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\scrN \alpha 
F -FRACTIONAL SEMI-GROUPS OF OPERATORS

BAHLOUL RACHID, RACHAD HOUSSAME, AND THABET ABDELJAWAD

Abstract. Based on the new definition of the \scrN \alpha 
F -derivative function introduced by

Juan E. Nápoles Valdés et al. (2020) in [1], we give a new definition and some results
of the \scrN \alpha 

F -fractional semi-groups of operators.

1. Introduction

Let X be a Banach space, and L(X) be the space of all bounded linear operators on X.
A family \{ T (t), t \geq 0\} \subset L(X) is called a semigroup of operators if:

(1) T (0) = I
(2) T (s+ t) = T (s)T (t)
(3) T (t)x  -  -  -  - \rightarrow 

t\rightarrow 0+
x.

The name semigroup comes from the fact that the family \{ T (t)\} t\geq 0 forms a semigroup in
the algebraic sense.
Since E. Hille [2], K. Yoshida [[3], [4]], Pazy [5], Nathan [6] and Toukmati [7]established
the characterization of generators of C0-semigroups in the 1940s, semigroups of linear
operators and its neighboring areas have developed into a beautiful abstract theory.
Moreover, the fact that mathematically this abstract theory has many direct and impor-
tant applications in partial differential equations enhances its importance as a necessary
discipline in both functional analysis and differential equations.

The conformable derivative operator was introduced in the literature by Khalil et al
(2014) [8] to allow integrating and differentiating with respect to arbitrary order without
having memory in the structure and hence falling in a similar category to local fractional
calculus and fractal calculus. Since then, many classical problems have been generalized
to the conformable case [[9], [1]].

The rest of this paper is structured as follows : In section 2, we introduce the basic
definitions and properties of \scrN \alpha 

F -derivative, define by Juan E. Napoles Valdés et al [1]. In
section 3, we give some results of N\alpha 

F -derivative and of \scrN \alpha 
F -Fractional Semigroups where

we show that:

(1) \scrN \alpha 
F -Rolle’s Theorem and \scrN \alpha 

F -Mean Value Theorem of \scrN \alpha 
F -fractional derivative.

(2) Let (T (t))t\geq 0 is a \scrN \alpha 
F - semigroup, with generator A, then we have :

(a) \scrN \alpha 
F T (t)x = AT (t)x = T (t)Ax

(b) \scrN \alpha 
F (\scrI \alpha 

FT (t)x) = T (t)F (t, \alpha )x - F (0, \alpha )x.

The conclusion is presented in Section 4.
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2. Basic definitions and tools

In this section, we introduce the definition of N\alpha 
F -derivative and their important

properties.

Definition 2.1. [1] Let \alpha \in (0, 1] and f : [0,+\infty [\rightarrow \BbbR . Then the N\alpha 
F -derivative of order

\alpha is defined by :

\scrN \alpha 
F (f)(t) := \mathrm{l}\mathrm{i}\mathrm{m}

h\rightarrow 0

f(t+ h
F (t,\alpha ) ) - f(t)

h
.

with F (t, \alpha ) \not = 0 , for all t \in [0,+\infty [.

Theorem 2.2. [1] Let \alpha \in (0, 1] and f, g be \scrN \alpha 
F -differentiable at a point t > 0. Then:

(1) \scrN \alpha 
F (af + bg)(t) = a\scrN \alpha 

F (f)(t) + b\scrN \alpha 
F (g)(t).

(2) \scrN \alpha 
F (\lambda ) = 0, \lambda \in \BbbR .

(3) \scrN \alpha 
F (fg)(t) = \scrN \alpha 

F (f)(t)g(t) + f(t)\scrN \alpha 
F (g)(t).

(4) \scrN \alpha 
F ( fg )(t) =

g(t)\scrN \alpha 
F (f)(t) - f(t)\scrN \alpha 

F (g)(t)

g2(t)
.

