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ABSTRACT. In this article, we have introduced the concepts of statistically monotonic
sequences of bi-complex numbers using the two types of partial order relations on the
set of bi-complex numbers and have established some results. We have also investigated
the concept of statistically monotonic sequence, statistically order convergence and
statistically relatively uniform convergence in a bi-complex Riesz space and have
studied some of their properties.

1. INTRODUCTION

Bi-complex Numbers: Segre [21] endeavored to create special algebras in a novel
way. As elements of an infinite set of algebras, he conceptualized the commutative gener-
alization of complex numbers as bi-complex numbers, tricomplex numbers, etc. Price [17]
went on to develop function theory and bi-complex algebra after that. Price introduced
the multicomplex spaces and functions. Functional analysis in bi-complex numbers, a
substantially new subject, is not only relevant from a mathematical point of view, but
also has significant applications in physics and engineering. Alpay et al.[1] developed a
general theory of functional analysis with bi-complex scalars.

Sequence spaces play a central role in many areas of mathematics. The most popular
sequence spaces are the spaces £, which consist of absolutely p-summable complex
sequences having a lot of useful applications. Since they also have rich topological and
geometric properties, researchers are motivated to use them to obtain new results in
different sequence spaces. Recent works noted in [28, 24, 19, 18] are some examples on
topological properties of some sequence spaces. Sager and Sagir [19] introduced bi-complex
sequence spaces with Euclidean norm in the set of bi-complex numbers. The sets of real,
complex, and bi-complex numbers are denoted by Cy, C; and Cs, respectively.

Segre [21] defined the bi-complex number as:

W = U1 + igv1 = T + Gy1 + 221 +d1dati, ur, v1 € Cy and 21,91, 21,81 € Co;

where the independent imaginary units i1, are such that i2 = 32 = —1 and 414y = i9i1.
Yy , 1 2

The three types of conjugations on Cy are

(1) w* = Uy + 907,

(11) W = Uy — 1901,

(i) @' = 1y + ip01.

In C, there are four idempotent elements which are 03(02 = 0 + 0iy + 0is + Oiqia), 1 +
0i1 + Oig + Oiyin, e1 = me and eg = HT”? Out of which, e; and ey are nontrivial with
e1 +ex=1and ejeqs =0.

then the bi-complex number w = wu; +iqv; is said to be singular if and only If |u? +v%| = 0.
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The bi-complex number tw = u; + i2v1 can be uniquely expressed as the combination of
e1 and ey, as follows:

w = u1 +iov1 = (U1 — 1v1)e1 + (w1 + 41v1)ex = vieq + res,

where v; = (’LL1 — iwl) and vy = (u1 + i11)1).
The Euclidean norm || - ||c, on Cs is defined by

Iwlle, = /e +y? + 22 + 2

= V]url? + o1 ?

Pl
VST

If @y, @y € Cy then ||wims|c, < v2||@1]lc,||@2/lc, holds. Therefore Cq is modified
Banach algebra.

Definition 1.1. [2] The 4;-partial order relation <;, on C; is defined as follows;
For uy, v, € Cq, uy =y, v1 if and only if Re(u1) < Re(vy) and Im(uy) < Im(vy).

Definition 1.2. [7] The io-partial order relation <;, on Cy is defined as follows;

Let @y, wy € Cy, where wy = uy + i9v; and wse = uj + i9v7;

w1 =i, we if and only if w; =, u] and v1 =<, 07, i.e., w1 <;, we if one of the following
conditions is satisfied:

(i) uy = uf, vy = vy,

(ii) uy <4, ui,v1 =07,

(iii) w1 = uf,v1 <4, v§ and

(iV) Ul <, u’{,vl =iy ’Uf.

Particularly if @, =<;, ws and @y # @y we will write w; 3, o, i.e. one of (ii), (iii) and
(iv) is satisfied and we will write @y <;, wo if only (iv) is satisfied.

For any two bi-complex numbers w;, wy € Cy can easily be verified the followings:

(i) @1 24, w2 = |lwille, < [lw2llc,.

