, the (n — 1)-form
z(gﬁt)Q is closed. Throughout this paper, for each isotopy ® and each point p € M, (93’
denotes the orbit of p under the action of ®, while —(9[? represents the orbit of p under
the action of @1 = (¢; 1).
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2.2. The C°—topology. Let dg be the induced distance by the Riemannian metric g on
M. Consider on Homeo(M) the distance

do(f, ) = max { sup dy(f(z), h(z)), sup do(f " (2), hl(m))} ,

reM xeM

for all f,h € Homeo(M). On P(Homeo(M),idps), the space of isotopies in Homeo(M),
we define the distance

d(\, p) = Jnax do(A(t), (1)),

for all A, u € P(Homeo(M),idyr). The metric topology induced by the distance do (resp.
the distance d) on Homeo(M) (resp. P(Homeo(M),idys)) is the C%-topology.

2.3. The geometry of displacements of closed 1—forms.

The supremum norm. Let us recall the definition of the supremum norm of a 1-form a:
for each z € M, we know that « induces a linear map «, : T,M — R, whose norm is
given by

o || := Sup{l%(X)l s X e LM, || X|ly = 1}, (2.1)

where || - ||4 is the norm induced on each tangent space T, M (at the point x) by the
Riemannian metric g. The supremum norm of «, say |a|o, is defined as:

lalo := sup |Jag||?. (2.2)
zeM

Given a Riemannian metric g on an oriented manifold M, let dVol, denote the volume
element induced by the Riemannian metric, and by b the isomorphism induced by g from
the space of vector fields onto the space of all 1-forms so that b(X) := ¢ xg. The inverse
mapping of b will be denoted f. Thus, one can equip the space of 1-forms with a metric
tensor g defined by:

g, a2) := g(far, foo),

for all differential 1-forms «; and ay. The L2-Hodge norm of « is defined as:
ol == [ gtdonzayivol,. (2.3)

The L2-Hodge norm of a de Rham cohomology class [a] of a closed 1-form « is defined as
the norm ||Hq| 12, where H, is the harmonic representative of [a] [38]. The space of all
harmonic 1-forms of a compact Riemannian manifold is a finite dimensional real vector
space: there exist positive constants Ly and L; such that

La|lllz2 < [-lo < Loll-[|z>- (2.4)

Proof of Lemma 1.2. Let a € QY(M), and ¢ € Dif f(M). Set X, := fir, and
Yy :=#(¢*a). The relation tx,g = a implies ¢*(tx,9) = ¢*a = 1y, g, i.e., g(Yy,Yy) =
¢*(tx,9)(Yy). This yields,

9(Y5,Yp)? = (9(Xas d:Y) 0 8)° < g(Xas Xa) 0 69(6: Yy, 6:Y5) 0 ¢, (2.5)

e, 9(Yy,Yy) < (9(Xa,Xa)o ¢)1/2 (¢*g(Y¢,Y¢))1/2. Integrating the latter inequality
over M gives

1/2
1y 9V, Ya)dVol, /

IN

(fo 9(Xas Xa) 0 6dVoly) "' 1(sz ¢*g(Yy, Yg)dVoly, ) o
(fMg(Xa,Xa)((b_l)*dVOlg) / (fM d’*g(YaﬁvYaﬁ)dVOlg) / .
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There exist two smooth functions Hy and Ky such that (¢—1)*dVol, = efl*dVol,, and
¢*g < ef2g. The above inequalities of integrals implies:

1/2 1/2
/ 9(Yy, Ys)dVol, < ( / eH‘l’g(Xa,Xa)dVolg) < / eK¢g(Y¢,Y¢)dV0lg)
M M M
1/2 1/2
el < (sup ) (sup ) fallsloraln (26)

ie., ||¢*alLz < Cylla| Lz, with Cy := (supZeM eKd’(Z))l/2 (supzeM eH¢(z))1/2.

Proof of Lemma 1.53. Let {¢;} C Dif (M) be a sequence such that ¢; C—O> P €
Dif f*(M), and let x € M. Consider a chart (U,z; ...,x,) whose domain contains z,
and for i sufficiently large, we write : ¢foqy = > _; hiday, and v oy = Y1, lpday.
Denote by g% the (a,b)—entry of the inverse of the matrix (Gab)i<a<n,1<b<n With ggp =
g(ag , 8%) W.l.o.g we may assume that dco(¢;, 1) < r(g)/2 for ¢ sufficiently large where
r(g) is the injectivity radius of the Riemannian metric g. As in the proof of Theorem
3.1-[36], we derive that for any smooth embedded curve x in M we have

lim (ba—/wa (2.7)

Fix a bump function f with value 1 on a neighborhood W C U of z, for each k, let x%
be the flow of the vector field f%, and consider the smooth curve t — x4 (z). Let s;
be the first time that ¢ — x%(z) escapes U, and s2 be the first time that ¢ — (x’,i)_1 (z)

escapes U, and consider the curve Cy, : t — tho( ), where sp = min{sj, s2}. Formula
(2.7) applied to the curve Cy, implies that

tim [ (Fh) o X (x)du = / ") 0 X ()du, (2.8)

11— 00 0

for all k, and all v € [0, so[. That is, as in the proof of Lemma 4.3-[35], relation (2.8)
implies that lim; h}q = I, for all k. On account of the compactness of M, we fix a
finite open cover {V;} of M. W.lo.g we may assume that each V; is a domain of a certain
chart, and let {7;} be a partition of unity subordinated to the open cover V;. Let donote
by {gib} the components of the metric g restricted to V;, and let {g}lb} also denote the
components of the inverse metric restricted to V;. Compute,