(5) If, in addition, f is differentiable then \scrN \alpha 
F (f)(t) =

f \prime (t)

F (t, \alpha )
.

Example 2.3. Let f(t) = et and F (t, \alpha ) =
1

ch(\alpha t)
, t \in [0,+\infty [. Then

\scrN \alpha 
F (f)(t) := ch(\alpha t)et =

e(1+\alpha )t + e(1 - \alpha )t

2
.

Definition 2.4. Let 0 < \alpha \leq 1 and f : [0,+\infty [\rightarrow \BbbR .
(1) The function f is called N\alpha 

F -differentiable on [0,+\infty [ if f is continuous, N\alpha 
F f(t)

exist for all t \in ]0,+\infty [ and N\alpha 
F f(0) = \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow 0+ N\alpha 

F f(t) exists.
(2) The function f is called continuously N\alpha 

F -differentiable on [0,+\infty ) if f is N\alpha 
F -

differentiable on [0,+\infty ) and N\alpha 
F f(t) is continuous on [0,+\infty [.

Definition 2.5. Let 0 < \alpha \leq 1, n \in \BbbN and f : [0,+\infty [\rightarrow \BbbR .
(1) The function f is called n times N\alpha 

F -differentiable on [0,+\infty [ if f is continuous,
\forall j \in \{ 0, ...n\} N

(j\alpha )
F f(t) = N\alpha 

F (N
\alpha 
F ...(N

\alpha 
F (f)))(t), j times, exist for all t \in ]0,+\infty [

and N\alpha 
F f(0) = \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow 0+ N\alpha 

F f(t) exists.
(2) The function f is called n times continuously N\alpha 

F -differentiable on [0,+\infty ) if f is
n times N\alpha 

F -differentiable on [0,+\infty ) and \forall j \in \{ 0, ...n\} N\alpha 
F f(t) is continuous on

[0,+\infty [.
(3) The function f is called infinitely continuously N\alpha 

F -differentiable, if f is n times
continuously N\alpha 

F -differentiable for all n \in \BbbN .
Note that for n = 0, f is n time N\alpha 

F -differentiable if there is continuous and N0
F f(t) = f(t).

Definition 2.6. (\scrN \alpha 
F -integral)

Let 0 < \alpha \leq 1 and f be a function defined in [0, t]. The function N\alpha 
F -fractional integral

of order \alpha of f is defined by

\scrI \alpha 
F (f)(t) =

\int t

0

F (s, \alpha )f(s)ds, t \in [0,+\infty [

Lemma 2.7. [1] Let 0 < \alpha \leq 1 and assume that f : [0,+\infty ) \rightarrow \BbbR is continuous. Then,
for all t > 0 we have:

\scrN \alpha 
F (\scrI \alpha 

F (f)(t)) = f(t)

Lemma 2.8. [1] Let 0 < \alpha \leq 1 and assume that f : [0,+\infty ) \rightarrow \BbbR is N\alpha 
F -differentiable.

Then, for all t > 0 we have:

\scrI \alpha 
F (\scrN \alpha 

F f(t)) = f(t) - f(0)
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Consider a continuous function F (t, \alpha ) such that F (t, \alpha ) > 0 for all t > 0 and G\alpha (t)
its primitive function verifies G\alpha (0) = 0 and \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow +\infty G\alpha (t) = +\infty , where 0 < \alpha \leq 1.

Example 2.9. Let 0 < \alpha \leq 1 and F (t, \alpha ) = \alpha sh(t), t \in [0,+\infty [, then
1. F (t, \alpha ) > 0, for all t > 0.
2. G\alpha (t) =

1
\alpha argsh(t), G\alpha (0) = 0 and \mathrm{l}\mathrm{i}\mathrm{m}t\rightarrow +\infty G\alpha (t) = +\infty .

3. Some results of \scrN \alpha 
F -derivative and \scrN \alpha 

F -Fractional Semigroups

Theorem 3.1. (\scrN \alpha 
F -Rolle’s theorem)

Let a > 0 and f : [a, b] \rightarrow \BbbR be a given function that satisfies:
(1) f is continuous on [a, b].
(2) f is N\alpha 

F -differentiable for some \alpha \in (0, 1).
(3) f(a) = f(b).