(11) ||’ZE1 + wQHCQ < ||w1||C2 + ”wQHCz'

Definition 1.3. [3] The Id-partial order relation =;,, on Cs is defined as follows;

Let wi,ws € Co, where wy = uy +i9v1 = 111 + vaep and wa = uj +i20] = vie; +vies;
w1 =i, w2 if and only if v <;, Vi, v2 <4, v5 on C; . ie., wy =y, w2 if one of the
following conditions is satisfied:

(i) vy = v, ve =13,

(ii) vy <4, Vi, va = V5,

(iil) v1 = vy, 12 <4, V3 and

(iv) vy <4y V5,02 <4, V5.

Particularly if w; <;,, @2 and w1 # @, we will write @y 3, w2 i.e. one of (ii), (iii)
and (iv) is satisfied and we will write @y <;,, ws if only (iv) is satisfied.

For any two bi-complex numbers w;, ws € Cy we can verify the followings:

(i) w1 2, w2 = [l@ile, < llw2flc.-

ird

Statistical Convergence: Nowadays, the theory of statistical convergence is an
active area of research. Fast [14], Buck [5] and Schoenberg [20] independently defined
statistical convergence as a generalization of ordinary convergence for real or complex
sequences.

After that it has been studied by many researchers like Fridy[15], Salat [22] Tripathy[27].
Recently Das, Tripathy [8] studied on A\?-statistical convergengence on complex uncertain
sequences, Das et. al [9, 10, 11] studied statistically convergent on different aspect. Nath
et al. [13] studied on statistically pre-Cauchy sequences of complex uncertain variables
and Bera, Tripathy [3, 4] studied on statistical convergence in bi-complex valued metric
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space, statistical bounded sequences of bi-complex numbers. Statistical convergence
has been discussed over several abstract spaces, including Banach spaces [6], complex
uncertain spaces, and fuzzy number spaces etc.

A subset E of N is said to have natural density §(E), if

1L
o(E) = lim — kz_l xe(k),
where xg is the characteristic function on E. A sequence of bi-complex number (wy) is
said to be statistically convergent to w € C, if for every € > 0,

d({k €N: |loy —w@llc, > €}) =0.

We write as stat — limwy, = w. If w = 09, then (wy) is statistically null sequence. A
sequence of bi-complex number (wy) is said to be statistically bounded if there exists
M > 0 such that

S({k € N: [@yllc, = M}) = 0.

In this context, we focus to establish basic definitions and achieve basic results. Some
research has been conducted on statistically convergent sequences of bi-complex numbers.
This motivated us to investigate the statistical monotonicity of sequences of bi-complex
numbers. Throughout this article we use two types of partial order relations on C,. Since
there are no connection between this two types of relations, although we get almost same
results over these two types of partial orders.

Lemma 1.4. [27] (i) Let (wy) € w*, then (wy) is said to be statistically convergent to
w if and only if there exists a subset S = {k1 < ko < ...} of N such that §(S) =1 and
(wp,, ) is convergent to w.

(1i) A sequence (wy) is said to be statistically bounded if there exists a subset S = {k; <
ka < ...} of N such that 6(S) =1 and (wy,) is bounded.

2. STATISTICAL MONOTONICITY OF A SEQUENCE OF BI-COMPLEX NUMBERS

Tripathy[25] rectified the notion of statistical monotone sequence introduced by Fridy
in [15] for real sequences. In this section we shall extend it to sequence of bi-complex
numbers using two types of partial orders.

Definition 2.1. A sequence (wy) of bi-complex numbers is said to be statistically
monotonic increasing w.r.t. ig-partial order if there exists a subset S = {k; < k2 < k3 <
. < kp < ...} of N such that §(S) =1 and wy, =i, wk for all n € N. In this case, we
write @y, Ti,

Similarly we can define statistical monotonic decreasing w.r.t. is-partial order. In this
case, we write w, }i,. A sequence (wy) of bi-complex numbers is said to be statistical
monotone w.r.t. ig-partial order if it is either w,, 1;, or @y, li,-

n+1?