Iéta — p*allZs = / ot (B0 — ¥7a) (7 — v a))dVol,,
M
- 9(rst (67— ¥"a) 75t (¢ — ¥7a))dVoly,
support(r;)

J
2

-y 7 Y20y~ 1ot | Vol
support(r;)

J k,b

2
< Z sup (Tj Z(hﬁw - lk,j)) (/ Z (Z gfbggb> dVolg> ,
s b

J support(r;) & upport(r;)
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2
< Z sup <Tj Z(hi,j - lk,j)) (/ - ngbéb,deolg> ;
j support(T;

support(r;) k &
2
< Z sup Tj Z(h}” —lij) / ngdeolg ,
J support(T;) & support(t;)
and since lim;_, o h}lw- =l 4, for each k and each j, we derive that

_ 2
> (supSUPPOTt(Tj) (Tj > k(b — i, ])> ) tends to zero as i goes at infinity. This together

with the boundedness of each of the integrals fsupport(T_) (Zk gfk) dVolg, implies that
J
lpra — *al L2 — 0,4 — oo. For the norm |.|p, we compute

pia—vralo = [ 7 (dfa—y a)l,
i

< S sw o lnGa-va)l,
J support(T;)

sup |75 Y (hi; — bk )dzilo,

i support(T;) k
< maXZ |dxi|0 Z sup Tj Z(h?w —lkj) . (2.9)
J & i support(T;) b
That is,
lpra — ™ alp < (mjaxzk: |dacfco> ZJ: (supsll’lg(Tj) <Tj zk:( }w - lk,j))) — 0,1 — oo.

2.4. Displacement of closed 1—forms along smooth curves in M. Assume OM = (),
for each fixed p € M and for all z € M, let £, denote a smooth curve from p to z. Let
Y € Dif f23(M), and a € Z'(M), we have a smooth function

V;p*a:M%R,zH (W'a—a).
13
This function is well-defined since it does not depend on the choice of any curve from p to
z. The real number fg (*a — ) can be viewed, in a certain sense, as the displacement
of a under the action of ¢ along a curve &, [34]. For each p € M and o € Z}(M) (fixed),
we assign to each ¢ € Dif {29 (M), the quantity A(y), o), defined as:

0, ifa=0

A, a)y = ”|1| Jrvo if o€ (21 (M)\{0}).
|| 12

(2.10)

A geometric meaning of the map A. Considering a continuous path in the group
of all measure-preserving homeomorphisms of the 2-disk D? with time-one map h, Fathi
assigns to elements z,y € D?, a real number Angy, (z,y) that "measures" the angle between
the vector u from z to y, and the vector v from h(x) to h(y). This yields an invariant
known as the angular variation invariant [14]. In the present context, let ® = (¢;) be a
smooth isotopy in Dif f7 (M). Pick z,y € M. Rather than considering the angle between
vectors as mentioned in the case of the 2-disk D?, here we instead consider smooth curves
~ from z to y. To understand the dynamics of the gap variation created when ¢; moves
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a curve v, we need to compare the actions of the curves v and ¢ oy on closed 1-forms:

(fse- )

In other words, the map A seems to emanate from the obstruction that prevents a
diffeomorphism isotopic to the identity map from always preserving closed 1-forms.

The map A has the following properties which can be found in [34].

Corollary 2.1. [34] Let (M,Q) be a closed connected orientable manifold with a volume
form Q. Fiz z € M, and o € (Z*(M)\{0}). For each 1 € Diffi%’oo(M), we have

Av.a)s = (e Bay - TCD [ o

el vl 2

and the real number A(Y,a), does not depend on any choice of an isotopy VU from the
identity to v, where OF is the orbit of x under ¥, and Sq is the flur homomorphism for
the volume form €.

Lemma 2.2. [34] For each x € M, and for each o € ZY(M) both fized, the map
Ay ), Dif f25(M) — R, ¢ = A, ), is continuous with respect to the C°—metric
on Dif f29(M).

Let us provide a sketch of the construction of the flux homomorphism gg: As a
consequence of Moser’s theorem, the group Dif fi%’oo(M ) is locally connected by smooth
arcs [4]-page 124. Thus, the identity component Di f fl%’oo(M ) consists of elements which
are isotopic to the identity through smooth paths in Dif f°°(M). The universal covering

Dif fl%’oo(M ) is represented by homotopy classes of volume-preserving isotopies relative
to fixed endpoints [37]. We denote the equivalence class represented by an isotopy ® as

—_~—

{®}. There is an epimorphism Sq defined on the space Dif fz%’oo(M ) by the following
formula:

Sq : Diff/?;og(M) — H" Y (M,R),{®} — UO (i4,) dt} .

The subgroup ' := So (m (Diffle’oo(M))), called the volume flux group, is a discrete
subgroup of H"~(M,R) [34], [37]. The map Sq also induces a surjective map

Sq : Diffl%’oo(M) — H"Y(M,R)/Tq called the flux homomorphism for volume-pre-
serving diffeomorphisms, with Hamgq (M) := ker Sq.

Proposition 2.3. Let ¢ € Hamq(M) (fized), and h € Difff;’oo(M). We have,

" allz

ol 2

Ao hod,a)gum| = ( ) AR, 6a)a,

for each x € M, and all non-trivial « € Z1(M).