Then, there exists c \in (a, b) such that \scrN \alpha 
F f(c) = 0.

Proof. Since f is continuous on [a, b] and f(a) = f(b), there exists c \in (a, b) which is a
point of local extrema. Assume that for example c is a point of local minimum. So,

\scrN \alpha 
F f(c) = \mathrm{l}\mathrm{i}\mathrm{m}

\epsilon \rightarrow 0+

f(c+ \epsilon 1
F (c,\alpha ) ) - f(c)

\epsilon 
= \mathrm{l}\mathrm{i}\mathrm{m}

\epsilon \rightarrow 0 - 

f(c+ \epsilon 1
F (c,\alpha ) ) - f(c)

\epsilon 

But, the first limit is non-negative, and the second limit is non-positive. Hence,

\scrN \alpha 
F f(c) = \scrN \alpha ,+

F f(c) = \scrN \alpha , - 
F f(c) = 0.

\square 

Theorem 3.2. (\scrN \alpha 
F -Mean Value Theorem)

Let a > 0 and f : [a, b] \rightarrow \BbbR be a given function that satisfies:
(1) f is continuous on [a, b].
(2) f is \scrN \alpha 

F -differentiable for some \alpha \in (0, 1).
Then, there exists c \in (a, b) such that:

\scrN \alpha 
F f(c) =

f(b) - f(a)

G\alpha (b) - G\alpha (a)

Proof. Consider the function:

g(x) = f(x) - f(a) - f(b) - f(a)

G\alpha (b) - G\alpha (a)
(G\alpha (x) - G\alpha (a))

we have

g(a) = 0, g(b) = f(b) - f(a) - f(b) - f(a)

G\alpha (b) - G\alpha (a)
(G\alpha (b) - G\alpha (a)) = 0

The function g satisfies the conditions of \scrN \alpha 
F -Rolle’s Theorem. Hence, there exists

c \in (a, b) such that:
\scrN \alpha 

F g(c) = 0

Using the fact that \scrN \alpha 
F (G\alpha (x)) = 1, we have:

\scrN \alpha 
F f(c) - f(b) - f(a)

G\alpha (b) - G\alpha (a)
= 0

Therefore:

\scrN \alpha 
F f(c) =

f(b) - f(a)

G\alpha (b) - G\alpha (a)

\square 
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Definition 3.3. Let 0 < \alpha \leq 1 and a Banach space X. A family \{ T (t), t \geq 0\} \subset L(X)
is called a fractional \scrN \alpha 

F -semigroup of operators if:
(1) T (0) = I, where I is the identity operator.
(2) T (G - 1

\alpha (t+ s)) = T (G - 1
\alpha (t))T (G - 1

\alpha (s)), for all t, s \in [0,\infty ).

Clearly, if G - 1
\alpha = I, the \scrN \alpha 

F -semigroups are just the usual semigroups.

Example 3.4. Let A be a bounded linear operator. Define:

G\alpha (t) = \alpha sh(t)

and
T (t) = e\alpha Ash(t)

we have : G - 1
\alpha (t) = 1

\alpha argsh(t) and
T ( 1

\alpha argsh(t+ s)) = eA(t+s) = eAteAs = T ( 1
\alpha argsh(t))T (

1
\alpha argsh(s)).

Definition 3.5. An \scrN \alpha 
F -semigroup \{ T (t)\} t\geq 0 is called C0\scrN \alpha 

F - semigroup if, for each
fixed x \in X, T (t)x  - \rightarrow x as t  - \rightarrow 0+.

The \scrN \alpha 
F -derivative of T (t) at t = 0 is called the \scrN \alpha 

F - infinitesimal generator of the
fractional \scrN \alpha 

F -semigroup T (t), with domain equals\biggl\{ 
x \in X : \mathrm{l}\mathrm{i}\mathrm{m}

t\rightarrow 0+
\scrN \alpha 

F T (t)x exists
\biggr\} 
.