Definition 2.2. A sequence (wy) of bi-complex numbers is said to be statistically
monotonic increasing w.r.t. irg-partial order if there exists a subset S = {k1 < ko < k3 <
... <k, < ..} of N such that 6(S) =1 and wy, =i,, @Wk,,,, for all n € N. In this case,
we write @, Ti,,-

Similarly we can define statistical monotonic decreasing w.r.t. i;4-partial order. In this
case, we write w, Ji,, respectively. A sequence (wy}) of bi-complex numbers is said to be
statistical monotone w.r.t. i;4-partial order if it is either w,, 14,, or @y J4,,-

Theorem 2.3. If a sequence (wy) of bi-complex numbers is monotonic, then it is sta-
tistically monotonic w.r.t. ig(or i1q)-partial order. Butl the converse part is not true in
general.
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Proof. Let (w}) be a monotonic increasing w.r.t io-partial order, then wy, =i, @k, ..,

for all n € N. Since §(N) = 1, so (wy) is a statistically monotonic increasing w.r.t
ig-partial order. Similarly, if (w}) is a monotonic decreasing w.r.t ig-partial order, then
we can easily varified that (wy) is a statistically monotonic decreasing w.r.t is-partial
order. Hence,(wy,) is a statistically monotonic increasing w.r.t.io-partial order.

In similar way it can be proved for irg4-partial order. O

Example 2.4. Consider a sequence of bi-complex numbers (wo) defined by

o — 14121 + 10+ 2110, fOrkZiQ,iEN;
BT k 4k + ik + iviok, otherwise.
Let S = {k: k #i%,i € N}, then 6(S) = 1 and wy,, =i, @k, ,,,n € N. Therefore (wy) is
statistically monotone with respect to is-partial order, although (zy) is not monotone
with respect to is-partial order as wy =, wa.

Theorem 2.5. Let (wy) € w*. If

(i) (wok) is statistically monotonic increasing w.r.t. ig-partial order then
0({k € N: wyy1 =4, wi}) = 0.

(i1) (wy) is statistically monotonic decreasing w.r.t. is-partial order then

0({k e N:wy =i, wrt1}) =0.

Proof. (i) Since, (wy) is statistically monotonic increasing w.r.t. is-partial order then
there exists such a set S = {k1 < k2 < k3 < ... < k, < ...} C N such that §(S) =1 and
Wk, Sy Whyops for allm € N

Now, {k € K : wy, =i, wr+1} C{k € N: wy =i, Wit1}-

then ({k € N: wy, =, wr4+1}) = 1. Which implies 6({k € N : w41 =i, wi}) = 0.
Similarly, we can prove the second part. O

Remark 2.6. The converse of the previously mentioned theorem is not true in general.

Example 2.7. Consider a sequence () of bi-complex numbers defined by
{61+€2, for 20 <k <2t —1,i=2nncN;
W = .
e1ea, otherwise.

Then, 6({k € N : wyy1 =4, wr}) = 6({4,16,64,...}) = 0, but there exists no subset
S = {ky1 < k2 < ..} such that §(S) =1 and (wy,, ) is monotonic increasing w.r.t is.

Theorem 2.8. Let (wy) € w*. If
(i) (wy) is statistically monotonic increasing w.r.t. irg-partial order, then

5({]{1 e N: wpy1 =ira wk}) =0.
(it) (wy) is statistically monotonic decreasing w.r.t. ijq-partial order, then
0{k e N:wy =4, wrt+1}) =0.

Theorem 2.9. A statistically convergent sequence of bi-complex numbers which is s.m.i
monotone w.r.t. either ig-partial order or irg-partial order if and only if it is statistically

bounded

Proof. Necessity: We can easily prove the necessary condition.

Sufficiency:

Case-I: Consider the sequence of bi-complex numbers (w},) which is statistical monotonic

increasing w.r.t. ig-partial order, then there exists a subset S = {k1 < ko < k3 <
. < kp < ..} C N such that 6(S) = 1 and @y, =i, @Wk,,,, for all n € N, then

@k, lco < |@k, 1 llc,- Let (wy) be a statistically bounded sequences of bi-complex

numbers. Then by lemmal.4 there exists a subsets A = {a; < ay < ...} C N such that
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0(A) =1 and (w,, ) is bounded. Let B = KN A, then 6(B) = 1. Hence, (wy,,) is bounded

and increasing w.r.t. ig-partial order and hence, (twy, ) is convergent and therefore, (coy,)

it is statistically convergent.