Proof. Let ¢ € Hamq(M) (fixed), and h € Dz’ffi%’oo(M). Consider H to be a smooth
isotopy in Diff;?i’oo(M) from the identity to h, hence ¢ o H o ¢! is a smooth isotopy in
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Diffi%’oo(M) from the identity to ¢ o h o ¢~1. Corollary 2.1 implies that

1 ~ Vol
|A(¢oho¢_1,a)r| = |—/([a],Sa(H)) — olo (M / a, (2.11)
el 22 oz o(or,
. ()
1 - Vol
R —— a],sQ<H>>f“—(/ val @1
ol folles Jor
o al e #
= (””L) |A(h, ¢* ) 1) - (2.13)
el 22
O
2.5. A norm on the group Diffi%’oo(M). For each ) € Diffi%’oo(M), set
o= sup (supldcw.al). (2.14)
a€B(1l) \zeM

where A(, ), = ||a||12 A, @), and B(1) := {a € ZY (M) : ||a||> = 1}.

We have the following facts.

Proposition 2.4. [34] The rule ||.||°° has the following properties:
(1) Positivity: |[]|>°> 0, for all ¢ € Dif fi2>(M).
(2) Triangle inequality: ||v o ¢||°<||w||°+]|9||°°, for all ¥, ¢ € Diffi%’oo(M),
(3) Duality: ==, for all ¢ € Dif 37> (M).
(4) If[[¢[I>°=0, then ¢ = idy;.

The following key property of the norm ||.||* shall be needed.
Proposition 2.5. Let ¢ € Hamq(M) (fived). Then, the norms h +||¢ o ho ¢~ 1> and

h —||h||*° are equivalent.
Proof. Proposition 2.3 implies that
lpohod™ |°< sup |6 allza]|hl>,

aeB(1)
and applying Lemma 1.2 we obtain
lg 0 hog™H|°< Cyllhl|>.
With the identity, h = ¢~ (po ho ¢~ ') ¢, we derive that

[Rl[®=]¢7! (¢ oho¢™!) §|°< Cyillpohod™ ||,
Thus,
1 o0 - o0 o0
@thl <[l ohod™®< Cyln]>

The constant Cy is defined as in the proof of Lemma 1.2.
a

A norm ||| on a group G induces a metric d (A, B) := [[ABY||, for all A,B € G.
Let (M, Q) and (N, Q) be two closed connected oriented manifolds, ||.||37 (resp. ||.||%¥) be
the norm on Diffz%’oo(M) (resp. Dz'ffi%’oo(N)), and consider
Bu(1) :={a € ZY (M) : ||l z2,0r = 1} (vesp. By(1) := {a € Z}(N): lallrz, v = 1}).
Question (1): If ¢ : M — N is a smooth diffeomorphism such that ¢*(€2) = Q, then
are the metric spaces (Difff?i’oo(M), dj |j52) and (Diffi%’oo(N), d).|j5) always isometric?
Question (2): Let (M,) and (N,) be two closed connected oriented manifolds.
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Assume that I : Dif fZ%’DO(M ) — Dif f?d’oo(N ) is a group isomorphism that preserves
distance, then what can we say about the manifolds (M, () and (N, )?

2.6. The volume-preserving displacement energy.

Definition 2.6. For each non-empty open subset U C M, we define the displacement
energy of U as:

ECU) := inf{||y[|*: ¢ € Dif fi7™(M), ) NU = 0}, (2.15)

if some elements of szfQ (M) displace U, and E(U) := +oo if no element of
szfi °°(M) can displace U.

Theorem 2.7. For each non-empty open subset U C M, we have ESX(U) > 0.

Proposition 2.8. [34] For any non-empty open subset B C M, there exists a pair
¢, € Hamgq(M) each of which is supported in B such that the commutator [p, 1] =
v togp oo ¢ is different from the identity map.

We shall say that a map ¢ completely displaces a non-empty subset 4 C M if
»U) NU = . Let us denote by Do (i) the set of all ¢ € Dif fi2°°(M) that completely
displace U.

Proposition 2.9. [34] Consider a non-empty open subset B in M. Let ¢ and 1 be
defined as in Proposition 2.8 and let f € Do(B). We have [[f,¢7'], %] = [p,¢].

Proof of Theorem 2.7 : For each non-empty open subset Y C M, either Dq(U)
is empty or non-empty. In the case Do) = 0, we have E(U) = +oo: We are done.
Assume that Dq(U) is non-empty. By the characterization of the infimum, for each
positive integer k, there exists a volume-preserving diffeomorphism f; such that

5l < BO@) + . (216)
and fi € Dq(U). Fix the integer k large enough, and apply Proposition 2.8 with B := U,
to derive that there exists a pair ¢,9¥ € Hamgq(M) each of which is supported in U such
that the commutator [¢, 1] := 19 ~1 o ¢~ 01) o ¢ is different from the identity map, and
since fi € Dqo(U), we derive from Proposition 2.9 that for k large enough, we equally
have [[fx, »~1],%] = [¢,v]. Apply Lemma 1.2 and Proposition 2.5 twice in a suitable way
to get

e, Il = I, ] 1™,
= |llfss 0™ 01,
= |[fe,¢ Mo o [fi, 07 7 o],
< (Cyr + D [fr 671,
= (Cy— +1)(Cy + D[ fell>- (2.17)
Combining (2.16) together with (2.17) implies
< e < I < B + 1 (2.18)

for k large enough. OJ

Theorem 2.10. Let {¢;} C Diffiy>(M), ¢ € Dif fiy>°(M), and ¢ : M — M be a
map such that

e {¢;} uniformly converges to ¢ and,

o ||piodp | — 0,i — oc.
Then, ¢ = ¢.
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Proof. Assume that 9 o¢~! # idy,. That is, there exists a non-empty open subset B C M
0
such that 1 o ¢~! € Dq(B). Fix an integer k large enough, since ¢; <, 1, we equally