We will write A for such generator.

Proposition 3.6.
1. Let (T\alpha 

F (t))t\geq 0 be a C0 \scrN \alpha 
F -semigroup. For any t \geq 0, we set

S(t) = T\alpha 
F

\bigl( 
G - 1

\alpha (t)
\bigr) 
,

then (S(t))t\geq 0 C0-semigroup.
2. Let (S(t))t\geq 0 be a C0-semigroup. For any t \geq 0, we set

T\alpha 
F (t) = S (G\alpha (t)) ,

then (T\alpha 
F (t))t\geq 0 is a C0 \scrN \alpha 

F -semigroup.
3. Let (T\alpha 

F (t))t\geq 0 be a C0 \scrN \alpha 
F -semigroup. Then there exist constants \omega \geq 0 and M \geq 1

such that for all t \geq 0,
\| T\alpha 

F (t)\| \leq Me\omega G\alpha (t).

Proof. 1. Show that S(t) = T\alpha 
F

\bigl( 
G - 1

\alpha (t)
\bigr) 

is a C0-semigroup.
We have

S(0) = T\alpha 
F

\bigl( 
G - 1

\alpha (0)
\bigr) 
= T\alpha 

F (0) = I.

For all t, s \geq 0,
S(t+ s) = T\alpha 

F

\bigl( 
G - 1

\alpha (t+ s)
\bigr) 
.

Using the \scrN \alpha 
F -semigroup property,

T\alpha 
F

\bigl( 
G - 1

\alpha (t+ s)
\bigr) 
= T\alpha 

F

\bigl( 
G - 1

\alpha (t)
\bigr) 
T\alpha 
F

\bigl( 
G - 1

\alpha (s)
\bigr) 
= S(t)S(s).

Since T\alpha 
F (t) is strongly continuous and G - 1

\alpha (t) is continuous, S(t) is strongly continuous.
Therefore, S(t) is a C0-semigroup.
2. Show that T\alpha 

F (t) = S (G\alpha (t)) is a C0 \scrN \alpha 
F -semigroup.

We have
T\alpha 
F (0) = S (G\alpha (0)) = S(0) = I.

For all t, s \geq 0,

T\alpha 
F

\bigl( 
G - 1

\alpha (t+ s)
\bigr) 
= S

\bigl( 
G\alpha 

\bigl( 
G - 1

\alpha (t+ s)
\bigr) \bigr) 

= S(t+ s).
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Also,
T\alpha 
F

\bigl( 
G - 1

\alpha (t)
\bigr) 
T\alpha 
F

\bigl( 
G - 1

\alpha (s)
\bigr) 
= S(t)S(s) = S(t+ s).

Hence,
T\alpha 
F

\bigl( 
G - 1

\alpha (t+ s)
\bigr) 
= T\alpha 

F

\bigl( 
G - 1

\alpha (t)
\bigr) 
T\alpha 
F

\bigl( 
G - 1

\alpha (s)
\bigr) 
.

Since S(t) is strongly continuous and G\alpha (t) is continuous, T\alpha 
F (t) is strongly continuous.

Therefore, T\alpha 
F (t) is a C0 \scrN \alpha 

F -semigroup.
3. Since S(t) is a C0-semigroup, there exist \omega \geq 0 and M \geq 1 such that

\| S(t)\| \leq Me\omega t, \forall t \geq 0.

Therefore,
\| T\alpha 

F (t)\| = \| S (G\alpha (t))\| \leq Me\omega G\alpha (t).

\square 

Corollary 3.7. Let (T\alpha 
F (t))t\geq 0 be a C0\scrN \alpha 

F -semigroup. Then for any x \in X, the map
t \mapsto \rightarrow T\alpha 

F (t)x is continuous; that is, (T\alpha 
F (t))t\geq 0 is strongly continuous.