Case-1I: Consider the sequence of bi-complex numbers (wy,) which is statistical monotonic

increasing w.r.t. irg-partial order. then there exists a subset S = {k1 < ko < k3 <
. < k, < ..} of N such that §(S) = 1 and wyp, =i, @k,,,, for all n € N, then

@k, lcs < @k, .:llc,.- We can prove it following simmilar method. O

The decomposition theorem for statistically monotonic sequences of bi-complex numbers
is as follows;

Theorem 2.10. Let (wy) be wy, Ti, (01 Wy Ti;, ). Then we can write
wy, =Nk + Ck, VE €N,

where (ny) is monotonic increasing w.r.t. iy-parial order(irq-partial order) and §({k :
Ck # 02}) = 0. If (ny) is bounded then (wy) is statistically convergent and st — lim wy, =

. k—o0

Fsoo -

Proof. Let (wy) be a statistically convergent, then it is statistically bounded, then
0 (B) =0, where B = {k : ||wk]||c, > M}.

Define the sequences n = (1) and ¢ = ({;) as follows:

| @, if ke B
Mk = eiea,  otherwise.

C o eijea, ’Lf ke BC;
7Y @y, otherwise.

From the above construction, we have

wi =Nk + Cx, Vk € N.

3. STATISTICAL MONOTONICITY AND STATISTICAL
ORDER CONVERGENCE IN BC RIESZ SPACE

In this section we invesitigate statistical monotonicity, statist ical order convergence
and statistical relatuvely uniform convergence in BC Riesz space.
A bi-complex valued vector space [12] E with a partial order <, (or, i74) is called an
ordered vector space if E is partially ordered such that
(i) w =y, (or, i7q)n implies w + w =, (or, i14)n + w, for every w € E,
(ii) w =y,(or, irq)02 implies aw =<;,(or, ir4)02, for every 0 < o € Cp, where 0y =
0 + 0i; + Oig + Oiyis. If E additionally represents a lattice with respect to of partial
ordering, then it is referred to as a BC Riesz space or a vector lattice. We denote BC Riesz
spaces with a partial order ¢2 and ;4 by BR;, space and BR;,, space respectively. Let E be
a BR,, (BR;,,) space, then F is called Archimedean if w,n € F and nw <;, n(nw <;,, 1)
for n € N imply @ =<, 02 (w <;,, 02).
Let E be a BR,;, space. If the sequence of bi-complex numbers (wy) is increasing
(decreasing) w.r.t. io-partial order we write wy i, (wg {4i,). I supy, wr = w(infy wy =
w) exists, then we write wy, i, @(wk i, @). Similarly if E be a BR;,, space then we
write wy, fi,, @(w@k Yi;, @).

Definition 3.1. Let E be a BR;, space. A sequence (wy,) of bi-complex numbers is said
to be statistically monotonic increasing w.r.t. is-partial order(in short s.m.i.ig) if there
exists a subset S = {k1 < ka < k3 < ... < kyp < ...} of N such that 6(5) =1 and (wy,, ) is
monotonic w.r.t. is-partial order.



6 SUBHAJIT BERA, AYHAN ESI, AND BINOD CHANDRA TRIPATHY

Similarly one can define statistical monotonic decreasing w.r.t. is-partial order(in short
s.m.d.iz). We denote, s.m.i.is and s.m.d.is in BR;, space by w, fzt and w,, f; respec-
tively.

Definition 3.2. Let E be a BR;,, space. A sequence (wy) of bi-complex numbers is
said to be statistically monotonic w.r.t. irg4-partial order(in short s.m.i.izq) if there exists
a subset S = {k; < k2 < k3 < ... < ky, < ...} of N such that §(S) = 1 and (wy,,)
is monotonic w.r.t. i4-partial order. Similarly one can define statistical monotonic
decreasing w.r.t. ig-partial order(in short s.m.d.i;4). We denote, s.m.i.i;q and s.m.d.izq

in BR;,, by @, 1{f, and @, {;* respectively.

