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MULTI-DIMENSIONAL MATRIX CHARACTERIZATION OF (£4,£4)
AND MERCERIAN-TYPE THEOREM VIA MATRIX PRODUCT

SAMI M. HAMID AND RICHARD F. PATTERSON

ABsTRACT. This paper examines four-dimensional matrices in (£1, £1) under stan-
dard matrix product. Using established characterizations of (L1, £1; P), we demon-
strate that (L1, £1) forms a Banach algebra under standard matrix operations. We
prove that (L£1,L1; P) is a closed, convex semigroup with identity under matrix
product. Finally, we present a Mercerian-type theorem for four-dimensional matrices
via matrix product.

1. INTRODUCTION

The study of four-dimensional matrix transformations has developed steadily over
many decades. The initial investigations by Hamilton [6] and Robison [11] examined
the fundamental properties of matrix regularity in four dimensions. Building on this
foundation, Méricz and Rhoades [7] advanced the theory with their work on strongly
regular matrices for double sequences. Zeltser et al. [16] then studied the characteristics of
almost conservative and almost regular four-dimensional matrices. Bagar and Yesilkayagil
[1] later contributed a detailed work covering various matrix types and results on Mercerian
and Steinhaus-type theorems. Recent developments in double sequence theory can be
found in [2], [3], [4], [12], [13], [14] and [15]. Important theoretical advances were made by
Mursaleen and Mohiuddine [8], who developed new techniques to study double sequence
convergence.

The space of infinite matrices mapping £; into itself, denoted as (L1, L1), has been
well studied in the two-dimensional case, with Natarajan [9] establishing key results
on its algebraic structure under both standard and convolution products. This paper
extends this work to the four-dimensional setting under the standard matrix product in
an analogous space, which we also denote as (L1, £1) following the established notation in
the literature. In our recent work [5], we studied the space of four-dimensional matrices
under the convolution operation and established key results about its algebraic structure.
The present paper examines this space under the standard matrix product.

The paper is organized as follows: We begin by presenting preliminary definitions
and known results to provide the necessary background. Building on our previous
characterization of (£1,L1; P), we focus on the algebraic properties of (£1,£;) and
(L1, L1; P) under the standard matrix product. We then present a Mercerian-type
theorem for four-dimensional matrices in (£1, £1) utilizing the standard matrix product.

2. PRELIMINARIES AND DEFINITIONS

Definition 2.1. By 2, we denote the space of all real or complex-valued double sequences
z = (2k,1)k,1>0, which forms a vector space with coordinatewise addition and scalar
multiplication.

Next, we define the space of absolutely summable double sequences, which plays a
central role in our study.
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Definition 2.2. The space of absolutely summable double sequences, denoted by L1, is
defined as

00,00
Li=<Kz= (xk,l)k,lzo c0: Z |$k7l| < 0
k,1=0,0
00,00
The space £; is a Banach space with the norm ||z||z, = Z | 1]
k,1=0,0

In this paper, we focus on four-dimensional infinite matrices and their transformations
of double sequences. We now state the key concepts related to these matrices.

Definition 2.3. Let A = (am,n k1)mnki>0 be a four-dimensional infinite matrix. The
A-transform of a double sequence = = (1), 1>0 is the double sequence Az = {(Ax)m.n},

where
00,00

(A-r)m,n = E Am,n,k, 1Tk, m,n > 0
k,1=0,0

assuming that the double series on the right exists.
We now define the class of matrices that map £; into itself.

Definition 2.4. We write A = (amn k1) € (L1, L) if for every z = (x,;) € L4, the
double sequence Ax = {(Ax), »} belongs to L.

A particularly important subclass of (£, L), denoted as (L1, L1; P), which we define
as follows.

Definition 2.5. The class (£1, L1; P) is defined as the set of all four-dimensional matrices
A= (ammn.ki) € (L1,L1) that satisfy the additional property

00,00 00,00
>, Aman= > wr
m,n=0,0 k,1=0,0

for all x = (zy,) € L;.