Theorem 3.8. Let \{ T (t)\} t\geq 0 \subseteq L(X) be a C0\scrN \alpha 
F - semigroup with infinitesimal generator

A and 0 < \alpha \leq 1. If T (t) is continuously \scrN \alpha 
F -differentiable and x \in D(A), then

\scrN \alpha 
F T (t)x = AT (t)x = T (t)Ax

Proof. Let us begin with

\scrN \alpha 
F T (t)x = \mathrm{l}\mathrm{i}\mathrm{m}

\varepsilon \rightarrow 0

T
\Bigl( 
t+ \varepsilon 

F (t,\alpha )

\Bigr) 
x - T (t)x

\varepsilon 

= \mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

T
\Bigl( 
G - 1

\alpha (G\alpha (t) +G\alpha (
\varepsilon 

F (t,\alpha ) + t) - G\alpha (t))
\Bigr) 
x - T (t)x

\varepsilon 

= \mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

T
\Bigl( 
G - 1

\alpha 

\Bigl( 
G\alpha (t) + (G\alpha (

\varepsilon 
F (t,\alpha ) + t) - G\alpha (t))

\Bigr) \Bigr) 
x - T (t)x

\varepsilon 

Since T (t) is an \scrN \alpha 
F - semigroup of operators, then T (G - 1

\alpha (t+ s)) = T (G - 1
\alpha (t))T (G - 1

\alpha (s)),
for all t, s \in [0,\infty ). Hence

\scrN \alpha 
F T (t)x = \mathrm{l}\mathrm{i}\mathrm{m}

\varepsilon \rightarrow 0

T (G - 1
\alpha (G\alpha (t))T (G

 - 1
\alpha (G\alpha (

\varepsilon 
F (t,\alpha ) + t) - G\alpha (t)))x - T (t)x

\varepsilon 

= \mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

T (t)
\Bigl[ 
T
\Bigl( 
G - 1

\alpha ((G\alpha (
\varepsilon 

F (t,\alpha ) + t) - G\alpha (t))
\Bigr) 
x - T (0)x

\Bigr] 
\varepsilon 

Now, using the Mean Value Theorem for \scrN \alpha 
F -fractional derivative, we get

T (t)[T(G - 1
\alpha ((G\alpha ( \varepsilon 

F (t,\alpha )
+t) - G\alpha (t)))x - T (0)x]

\varepsilon = T (t)\scrN \alpha 
F T (c)x

[(G - 1
\alpha ((G\alpha ( \varepsilon 

F (t,\alpha )
+t)) - G\alpha (t))]

\varepsilon 
for some c

0 < c < G - 1
\alpha (G\alpha (

\varepsilon 

F (t, \alpha )
+ t) - G\alpha (t))

If \varepsilon \rightarrow 0, then c \rightarrow 0, and \mathrm{l}\mathrm{i}\mathrm{m}\varepsilon \rightarrow 0 \scrN \alpha 
F T (c) = N\alpha 

FT (0) = A.
Consequently,

\scrN \alpha 
F T (t)x = T (t)Ax \mathrm{l}\mathrm{i}\mathrm{m}

\varepsilon \rightarrow 0

\Bigl[ \Bigl( 
(G\alpha (

\varepsilon 
F (t,\alpha ) + t)

\Bigr) 
 - G\alpha (t))

\Bigr] 
\varepsilon 

.

Then

\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

\Bigl[ \Bigl( 
(G\alpha (

\varepsilon 
F (t,\alpha ) + t)

\Bigr) 
 - G\alpha (t))

\Bigr] 
\varepsilon 

= 1. Hence \scrN \alpha 
F T (t)x = T (t)Ax.
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Similarly, one can show that T (t)x \in D(A) and \scrN \alpha 
F T (t)x = AT (t)x. This end the

proof. \square 

Consider the Banach space X = C([0,+\infty )) of bounded uniformly continuous functions
from [0,+\infty ) to \BbbR , equipped with the norm

\| f\| \infty = \mathrm{s}\mathrm{u}\mathrm{p}
x\in [0,+\infty )

| f(x)| ,

Let (T (t))t\geq 0 be the family of operators defined on X by

(T (t)f)(s) = f (s+G\alpha (t)) . \forall f \in X,\forall s \in [0,+\infty ).