0
have ¢; 0 ¢! <, op~L. Thus, we may assume ¢ 0 ¢~ € Dqo(B). The positivity of the
volume-preserving displacement energy implies that 0 < E*(B) < ||¢ 0 71>, for each
k large enough. The latter inequalities contradict each other as k tends to infinity. [J

2.7. The proof of theorem 1.1. We start this subsection with the following important
remark.

Remark 2.11. Let ¢ be a diffeomorphism, X be a vector field and 6 be any differential
form, we have
(0~ [ix(¢"0)] = ig.x0. (2.19)
On an oriented manifold (M, ), formula (2.19) tells us that, for § = Q, if ¢ pre-
serves the volume form €, then iy, xQ = (¢71)* (ixQ), for all vector field X. For
instance, assume that ¢ # idp; is not volume-preserving. Then there exists a non-
empty open subset 4 in M which is completely displaced by ¢. Consider S to be a
differential form of degree [ := (dim M —2), f to be a smooth function with small
support in an open subset o strictly contained in $, and then set 3 := f3. The
vector field Y defined as iyQ = df is a divergence-free vector field supported in
0. Let z € Y so that z ¢ o, and consider vector fields X1!,..., X'*! such that
Qo Y, X1, .. XN (4(2) # 0, de., (ig,yQ) (X1,..., X" ) |4y # 0. On the other
hand, (¢~1)* (iyQ) (X, ..., X1 loz) = 2z (0, T.¢7'X1, ..., T.¢o7 ' XT1) = 0, be-
cause z ¢ 0. When ¢ is not volume-preserving, there exists a divergence-free vector field
Y such that the form iy is exact, and in this case (¢71)* (iy Q) is not equal to i4,y (2.

We shall also need the following result.

Theorem 2.12. [27, 32] Let M be a closed connected smooth manifold of dimension n.
If n < 3, then any homeomorphism can be uniformly approzimated by diffeomorphisms. If
n > 5, then a homeomorphism h of M can be uniformly approzimated by a diffeomorphism
¢ if and only if h is isotopic to a diffeomorphism.

Remark 2.13. (The set AHom§ ()).

(a) The isotopies concerned in Theorem 2.12 are continuous isotopies: a continuous
map @ : [0,1] = Homeo(M),t — ¢;.

(b) When M is orientable, if the homeomorphism h in Theorem 2.12 is volume-
preserving, then it can be uniformly approximated by a volume-preserving dif-
feomorphism [27], [32]. It follows that any continuous path ¥ := {¢'} in the
identity component of the group of all volume-preserving homeomorphisms (w.r.t
the C° metric) can be uniformly approximated by a continuous path © := {6;}
in Dif fi%’oo(M ). Let r(g) denote the injectivity radius of the Riemannian metric
g on M. For each § €]0,r(g)] we may choose © such that dco(©,¥) < J, and
if the time-one map of ¥ is a volume-preserving diffeomorphism, then we may
assume that it coincides with the time-one map of ©.

(¢) The continuous path © := {6} in Dif fiy>°(M) is homotopic relatively to fixed
endpoints to a smooth path ® := {¢'} in Dif fir>(M) [4], [18].

(d) When VU is a continuous path in the identity component of the group of all volume-
preserving homeomorphisms (w.r.t the C° metric), we shall let Afom§ () be the
set consisting of all smooth volume-preserving isotopies homotopic relatively to
fixed endpoints to an approximate © (equally volume-preserving) of ¥ such that
dco (@, \I’) < 6.

Proof of Theorem 1.1: 'We shall proceed step by step.
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e Step 0: Uniform convergence and divergence-free vector fields.

0
Let {¢:} C Diffi%’oo(M) such that {¢;} <, ¢ € Dif f°(M). Assume that ¢ is not
volume-preserving. Remark 2.11 suggests that there is a divergence-free vector field Y
such that

iy Q# W7 (v Q) =d((v™1)*B), (2.20)
with iy Q = dB. Let © := {¢'} be the flow of Y, and E = {F;} be the flow of a vector field
Z defined as iz = d ((¢')*). Formula (2.20) also implies that A := ¢ 0©o¢~! £ E.
It is clear that the sequence of volume-preserving isotopies A; := ¢; 0 © 0 ¢, ! converges
uniformly to A. Let s¢ be a time such that

Yooyl £ E. (2.21)

For t = sY, the sequence volume-preserving diffeomorphisms ¢; o % o ¢i_1 converges
uniformly to 1 o ¢ o~ 1.

e Step 1: A path in DiffZ%’OO(M) with time-one map (¢; o ¢* o gb;l)_l oF.
Let w : [0,1] — [0, 1] be a smooth function such that its restriction to an interval [0, ]
vanishes while its restriction to [(1 — b), 1] is the constant function 1 with 0 < b < 3
Consider the smooth functions A(s) := u(2s) for all 0 < s < 1, and 7(s) := u(2s — 1) for
all 1 <5 < 1. Then, let T : t s Eygo, and & : ¢ — ¢; 0 o' 0 ¢7 %, and define

1 B (@°(M(a))™, if 0<a
(7o L) = { Gy o,

1
S§7
e 1
if 5<a<1l,

for all i. We have ((@fo)_l %, L40)(0) = idp, and the time-one map of the path
(@fo)’l *, Tgo is (d%‘ 0o o qS;l)_l o Fg. Since Eyo € Hamg(M), Proposition 2.5
implies that the norm || (qﬁi o gpso o ¢;1>_1 o Eo||*° is equivalent to the norm

|Es0 o ((qﬁl op®’ o ¢;1) o o Eso) o Eéfol |I°°, and so we shall estimate the norm

| Ego o (gbi o’ o ¢;1)71 > in the next step.

e Step 2: Estimating the norm [|E o o (¢; 0 9™ o qS;l)_l [I°°.