Definition 3.3. Let E be a BR;, space and (wy) be a sequence in E. If there exists a
subset S = {k1 < ko < ...} of N such that §(S) = 1, and (w,, ) is monotone increasing

w.r.t ig- partial order and sup w,, = w, for some w € E, then we write, w, ﬂf,f w and if
kEN

space then we write, w,, 13!

E be a BR ity -

i1d
Definition 3.4. Let E be a BR;, space and (wy) be a sequence in E. If there exists a

subset K = {k1 < k2 < ...} of N such that §(K) = 1, and (w,, ) is monotone decreasing
w.r.t i9- partial order and inlf\I wy, = w, for some w € E, then we write, w, i}f; w and if

ke
FE be a BR

space then we write, w,, {5¢

ird w.

ird

Theorem 3.5. Let E be a BR,, space. If w, l}f; w then for every subsequence (wy, )

such that 6{k1 < ka < ..} =1 and (wy,) is decreasing then ian wy, = w. Sitmilarly if
ne

wp 15! @ then for every subsequence (wy,) such that 6{k1 < ko < ...} =1 and (wy,) is
increasing then sup wg, = w.
neN
Proof. Consider w,, ﬂf; w, then there exists a subset S = {k; < ky < ...} of N such that
0(S) =1, (wg,,) is decreasing w.r.t. ip-partial order and gng wy, = w. Let P = {p; <
€

p2 < ...} of N such that S # P,§(P) =1 and (wy,, ) is decreasing w.r.t. is-partial order.
We show that Iianwpk = w. We have w =, wy,, for every k € N. As §(SNP) =1,
€

so the subsets S and P are almost equal. Then, we have found an k,, € K and p, € P
such that k, = p, and @y, = @,,.. Hence, w = wy, = @y, =i, @p,_y Dy - Sis Tpy-
Hence, w € E is a lower bound of (wy, ). Let us suppose that n € E is another lower
bound of (@, ). Let n <, @p,, for every k& € N. Then we have found an wy, such
that n =, @k, = @m, for some k € N. Continuing in this way, we may generate a
subsequence @y, , Wk,, ;... of (wy,) such that 7 is a lower bound of (@y,, )pen. Since,
wp 5! @, so w is the infimum of every subsequence of (wy, ). Hence, n <;, w. Since, 7
is arbitrary, it follows that rllrel%c\l wg, = .

In similar way we can established the part. O

Lemma 3.6. Let E be a BR;,, space. If w, ffd w then for every subsequence (wy, )

such that 6{k1 < ka < ..} =1 and (wy,) is decreasing then irelfR’I wy, = w. Similarly if

@y 15, @ then for every subsequence (wy,, ) such that 6{ky < ky < ...} =1 and (wy,,) is

increasing then sup wy, = w.
neN
Theorem 3.7.
(i) If wp 15F @ and v =4, 02, then vy, A5 yw. Similarly, for a s.m.d.iy sequence.
(1) If wp, U5 02 and ny, V53¢ 02, then (w, + nr, ) 45 02.
(11) If there exists a subset S = {k1 < ko < ...} of N such that 6(S) = 1,02 =<;, Mk =i, Wk
for every k € K,ni, 5! 0o and () is s.m.d.iz, then wy V5! 02. If (ni) is s.m.i.ia, then
N = 0o for a.a.k.
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Proof. (i) Let, @, }! w, then there exists a subset K = {k; < ky < ...} of N such that

0(K) =1, and (wp, ) is monotone increasing w.r.t is- partial order and sup w,, = w, for
keN
some w € E. Since, v >=;, 0 so, supyw,, = yw.
keN

(ii) Let @, 457 0 and ny, U5 02, then there exists a subset S = {k; < ky < ...} of N
such that 6(S) =1, ian wy, = 02 and (wy, ) is decreasing w.r.t. iz. Also there exists a
ne

set P = {p1 < p2 < ...} C Nsuch that §(P) =1, ian Nk, = 02 and (1, ) is decreasing
ne

w.r.t. 5. Now, 6(KNM)=1. Let SNP = {p; < p2 < ...}. Hence, the sequence
(wp, + Mp,.) is decreasing w.r.t. iy and for every k € N, (w,, + 1p,) =4, 02. Let w be
a lower bound of this sequence such that @w # 0s. Then, w,, + np, =i, w; + 1 for
pr <le KNM. Thus w =, Iirelg(wl + np, ) = w;. Which implies w <, leiI?me w; = 0.