Claim: T is an \scrN \alpha 
F -semigroup. Indeed:\bigl( 
T (G - 1

\alpha (t+ r))f
\bigr) 
(s) = f(s+G\alpha (G

 - 1
\alpha (t+ r))

= f (s+ t+ r)

=
\bigl( 
T
\bigl( 
G - 1

\alpha (t)
\bigr) 
(T
\bigl( 
G - 1

\alpha (r)f)
\bigr) \bigr) 

(s)

It is almost immediate that T (0) = I and T (t)f \in X whenever f \in X and that

\| T (t)f\| \infty \leq \| f\| \infty , t \geq 0,

so that T (t) \in L(X). Since the operator T (t) is a translation operator corresponding to
moving the graph of f(G - 1

\alpha )(t) units to the left and chopping off the part to the left of
the origin, it is known from the literature that T (t)f is continuous right at 0. Therefore,
T (t) is an \scrN \alpha 

F -semigroup.

Theorem 3.9. The infinitesimal generator of the above semigroup is
Af(s) = f \prime (s)

D(A) = \{ f \in X : f \prime exists in X\} .

Proof. Let 0 < \alpha \leq 1 ant t > 0.

\scrN \alpha 
F T (t)f(s) =

1

F (t, \alpha )
T \prime (t)f(s)

=
1

F (t, \alpha )
\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

T (t+ \varepsilon )f(s) - T (t)f(s)

\varepsilon 

=
1

F (t, \alpha )
\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

f (s+ (G\alpha (t+ \varepsilon )) - f (s+ (G\alpha (t))

\varepsilon 

=
1

F (t, \alpha )
\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

f (s+ (G\alpha (t+ \varepsilon )) - f (s+ (G\alpha (t))

\varepsilon 
\cdot f(s+ t+ \varepsilon ) - f(s+ t)

f(s+ t+ \varepsilon ) - f(s+ t)

=
1

F (t, \alpha )
\mathrm{l}\mathrm{i}\mathrm{m}
\alpha \rightarrow 0

f (s+ (G\alpha (t+ \varepsilon )) - f (s+ (G\alpha (t))

f(s+ t+ \varepsilon ) - f(s+ t)

f(s+ t+ \varepsilon ) - f(s+ t)

\varepsilon 
.

Now
\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

f(s+ t+ \varepsilon ) - f(s+ t)

\varepsilon 
= f \prime (s+ t)

\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

f (s+ (G\alpha (t+ \varepsilon )) - f (s+ (G\alpha (t))

f(s+ t+ \varepsilon ) - f(s+ t)
=

0

0

By applying L’Hôpital’s rule, the limit becomes:

\mathrm{l}\mathrm{i}\mathrm{m}
\varepsilon \rightarrow 0

f \prime (s+G\alpha (t+ \varepsilon ))F (t+ \varepsilon ;\alpha )

f \prime (s+ t+ \varepsilon )
.

Taking the limit as \varepsilon \rightarrow 0, we obtain:
f \prime (s+G\alpha (t))F (t;\alpha )

f \prime (s+ t)
.
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Thus the product gives
\scrN \alpha 

F T (t)f(s) = f \prime (s+ (G\alpha (t)) .