3. CHARACTERIZATION OF (L1, L1; P)

We begin this section by stating a fundamental theorem by Patterson in [10], which
characterizes the class of four-dimensional matrices that map £; into itself. The charac-
terization of the class (L1, L1; P), also established in [5, Theorem 3.2], is then presented
as it forms the foundation for our subsequent analysis.

Theorem 3.1. ([10, Theorem 6]). A four-dimensional matrizc A = (amn.kx1) € (L£1,L1)
if and only if there exists a positive constant M s such that for each k and l,

Z |am,n,k,l| < MA~

m,n=0,0

Theorem 3.2. ([5, Theorem 3.2|). Let A = (amnk1) be a four-dimensional matriz.
Then A € (L1, Ly; P) if and only if

00,00
(i) there exists M > 0 such that sup Z |@mnki| < M, and
k,120 m,n=0,0

(ii) for all k,1>0, > ammps=1.

m,n=0,0
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4. ALGEBRAIC PROPERTIES OF (L1,£1) AND (L1, L1; P)

In this section, we define a norm on (L1, £1) and then proceed to show that (£, L)
equipped with this norm and the standard four-dimensional matrix product, forms a
Banach algebra. Finally, we examine the properties of (L1, £1; P) under the standard
four-dimensional matrix product as a subset of (Lq, L1).

Theorem 4.1. Let A = (amnk1) be a four-dimensional matriz in (L1,L1). Define the
function ¢ by
(b : ([,1, ,Cl) — R

00,00
A — ¢(A) = Sup Z |am,n,k,l|-

k’lzom,n:(LO

Then ¢ is a norm on the space of four-dimensional matrices in (L1,L1).
Proof. Since the positive definiteness, absolute homogeneity, and the triangle inequality

properties of a norm are easily obtained from the ¢’s definition containing the supremum
and absolute value properties, we omit the details. O

Definition 4.2 (Norm for Four-Dimensional Matrices in (£1, £1)). For any four-dimen-
sional matrix A in (L1, £1), we define ||A|| = #(A), where ¢ is the function proven to
be a norm in Theorem 4.1. This || - || is adopted as the standard norm for the space of
four-dimensional matrices in (£, £1).

Next, we define the four-dimensional matrix product operation, the four-dimensional
identity matrix, and the concept of matrix inverse in this context.

Definition 4.3 (Product of Four-Dimensional Infinite Matrices [1]). The product AB =
C = (¢i j,mn) of the four-dimensional infinite matrices A = (a; ;1) and B = (b 1,m.n) 18
defined by

0,00
Cijm,n ‘= Z @i jk1bk1,mn foralli,jymmn>0
k,1=0,0
provided the double series on the right-hand side converges for each i, j,m,n > 0.

Definition 4.4 (Four-Dimensional Identity Matrix [1]). The four-dimensional identity
matrix I = (J; ;) is defined as:

1 if (4,5) = (k,1);
i gkl = .
0, otherwise,
for all 7,4, k,1 > 0.

Lemma 4.5. The four-dimensional unit matriz I = (8 n k1) is an element of (L1, L1; P)
and serves as its identity element under the four-dimensional standard matriz product.

Proof. To show that I € (£4,L;), we need to prove that ||| < co. Now

00,00
”IH = Sup Z |6m,n,k,l| < 0.
k,0>0

7"="m,n=0,0
For I to be in (L1, L1; P), we need to show that Z Omonk = 1 for all k,1 > 0.
m,n=0,0
Now oo
Z Om kel = Okl kel + Z Om.n, ki = 1.
m,n=0,0 (m,n)#(k,l)

This holds for all k,l > 0. Therefore, I € (L1,L4, P).
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To prove that I is the identity element of (L1, L;, P), we need to show that for any
A= (ammnii) € (L1,L1,P), both TA = A and AI = A. The (m,n, k,1)-th element of TA
is given by