If necessary, smooth the path Yo *, (@fo)_l at the point a = 1/2 [18]. The path
Yo *, (@fo)_l has a trivial flux, so from the definition of the norm ||.||°°, there exist
z € M and for each positive integer k, there exists o € B(1) such that

o S\ !
120 (3o 067) 1% S| [ e

o, Ok
Y ok (PS 1
/(9250 (@)

1
/0 (@k(2) © Bueo(2) = (Elo(an)) (1 © (™) ™)a () © G i(2))du

L1
L

We have,

)

2

-1
for each 7 , and each positive integer k£ where G50 ; := ((bi o go“so o qb._l) . On the other
hand, from the equality a A 2 = 0, we derive that

p(Z) 0 By (2) = (071 s, AdB))..
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The equality E (ax) A2 = 0 also implies that

(2o (00) (010 () )a (V) 0 (6100 067) ™ (9 = (67" ox A dB)..

for each i, and each positive integer k. Fix vector fields X, ..., X4 M gych that
Cg = Q(X,..., X4mM)(z) > 0, (w.lo.g we may choose X so that sup, || X7|, = 1),
and compute

| / 04 (Z) 0 Buyso (2)dus — / (B2 () (61 0 (9%))u(Y)) 0 (610 6% 0 6 1) ™ (2)dul
1

([ aw(Z) 0 Eyso(2)du — z (Eo(an)) (50 (¢%)™1)e(Y)) 0 (i 090 0 67 ) ™ (2)du) 3|

_ (67 ) o — (1) o) AdB) (XD, ..., XM M) (z))|
&)
< ((¢; )*ar — (1) ax) AdBo
< o ,

for each positive integer k.

Since | ((¢; ') ar — (v™1)*ar) AdBlo < dim(M)[dBlo|(d; ) ax — (¥~1)* ko, for each
positive integer k, it follows from Lemma 1.3 that

| (7 ") — (1) ax) AdBlo — 0,i — oo, each positive integer k. Combining the
above estimates together yields

| [anl2)oEun@)du= [ (Eio(an)) @ioe) (Y Do(010 6% 067 (] -5 0,
’ ’ (2.22)

for each positive integer k. This implies that || Es o (¢; 0 ¢™ o gbi_l)fl | — 0,7 — cc.

e Step 3: Determining the volume-preserving nature of .

0
Summarising Step 0 and Step 2 yields that ¢; o <p50 o ¢;1 <, o <p30 oy~ ! and
-1
|Eso o ((bi o o qb;l) [ — 0, as ¢ — oco. This implies through Theorem 2.10 that

Ep=1o¢" oyl (2.23)

Therefore, (2.21) and (2.23) contradicts each other: Thus, v € Dif f*>°(M). Let us
show the existence of a smooth volume-preserving isotopy from the identity map to .
Fix i sufficiently large, consider a volume-preserving isotopy ®; = {¢!} from the identity
map to ¢;, and set T} := 1) o ¢} 0 yp~'. Since ¢ o ¢} 0 ¢y~ uniformly converges to 1
inside the group Homeo(M, ) of volume-preserving homeomorphisms, then from the
locally path-connectedness of Homeo(M, ), we can find a volume-preserving isotopy
®; in Homeo(M,Q) from 1) o ¢} o 1p~! to ¢ for i sufficiently large. Apply Theorem
2.12 to approximate @; by a continuous isotopy ®; in Dif > (M) (relatively to fixed
endpoints). Juxtaposing the paths T¢ and ®; in a suitable way yields a continuous isotopy
in Dif f°°(M) from the identity map to 7. The latter isotopy is homotopic relatively
for fixed endpoints to a smooth volume-preserving isotopy from the identity map to .
Therefore, ¥ € Difff;’oo(M).D
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3. APPLICATION TO C° SYMPLECTIC GEOMETRY

Among the most celebrated discoveries in symplectic geometry/topology of the last
three decades are the Hofer norm on the group Ham(M,w) of Hamiltonian diffeomor-
phisms of a symplectic manifold (M,w) (1990) [19], [20] and the Eliashberg-Gromov
rigidity theorem (1986, 1987) [13], [17]. The latter asserts that the group Symp(M,w)
of symplectomorphisms of (M,w) forms a closed subset of the group Dif f>(M) of
all diffeomorphisms of M equipped with the C’—topology. This implies that there is
symplectic geometry underlying the C°-topology, which is now called C%-symplectic
topology. Let Sympeo(M,w) be the closure of Symp(M,w) in the group Homeo(M) of
all homeomorphisms of M equipped with the C°-topology. The set Sympeo(M,w) forms
a group called the group of symplectic homeomorphisms of (M, w).

3.1. Symplectic homeomorphisms. Using a blend of the C°-topology and the Hofer
norm, Oh and Miiller initiated the study of topological Hamiltonian dynamical systems
by introducing the notion of Hamiltonian homeomorphisms [29].