Now take the limit as t \rightarrow 0 to get

\scrN \alpha 
F T (0)f(s) = f \prime (s)

Hence Af = f \prime . This completes the proof. \square 

Lemma 3.10. Let (T (t))t\geq 0 be a C0\scrN \alpha 
F - semigroup, with generator A. Then

\mathrm{l}\mathrm{i}\mathrm{m}
h\mapsto \rightarrow 0

1

h

\int t+h

t

T (u)F (u, \alpha )du = T (t)F (t, \alpha ) \forall t \geq 0

Proof. For t > 0, by continuity of f and t \mapsto \rightarrow T (t) on [0,+\infty [, we see that the function
g(t) = T (t)F (t, \alpha ) is continuous on [0,+\infty [ . Define F (x) =

\int t+x

t
g(u)du. Then

F \prime (0) = \mathrm{l}\mathrm{i}\mathrm{m}
h\mapsto \rightarrow 0

F (h) - F (0)

h
= \mathrm{l}\mathrm{i}\mathrm{m}

h\mapsto \rightarrow 0

1

h

\int t+h

t

T (u)F (u, \alpha )du.

On the other hand, we have F \prime (x) = g(t+ x), so that F \prime (0) = g(t) = T (t)F (t, \alpha ). Finally,

\mathrm{l}\mathrm{i}\mathrm{m}
h\mapsto \rightarrow 0

1

h

\int t+h

t

T (u)F (u, \alpha )du = T (t)F (t, \alpha ) \forall t \geq 0.

\square 

Theorem 3.11. Let (T (t))t\geq 0 be a C0\scrN \alpha 
F - semigroup, with generator A. Then:

A

\biggl( \int t

0

T (s)F (s, \alpha )x\mathrm{d}s

\biggr) 
= T (t)F (t, \alpha )x - F (0, \alpha )x.

Proof. For all x \in X and h > 0. We have

N\alpha 
F

\biggl( \int t

0

T (s)F (s, \alpha )x \mathrm{d}s

\biggr) 
= \mathrm{l}\mathrm{i}\mathrm{m}

h\rightarrow 0+

1

h

\biggl( \int t

0

T

\biggl( 
s+

h

F (t, \alpha )

\biggr) 
F

\biggl( 
s+

h

F (t, \alpha )
, \alpha 

\biggr) 
x\mathrm{d}s - 

\int t

0

T (s)F (s, \alpha )x\mathrm{d}s

\biggr) 
= \mathrm{l}\mathrm{i}\mathrm{m}

h\rightarrow 0+

1

h

\biggl( \int t

0

T

\biggl( 
s+

h

F (t, \alpha )

\biggr) 
F

\biggl( 
s+

h

F (t, \alpha )
, \alpha 

\biggr) 
x\mathrm{d}s - 

\int t

0

T (s)F (s, \alpha )x\mathrm{d}s

\biggr) 
= \mathrm{l}\mathrm{i}\mathrm{m}

h\rightarrow 0+

1

h

\Biggl( \int t+ h
F (t,\alpha )

h
F (t,\alpha )

T (s)F

\biggl( 
s - h

F (t, \alpha )
, \alpha 

\biggr) 
x\mathrm{d}s - 

\int t

0

T (s)F (s, \alpha )x\mathrm{d}s

\Biggr) 

= \mathrm{l}\mathrm{i}\mathrm{m}
h\rightarrow 0+

\left(   
\int t+ h

F (t,\alpha )

t T (s)F
\Bigl( 
s - h

F (t,\alpha ) , \alpha 
\Bigr) 
x\mathrm{d}s

h
 - 
\int h

F (t,\alpha )

0 T (s)F (s, \alpha )x \mathrm{d}s

h

\right)   
 - \rightarrow 
h\rightarrow 0+

T (t)F (t, \alpha )x - F (0, \alpha )x.

Thus, we obtain :

A

\biggl( \int t

0

T (s)F (s, \alpha )x \mathrm{d}s

\biggr) 
= T (t)F (t, \alpha )x - F (0, \alpha )x.

\square 
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4. Conculusion and future work

In this paper, we replace the classical derivative with the \scrN \alpha 
F -derivative and obtain new

results related to this definition applied to \scrN \alpha 
F -Semigroups. and obtain good results that

can be used in the future to solve \scrN \alpha 
F -differential equations, some models as \scrN \alpha 

F -Fractional
Epidemic Model, population dynamics.
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