Thus, 1nf (wp, +11p,) = Oz, which shows that (wy, +nx,) U3} 0z.
€

(iii) Consider two sets L = {l; < lo < ...} and M = {m; < ma < ...} of N such that
0(L) =6(M) =1, irellf\l w;, = 09, Also, () and (w,,,) are decreasing w.r.t ia. Now
n

consider the set W = KN LN M, then 6(W) = 1. Then, 02 =;, @Ww =iy Tw, Tw Ufzt 02, for
all w e W. and (w,,) is decreasing w.r.t. iy. Hence, 7, lLf; 0. Now let (wy) is s.m.i.ig,
then there exists a set S = {s1 < s2 < ...} C N with §(5) = 1 such that w,, is increasing
w.r.t. i3. Then we have (K NSNL) =1 and 0y =i, @w; =i, Wn =iy T, 1 V57 02, for
every j,n € KNSNL with j <n. Thus, w, = 0y, for every n € K NS N L, which shows
wy = 0o, for a.a.k. O

Theorem 3.8. Let wy = uyy + i2v1k, for all k € Nyw = uy + iqv;.
(i) If wy f; w, then uig ﬂflt w1 and vy flt V1.
(ii) If woy, Uf; w, then ui llff w1 and v1g l}ff V1.

Proof. (i) Let us assume that @y 5/ @ and let S = {k1 < kz < ...} of N such that

0(S) =1,supwy, = w and (wy,, ) is increasing w.r.t.is.
neN

Now, sup w, = @

neN
= SUp Uik, + 2 SUp U2k, = Ui + G2V

neN neN
Which implies that sup u1;, = u; and sup vy, = v1. Since, (wy,, ) is increasing w.r.t.iz,

neN neN

then from Definitionl1.2, the sequences (u1y,, ) and (vig, ) are increasing w.r.t.is.

Hence, the theorem is prove. O

Theorem 3.9. Let wy = piger + paxes, for all k € N,z = vieq + vaes.
(i) If @, ffd w, then ui, ff v and pop ff Vy.
(i1) If wn U5t @, then pin I5F v1 and pon 5 vs.

Proof. The proof is straightforward. O

3.1. Statistical order convergence and statistical relative uniform convergence.
Let E be BR,, (or BR;,,) space and m € E. A sequence of bi-complex numbers (wy,) in F
is said to converge m-uniformly to @ € F whenever, for every € > 0, there exists a natural
number ng such that ||oy — @l||c, < e||m||c,, for all K > ng. We write w, — w(m). A
sequence of bi-complex numbers (wy) in F is said to relatively uniformly converges to
w € E if wy — w(m). We write @y, —— . .

Definition 3.10. Let E be BR;, (or BR;,,) space and m € E. A sequence (wy) in F is
said to be statistically m-uniformly convergent to w € E if

1
lim —
n—oo N

{k tk<n, <||wk — e, — €||m||(c2> > OH =0, for each ¢ > 0.
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We write @), -5 w(m). A sequence (wy) in E is said to be statistically relatively

uniformly convergent to @ € E if @y -5 w(m), for some m € E. We write wy, 2 .

Lemma 3.11. Let E be an Archemedian BR;,(or BR;,,) space and m € E. Then the
following statements are equivalent;

(i) @ =5 w(m);

(i3) There is a subset S = {ky < ko, ...} of N with §(S) = 1 such that wy = w(m);

(i4i) There is a sequence (i) in E such that wy, = 0y, a.a.k and n, —= w(m).