Definition 3.1. (Oh-Miiller, [29]) A homeomorphism h is called a Hamiltonian homeo-
morphism if there exists A € P(Homeo(M),id) with A(1) = h, and there exists a Cauchy
sequence ®; of smooth Hamiltonian isotopies in the Hofer metric such that ®; converges
uniformly to A.

The set Hameo(M,w) consisting of all Hamiltonian homeomorphisms of any closed
connected symplectic manifold (M, w) forms a group [29].
Banyaga generalized the Hofer metric into a metric on the group of all smooth symplectic
isotopies of a closed connected symplectic manifold (M, w), and used it to defined the
group of all strong symplectic homeomorphisms [1].

Definition 3.2. (Banyaga, [5]) A homeomorphism h is called a strong symplectic home-
omorphism if there exists a sequence ¥; := {¢!}, of smooth symplectic isotopies which is

0
Cauchy in both the Hofer-like metric and the C%-metric, such that 1} .

Let SSympeo(M,w) denote the group of all strong symplectic homeomorphisms. This
group coincides with Hameo(M,w) when M is simply connected. In [5], the author
claimed that there was a topological flux geometry underlying the group SSympeo(M,w):
An affirmative answer to this claim for closed connected symplectic manifolds of Lefschetz
type is given in [36]. The group SSympeo(M,w) contains Hameo(M,w) as a normal
subgroup [5].

We have the following open conjectures which can be found in [5].

Conjecture (A): The commutator subgroup [SSympeo(M,w), SSympeo(M,w)] co-
incides with Hameo(M,w).

Let Sympeog(M,w) be the identity component in Sympeo(M,w) with respect to the
C-topology.

Conjecture (B): The inclusion SSympeo(M,w) C Sympeoy(M,w) is strict.
It has been shown in [11, 10] that conjecture (B) holds for compact symplectic surfaces

of genus 0. Recently, this result has been generalized to all closed symplectic surfaces in
[23].



A SURVEY ON VOLUME-PRESERVING RIGIDITY 141

Question (A) (A weak C° flux conjecture, [7]): If » € Symp(M,w)NHameo(M,w),
then is ¢ € Ham(M,w)?

The shadow of smooth symplectic diffeomorphisms in Hameo(M,w) still need illumina-
tion. In [7], Question (A) was called a weak version of the C° flux conjecture. Here is an
attempt to an affirmative answer. It uses similar technique as in the proof of Theorem 1.1.
Let p € Symp(M,w) N Hameo(M,w) be nontrivial, and assume that p ¢ Ham(M,w).
There exists a non-empty open subset 4 in M which is completely displaced by p. Let
H be a smooth function with small support in an open subset ¢ strictly contained in l.
The vector field Y such that iyw = dH is Hamiltonian, and it is supported in o. The
symplectic form w being nondegenerate, pick z € il such that z ¢ o, and a vector field X
such that w(p.Y, X)(p(2)) # 0. Compute,

(pil)* (ivw) (X) ‘p(z) = Wz (Yza szile) =Wz (Oszpile) =0.

So, there exists a Hamiltonian vector field Y such that iyw = dH, and (p~1)* (iyw) is
not equal to i, yw. Since p € Hameo(M,w), there exists a Cauchy sequence ¥; = (¢;)
of Hamiltonian isotopies in the Hofer length such that ¢! converges C° to p. Let
© = {¢'} be the flow of Y, and = = {E,} be the flow of a vector field Z defined as
izw=d (H o pfl): we have A := po©op~! # Z. The sequence of Hamiltonian isotopies
A; := i 0 © o ()~ uniformly converges to A, and a straightforward calculation implies
that A; := 1% 0 © o (p4)~! converges to = in the Hofer topology. The conclusion follows
exactly as in the proof of Theorem 1.1. Instead of appealing to Theorem 2.10, we appeal
to Theorem 3.1 found in [33] or the Hamiltonian version of Theorem 3.1—[33] found by
Oh-Miiller.

Question (B): Is SSympeo(M,w) a normal subgroup of Sympeog(M,w)?

This question was originally posed by Banyaga [5] and has been addressed in [23].

Question (C): Does [Sympeog(M,w), Sympeoy(M,w)] coincide with Hameo(M,w)?

For compact surfaces, it has been established that [Sympeog(M,w), Sympeoy(M,w)]
is simple (Theorem 1.11—[9]), while Hameo(M,w) is not simple (Theorem 1.3—[9] and
Theorem 4—[24]). Therefore, the answer to Question (C) is negative for compact surfaces.

3.2. Basic notions on symplectic geometry. Let M be a smooth manifold of dimen-
sion 2n. A differential form w of degree two is called a symplectic form if it is closed
and non-degenerate. A symplectic manifold is an even-dimensional manifold that admits
a symplectic form. In the rest of this paper, we assume that M is a closed symplectic
manifold with symplectic form w, equipped with a fixed Riemannian metric g.

3.2.1. Symplectic vector fields. A symplectic form w, being non-degenerate, induces an
isomorphism between vector fields and 1-forms. This isomorphism is given by: for each
vector field Y on M, one assigns the 1-form ¢(Y)w := w(Y,-), where ¢ is the usual interior
product. A vector field Y on M is symplectic if the 1-form ¢(Y)w is closed. A symplectic
vector field Y is said to be a Hamiltonian vector field if the 1-form ¢(Y)w is exact. From
the definition of symplectic vector fields, if the first de Rham cohomology group of M is
trivial, then any symplectic vector field on M is Hamiltonian.