(IA)m,n,k,l = Z 5m,n,i7jai7j,k,l

1,j=0,0
= 5m,n,m,nam,n,k,l + Z 6m,n,i7jai7j,k,l = Qm,n,k,l-
(4,5)#(m,n)
Similarly, computing (AI)m, ok yields (Al)mn ki = @Gmmn k- Therefore, TA = Al = A
for all A € (£y1,L1, P), proving that I is the identity element of (£y, L1, P) under the
standard four-dimensional matrix product. O

Definition 4.6 (Inverse of a Four-Dimensional Matrix [1]). If the four-dimensional
matrices A = (a;,j,x,1) and B = (b; ;) are commutative and their product is equal to
the identity, i.e., AB = BA = I, then the matrix B is called the inverse of the matrix A
and is written B = A1,

We now prove some important properties of the matrix product operation in (L1, Lq).

Lemma 4.7. If A= (amnk1) and B = (b n k1) are in (L1, L1), then their product AB
is also in (L1,L1). Moreover, the norm in (L1, L1) is submultiplicative, i.e., ||AB] <
IAIIBII-

Proof. Let A = (am,nk,1) and B = (bpyn k1) be in (L1, L1), then by definition,

00,00 00,00
sup Z |@mn kil <oo and sup Z b k1| < 00.
k120,00 LR — )

00,00
Let C = AB = (Cm,n k1), then ¢ p g = Z Gm,n,i,j0ig k0 and
i,j=0,0
00,00 0,00 0,00 0,00 0,00
ST demmmdl = D DD @mmigbiika| < D D lammnil ik
m,n=0,0 m,n=0,0 |¢,7=0,0 m,n=0,0,7=0,0
00,00 00,00
= Z < Z |am,n,i.;j ) 1bi g ke
4,7=0,0 \m,n=0,0
00,00 00,00
< <vslup > |am,n7i,j> D [bigwal | < IANIBI < oe.
4,520 m,n=0,0 1,j=0,0

Since this bound is independent of k and [, we have

00,00
ICl = sup > emmril < [A[B] < oo,
k>0

»="m,n=0,0

and therefore, AB = C € (L1, £1) and that the norm is submultiplicative. 0

The following lemma regarding the completeness of (£, L£;) was established in [5,
Lemma 4.8] and is fundamental for our subsequent results.

Lemma 4.8 (Completeness of (L1, £1)). The space (L1, L1) of four-dimensional matrices

A = (@mn.k,1) with the norm ||A|| = sup Z |@m k1| is complete.
k

’ —Om,n=0,0
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With these properties established, we can now prove our main result in this section
about the algebraic structure of (Ly, £1).

Theorem 4.9. The class (L1,L1) of four-dimensional matrices A = (ammki1) S a

Banach algebra under the norm ||A|| = sup Z |@m k|, with the usual matric

="m,n=0,0
addition, scalar multiplication, and the four-dimensional matriz product.

Proof. We begin by observing that (£1,£1) forms a vector space over the complex field.
The closure under addition and scalar multiplication follows directly from the properties
of absolute convergence of the series defining the norm. The vector space axioms are
readily verified. In Definition 4.2, the norm on (£1, £1) has been defined and shown to
satisfy all norm axioms in Theorem 4.1. Therefore, (£1,£;1) is a normed linear space
under this norm. The completeness of (£, £1) under this norm has been established
in Lemma 4.8, thus confirming that (£1,£;) is indeed a Banach space. To show that
(L1, Ly) is an algebra, we need to demonstrate closure under the standard four-dimensional
matrix product and the continuity of this operation. The closure of (£, £1) under matrix
product and the submultiplicativity of the norm have been established in Lemma 4.7.
This lemma also demonstrates that the product operation is continuous, as required for
a Banach algebra. The associativity of matrix product follows from the associativity of
series multiplication for absolutely convergent series, and the distributivity over addition
is a consequence of the linearity of limits of absolutely convergent series.