Let E be a BR;, (or BR;,,) space. A sequence of bi-complex numbers (wy,) in E is said
to be order convergent to w € E, if there exists a sequence 7y i, 0(nx J4,, 0) in E such
that ||, — @llc, < l7kllc,

Definition 3.12. Let E be BR;, space. A sequence (wy) in E is statistical is-order
convergent to w € E that there exists a sequence (wy,) such that cwy ﬂf; 02 and a subset
S ={k1 < ke < ..} C Nwith 6(5) = 1 such that ||, —@l/c, < ||[wklc,, for every k € K
and we write @), 2% [ia]co

st—ord

Remark 3.13. w, ——— [is]w if and only if there is a sequence (wy) in E with
@y, i, 02 such that ||, — @l|c, < ||okllc, a-a.k.

Remark 3.14. @), S=2% [irqJoo if and only if there is a sequence (wy) in E with

wi Vi, 02 then ||, — w||c, < |l@k|lc, a-ak.

Definition 3.15. Let E be BR;,, space. A sequence (wy) in E is statistically iy4-order

convergent to w € F provided there exists a sequence (wy) such that wy i}ffd 05 and

a subset S = {k1 < k2 < ...} C N with §(S) = 1 such that ||, — w|c, < ||@k||c,, for
. st—ord_ .

every k € S and we write wy, — [i1q4]w.

Theorem 3.16. If wy ol [io] if and only if uyy e, [i1]ur and viy stord,
[z’l]vl.

Proof. Let wy, stord, [i2]wo, then there exists a sequence (wy) such that wy ilf,f 02 and
a subset S = {k1 < ky < ...} with 6(S) = 1 such that

[k — @llc, < llw@kllc,- (3.1)

Let wy = uig + iovik, k € N and wy = zik + igz;k, k € N. Then from Theorem3.8, we
have lek U570, and z;k U570,. Taking v1y = 01,k € N and from (3.1) we have

g, — w1 < ok — wlle, < |21

Hence, uqy st—ord, [i1]uy. Similarly we can proved that vy stzord, [i1]vi. Converse part
can be prove in general way so we skip the converse part. O
Theorem 3.17. If w;, stord, [ira]w if and only if iy stord, [i1]v1 and pog st—ord
[il]UQ.

Proof. The proof is straightforward. O

Theorem 3.18. Let (wy) be a sequence in E and w,m € E. Then @y -5 w(m) if and

only if wy, stoord, [io]w and (wy) is a statistically m-uniformly Cauchy sequence.

Proof. We can prove the necessity part easily so we have to prove only sufficient part.

Let us assume that oy, ——2% [io]ow and (wy) is a statistically m-uniformly Cauchy

sequence. We get a subset S = {k1 < ko < ...} of N with §(S) = 1 such that the sequence
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(wp,, ) convergence in order to w and is m-uniform Cauchy. Let € > 0, then there exits a
natural number ng such that

@k, = @n,llc, < ellmlle,, for all n,p > no.
Fix any p > ng. Letting n — oo, we get

lw = @, e, < ellmllc,-
Then (wy,) is m-uniformly convergent to w. Hence, wy =Ly w(m). O

Theorem 3.19. Let E denote an Archeimedan BR,, space. The following statements
are equivalent:

(1) Statistical order convergence remains stable.

(2) Statistical order convergence is the same as statistically relatively uniform convergence.

st—ord

Proof. (1) implies (2). Let us suppose that ty ——— [i2]02. From (1), there exits a

sequence of bi-complex (ay)(|ag|i,| # 0) with ag i, 00*(c0™ = 00 + 00i1 + 00ig + c0i1is)

t—ord . . .
such that ||ay|c,mr == [i2]02. Then there exits a sequence (o) with @y, J5¢ 0 such

that
llarlle, lokllc, < llokllc, a.ak

Which implies that

Wk
||wk||c2 S H a.a.k
ay

Co

stru

Thus, @y, LN 02 (). Hence, wy, — 0q.

(2) implies (1). Let us consider wy, stord, 02, from (2) we see wy, =%, (5. Then there
exists m € E and sequence ¢, | o such that

lwkllc, < ekllmllc, a.ak

1
\/a”wkncz S V Ek||m||c2 a.a.k
Thus, we get \/%wk st—ord, 0,. -
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