3.2.2. Symplectic diffeomorphisms and symplectic isotopies. A diffeomorphism ¢ : M —
M is called symplectic if ¢*(w) = w. The group of all symplectic diffeomorphisms of (M, w)
is denoted by Symp(M,w). An isotopy {¢:} of a symplectic manifold (M, w) is said to be
symplectic if ¢, € Symp(M,w) for each t. Equivalently, the vector field by = % oo, L
is symplectic for each t. A symplectic isotopy {:} is called a Hamiltonian isotopy if, for
each ¢, the vector field qp't = % o, ! is Hamiltonian. This means there exists a smooth
function F : [0,1] x M — R, called the generating Hamiltonian, such that (¢ )w = dF,
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for each t. Let Ham(M,w) (resp. Sympo(M,w)) denote the group consisting of all
time-one maps of all Hamiltonian (resp. symplectic) isotopies. Weinstein showed that
Symp(M,w) is locally connected by smooth arcs; in fact, it is locally contractible. Thus,
Sympo(M,w) is the identity component in Symp(M,w) equipped with the C° Whitney
topology. For more details, refer to [1], [18], and [26].

3.2.3. Fluz homomorphism. Let ® = (¢;) be a symplectic isotopy. According to Cartan’s
Magic formula,

1
Ozdﬁw—w:d( qu(id;tw)dt),
0

which implies that the 1-form 3(®) := fol 7 (ij,w)dt is closed. Thus, ¥(®) defines a
cohomology class that depends only on the homotopy class of the isotopy ® with fixed
extremities in Sympo(M,w) [4]. In [3], the author defined the flux epimorphism & from

—

the universal cover Sympo(M,w) onto H'(M,R) by assigning to each homotopy class
{® = (¢¢)} the de Rham cohomology class of the form X(®), i.e.,

S: Symm,w) — HY(M,R), {®= (¢} [2(P)], where [,] denotes the de Rham
cohomology class. Consider the covering projection

—_~—

7 Sympo(M,w) = Sympo(M,w), {® = (¢+)} — ¢1,

and define T, := &(ker 7). Ono has shown that T, is a discrete subgroup of H' (M, R)
[30].

The map & induces another epimorphism & from the group Sympo(M,w) onto the
quotient H! (M, R) /T, (see [3, 4], [8] for more details).

Theorem 3.3. (C°—approximation of a cohomology class by flux). Let (M,w) be
a closed connected symplectic manifold, and X' := {X}} be a sequence of smooth families
of symplectic vector fields (i.e., for each i, the map X*: M x [0,1] — TM is smooth and
for every t, X} is a smooth section of TM ) which uniformly converges to a continuous
family of symplectic vector fields X := {X;} (i.e., the map X : M x [0,1] — TM is
continuous in the variable t and for every t, X is a smooth section of TM ). The following
hold:

(1) The sequence ®' := {¢i} of symplectic isotopies generated by X' := {X}} uni-
formly converges to a continuous family ® := {¢+} of symplectic diffeomorphisms
which depends on X (i.e., the map [0,1] 3 t — ¢ € Symp(M,w) is continuous).

(2) For each € € [0, 1], there exists a symplectic isotopy O := {0t} with O} = ¢1 such
that

/ 1[L(Xt)w] dt = lim &(O,).
0 e—0

Proof. The sequence of smooth 1-parameter family of vector fields X*? converges uniformly
to a continuous 1-parameter family of smooth symplectic vector fields {X;}: Thus, by
a result due to R. Abraham and J. Robbin [2], the sequence of flows generated by the
sequence of vector fields X* uniformly converges to a continuous family ® : ¢ — ¢, of
smooth diffeomorphisms which depends on X. Eliashberg-Gromov’s rigidity theorem
ensures that ® is a continuous path in Sympo(M,w) [13]. On account of the local
contractibility of Sympy(M,w), the isotopy ® is homotopic relatively to fixed endpoints
to a smooth symplectic isotopy O in Sympy(M,w) (see [4]). For the second item, the
homotopy between ® and © induces a uniform approximation of ® by a smooth symplectic
isotopy relatively to fixed endpoints. Namely, for all €, we can choose a smooth symplectic

isotopy O, := {#!} with 60 = idy and 6! = ¢; such that dgo(®,0,) < T erDy Where
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c and C are positive constants found in Theorem 1.6—[7]. To construct O, for e small, on
account of the homotopy between © and ®, imagine a path you describe when moving
along ® so that whenever you meet a point where ® is not smooth, you go around the
point smoothly, but remaining as close as possible to @ in the C° metric. The sequence
®" := {¢}} of symplectic isotopies generated by X' := {X 1 being uniformly convergent
to ® := {¢:}, we may assume that dgo(P*, 0.) < m, for all ¢ sufficiently large.
Argue in a similar way as in the proof of Theorem 1.6—[7] to obtain

8(Oc 0 (¥) )] <, (3.24)

for all 4 sufficiently large, and for € € [0, H%l[, where |.| is any norm on the first De Rham

Cohomology group of M with real coefficients. As i goes to infinity, (3.24) implies that
fo w]dt = lim¢_,o 6(@ ). O

In fluid dynamics, the concepts of flux and vector fields are fundamental. Theorem
3.3 can be used to understand how fluid flow evolves over time, especially in cases where
the flow needs to be approximated by smooth vector fields. This is particularly useful in
simulations where small perturbations need to be controlled and approximations need
to be accurate. In quantum mechanics, symplectic geometry is often used to describe
the phase space of systems. It seems that the approximation properties in Theorem 3.3
can be applied to ensure that the quantum states and their evolutions are accurately
represented and approximated.