Thus, we have shown that (L1, L) is a vector space, equipped with a complete norm
that is submultiplicative with respect to the defined product operation. The algebra
operations are continuous under this norm, as demonstrated by the submultiplicativity
property. Therefore, (L1, £1) satisfies all the requirements of a Banach algebra. O

We now examine the properties of the subclass (£, L1; P).

Theorem 4.10. The class (L1, L1; P), as a subset of (L1,L1), is a closed, convex
semigroup with identity, the product being the usual four-dimensional matriz product.

Proof. The convexity and closedness of (L1, Ly; P) were established in [5, Theorem 4.10].
As shown in Lemma 4.5, the identity element for the four-dimensional matrix product
was shown to be in (L1, Lq; P). To complete the proof of the theorem, it suffices to
check closure under matrix product. Let A = (am,n;;) and B = (b; ;) be matrices
in (£1,£1;P). We need to show that their product AB is also in (£y,L;P). The
(m,n, k,1)-th element of AB is given by

00,00
(AB)mmpt = Y Gmomigbijki-
1,5=0,0
00,00
Now, we need to show that E (AB)mn kg = 1forall k,1 > 0. Now for a fixed k,1 > 0,
m,n=0,0
we have
00,00 00,00 0,00
> (AB)mnii= Y > " @mnigbijih
m,n=0,0 m,n=0,0¢,57=0,0
00,00 00,00
= < N am,n,i,j) bijka = 1.
i,5=0,0 \m,n=0,0

The interchange of summation order is justified by the absolute convergence of the
series involved, which follows from the fact that A, B € (£1,£;). This shows that
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AB € (£1,L41;P). Therefore, (L£1,L1;P) is a closed, convex semigroup with identity
under the standard four-dimensional matrix product. O

5. MERCERIAN-TYPE THEOREM FOR FOUR-DIMENSIONAL MATRICES

We first establish a connection between double sequences in £; and four-dimensional
matrices in (£1,£1). We begin by defining a correspondence and then proving its
properties in the following lemma.

Definition 5.1. Define a correspondence ® between £; and a subset of (£1,£1) as
follows: For any (zm,n) € L1, let ((2m.n)) = Z = (2m,n.k,1) Where

; Zmm, ifk=mandl=n;
m,n,k,l = .
0, otherwise.

Lemma 5.2. The correspondence ® given by Definition 5.1 is a bijection between L4
and a subset of (L1,L1). Moreover, this correspondence is norm-preserving, i.e.,

00,00 00,00
Z |Zm,n| = Sup Z |Zm,n,k,l
m,n=0,0 k, 120 m,n=0,0

for all (zm.n) € L4.

Proof. The well-definedness and injectivity properties of ® are immediate consequences
of its definition and fundamental properties of summation and supremum. As for the
surjectivity of ®, given such a Z, define (2,,n) by Zm,n = Zm,n,mn for all m,n > 0. We
show that (zm,.,) € £1 and that ®((zm,)) = Z. First, (2m,n) € £1 because

00,00 00,00 00,00

Z ‘Zm,n| = Z |Zm,n,m,n| < sup Z |Zm,n7k7l| < 0.
k1>

m,n=0,0 m,n=0,0 =" m,n=0,0

Now, we show that ®((zy,n)) = Z. Let ®((2mn)) =Y = (Ym,n,k,1). By definition of @,

Zmmn, ifk=mandl=n;
Ym,n,k,l = l .
0, otherwise.