Note that the flux group I'y, has a topological counterpart denoted ST, that is defined
in [36] : Ty, C ST,. The following result generalizes Theorem D—[36]. Its proof is a
consequence of Theorem 3.3 combined with the equality

Sympo(M,w) N Hameo(M,w) = Ham(M,w).
Lemma 3.4. Let (M,w) be a closed connected symplectic manifold. Then, T',, = ST,.

3.3. CY flux conjecture. The C° flux conjecture states that: Ham(M,w) is C°—closed
in Sympo(M,w). In [21], the authors established certain conditions under which this
conjecture holds. They identified a class of manifolds that satisfy these conditions,
specifically closed K&hler manifolds of nonpositive curvature with fundamental groups
that have no center. Subsequently, Buhovsky [7] generalized the results from [21],
extending the framework to include symplectically aspherical symplectic manifolds whose
fundamental groups also possess a trivial center. In this subsection, we show that the C
flux conjecture holds on any closed connected symplectic manifold of Lefschetz type.

Lemma 3.5. Let (M,w) be a closed connected symplectic manifold of Lefschetz type.
The C° flux conjecture holds.

We shall need the following facts.
(1) The Arnold conjecture: Fixed points of Hamiltonian diffeomorphisms: [15], [22],
[16], and [31].
(2) Lemma 3.5 found in [34] (a factorization result).
(3) Let H = {h:} be a uniform limit of a sequence of smooth isotopies ®. For
each p € M the orbit (’)H can be written as a collection | |;.; Ci(p) of smooth
curves C;(p). So, for all closed 1-form «, we interpret the integral fogj a as

Dier /. Ci(p) & It follows that if for each k, @}, is volume-preserving, then for each
® = {¢} € AHom$(H), we have

/ a—/ a+/ a,
OH o x?
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for a unique minimizing geodesic x§ with extremities h;(p) and ¢1(p).

(4) A consequence of Theorem A-[6], on the transitivity of certain automorphism
groups states that on a manifold M of dimension at least 2 with volume element:
if Cq,...,C} is an arbitrary collection of disjoint closed curves on M, each a
differentiably embedded image of the circle, then there is a 1-parameter group of
volume-preserving transformations on M with these curves as orbits (see [6]).

Proof of Lemma 3.5: Let {¢;} be a sequence of Hamiltonian diffeomorphisms such
that 1); C—0> ¢ € Symp,(M,w), and § be the symplectic volume form on M. Let ® := {¢:}
be any symplectic isotopy from the identity to ¢, and for each i, let ¥; := {¢!} be a
Hamiltonian isotopy with time-one map ;. Consider the boundary flat smooth functions
1 :[0,3] = [0,1] with gy = 0 near 0 and p; = 1 near %, and po : [1,1] — [0,1] with
o = 0 near % and ps = 1 near 1. These functions are used to define a sequence of
isotopies F; := {f!} as follows: For each i, set

P (R R S

U 0By <t
and it is clear that f} = w;l o ¢, for each i. Assume that Volg(M) = 1. Corollary 2.1,
together with the convergence |[1; ! 0 ¢[|* — 0 as i — oo (Lemma 2.2), implies that
lim; o |{[a], Fluxq (F3)) — fOF oa‘ =0, for all x € M, and all closed 1-forms «. For each
i, let #; denote a fixed point for ¢; (see [15], [22]) and compute d,((v; ' 0¢)(#;), i) — 0 as
i — 00, where d, is the distance induced by the Riemannian metric g on M. Furthermore,
as a C°-limit of a Hamiltonian diffeomorphism, ¢ has at least a fixed point 2y, and we
equally have dy(zo,%;) — 0 as ¢ — oo. Thus, there exists a 1-cycle, denoted v(®), in
M such that lim; .« [, r, B = fﬁ/(q)) B, for all closed 1-forms 3. As a consequence of

Theorem A in [6], 4(®) is an orbit of a certain loop at the identity map in Diff>>(M).
Here is another way to justify the existence of such a loop ©: Let F := {f'} be

the CY-limit of the sequence of smooth isotopies F; := {f!}. Since wi_l o¢ EO% iday,
then F € 1 (Homeo(M,)). Hence, choose © to be any loop in Asjom$ (F) for some
5 € (0,7(g)). For each 2 € M, the orbits O and OF | being homotopic relatively to fixed

extremities, we have
/ / a| Q= / / a | Q, (3.25)
M \Jog, M \JoF,

for each closed 1-form . Similarly, it follows from the proof of Theorem 4.1—[36] that
lim / al| 2= / / a |, (3.26)
e \Jory )7 S e,

for each closed 1-form «. Lemma 3.5—[34] also implies that

tim [ ( /. . a> Q = ([a), Sa(®)), (3.27)

/M </Oé‘?> a> Q = ([a], Fluxq(0)) = /O? a, (3.28)

for each closed 1-form «, and all € M. Therefore, (3.25), (3.26), (3.27), and (3.28)
together imply ([a], So(®)) = [pe @ = ([a], Fluxq(©)), for each closed 1-form «; hence,
20

Sa(®) = Sq(O). The Lefschetz assumption, the factorization result So(.) = Lon=t AG(.)

and
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found in [3], and the equality So(®) = So(O) together implies that, regarded as a
symplectic path, the isotopy ® has its flux in the flux group I'y,, which is equivalent to
require that ¢ = ¢ € Ham(M,w). O
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