But this is exactly how Z is defined, so Y = Z.
For the norm-preserving property of @, let (z,.,) € £1. For any k,1 > 0,

00,00

Yo lrmamil = Iz

m,n=0,0

Taking the supremum over all k£ and [,

00,00 00,00
sup Z [Zm k| = sup |z| < Z |2m,nl (1)
k’lzom,n:0,0 k,1>0 m,n=0,0

00,00

where the last inequality holds because for any k,! > 0, we have |z ;| < Z |2m nls

m,n=0,0
00,00
and since |z,| is one term in the sum E |Zm,n|. Since this is true for all k,1 > 0, it
m,n=0,0

00,00
must also be true for the supremum sup |zj ;| < Z |Zm.n]- On the other hand, we
k,1>0

m,n=0,0



36 S. HAMID AND R. PATTERSON

also granted

00,00 00,00 00,00
Z ‘Zm,n| = Z |Zm,n,m,n| < sup Z |Z7n,n,k:,l 5 (2)
m,n=0,0 m,n=0,0 k,1>0 m,n=0,0

where the equality follows from the definition of 2, , i, and the inequality holds because
the left-hand side is one of the sums considered in the supremum on the right. Combining

00,00 00,00

inequalities (1) and (2) yields the desired result sup Z |Zmn k0| = Z |Zm.n |-
k,120 m,n=0,0 m,n=0,0

Therefore, the correspondence @ is a norm-preserving bijection between £ and the subset

of (£1,L4) defined by the form of Z in the definition of ®. O

With this bijective correspondence established, we can now state and prove our main
theorem.

Theorem 5.3 (Mercerian-type Theorem under Standard Product). Let (ym n) and (€. n)
be double sequences of complexr numbers related by

m n
m—k m—I
Ymmn = Tmn + A § § c d Tk,
k=0 1=0

where X, ¢, and d are complex numbers satisfying |c| < 1, |d| <1, and (ymn) € L1. Then
(@m,n) € L1 provided |A| < (1 —|c]|)(1 —|d]).
Proof. We represent the double sequences (2, ) and (Ym,n) as four-dimensional matrices
Ty, ifm=%kandn=I
X’m,n,k,l = o .
0, otherwise,

and

Ymon, if k=mandl=n;
Ym,n,k,l = .
0, otherwise.
Define the four-dimensional matrix A as
kgl ifk<mand! <n;
kil = .
o 0, otherwise.

The (m,n, k,1)-th element of AX is given by

(AX )bt = Y Amni i Xi

i=0 j=0
By the definitions of A and X, this sum is non-zero only when i <m, j <n, i = k, and
j =1, so we can rewrite it as

m n m n
m—1i gn—7j
(AX)mmkd = DY AmmiXijig =YY " d" ;.

i=0 j=0 i=0 j=0
The (m,n, k,1)-th element of X + AAX is
(X + AMX) okt = Xkt + MAX ) m n ks
which is non-zero only when m = k and n = [. In this case, we have
(X + XX ) mnmn = Xmnmn + MAX)monmon-
Substituting the definitions of X and AX, we get

m n

(X + M) mn = T+ XY D A Ty
i=0 j=0
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Thus, we have Yy, » k1 = (X + AAX) 0k, for all m,n, k, 1. This equality demonstrates
that our original equation

m n
—k —1
Ym,n = Tmn + A § § cmTrEd" Tkl

k=0 1=0
is equivalent to the matrix equation ¥ = X + \AX.
Now

oo oo oo
JAl = sup > [Amngal = sup D> [e|™F|d|"
k>0

k,1>0 m,n=0,0 =" m=k n=l
—k n—l1
= sup ™ d = < ) ( ) .
sup (2 e ) { 21 Y AT

We have previously established in Theorem 4.9 that (£, £) is a Banach algebra under
four-dimensional matrix product. Therefore, if || < ||A[|7! = (1 — |¢|)(1 — |d]), then
I+ A\A has an inverse in (£4,£1). When |A] < (1 —|¢|)(1 —|d|), we can solve for X

X =(I+XA4)7Y.
Since Y € (L£1,£L1) (as (Ym.n) € £1) and (I + AA)~1 € (£1,£1), we conclude that
X € (£1,L£1). By Lemma 5.2, this implies (z,,n) € £1, completing the proof. O
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