Methods of Functional Analysis and Topology METHODS
Vol. 31 (2025), no. 1, pp. 39-46 M FA I OF FUNCTIONAL ANALYSIS

doi.org/10.31392/MFAT-npu26 1.2025.04 AND TOPOLOGY

NE-FRACTIONAL SEMI-GROUPS OF OPERATORS

BAHLOUL RACHID, RACHAD HOUSSAME, AND THABET ABDELJAWAD

ABsTrACT. Based on the new definition of the N -derivative function introduced by
Juan E. Népoles Valdés et al. (2020) in [1], we give a new definition and some results
of the N'#-fractional semi-groups of operators.

1. INTRODUCTION

Let X be a Banach space, and L(X) be the space of all bounded linear operators on X.
A family {T'(t),t > 0} C L(X) is called a semigroup of operators if:

(1) T(0) =TI
(2) T(s+1t)=T(s)T(t)

The name semigroup comes from the fact that the family {T(¢)};>o forms a semigroup in
the algebraic sense.

Since E. Hille [2], K. Yoshida [[3], [4]], Pazy [5], Nathan [6] and Toukmati [7]established
the characterization of generators of Cy-semigroups in the 1940s, semigroups of linear
operators and its neighboring areas have developed into a beautiful abstract theory.
Moreover, the fact that mathematically this abstract theory has many direct and impor-
tant applications in partial differential equations enhances its importance as a necessary
discipline in both functional analysis and differential equations.

The conformable derivative operator was introduced in the literature by Khalil et al
(2014) [8] to allow integrating and differentiating with respect to arbitrary order without
having memory in the structure and hence falling in a similar category to local fractional
calculus and fractal calculus. Since then, many classical problems have been generalized
to the conformable case [[9], [1]].

The rest of this paper is structured as follows : In section 2, we introduce the basic
definitions and properties of N g-derivative, define by Juan E. Napoles Valdés et al [1]. In
section 3, we give some results of N&-derivative and of N'&-Fractional Semigroups where
we show that:

(1) Ng-Rolle’s Theorem and N gE-Mean Value Theorem of N@-fractional derivative.

(2) Let (T'(t));( is a N —semigroup, with generator A, then we have :

(a) NeT(t)x = AT(t)x = T(t) Az

(b) N2(ZoT(t)z) =T(t)F(t,a)x — F(0,a)z.

The conclusion is presented in Section 4.
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2. BASIC DEFINITIONS AND TOOLS

In this section, we introduce the definition of Ng-derivative and their important
properties.
Definition 2.1. [1] Let o € (0,1] and f : [0, +oo[— R. Then the NZ-derivative of order
« is defined by :
Pt + 7is) = £(0)
W :

NE() = lim
with F(t,a) # 0, for all t € [0, +o0[.
Theorem 2.2. [1] Let « € (0,1] and f,g be Ng-differentiable at a point t > 0. Then:

(1) N"(aerbg)( ) = aNE(£)(1) +bNE(9)(1).
(AN =0,x2eR.

(f9) () = NE(f)(B)g(t) + fF(INE(9)(1).
(i)(t):g(t)/\/?(f)(t)*f() 2(9)(®)
g 9°(t) '
(5) If, in addition, f is differentiable then Ng(f)(t) =

"1:1Q

[e3
[e3

(2) N
(3) Np
(4)

f't)
F(t, o)

Example 2.3. Let f(t) = e and F(t,a) = € [0, +oo[. Then

1y

ch(at)’
(14a)t (1—a)t

NE(F)(t) = ch(at)e! = ——— €

2
Definition 2.4. Let 0 < o« <1 and f : [0, +o0[— R.
(1) The function f is called N@-differentiable on [0, +oco[ if f is continuous, Ng f(¢)
exist for all ¢ €]0, +oo[ and N2 f(0) = lim; .o+ N2 f(t) exists.
(2) The function f is called continuously Ng-differentiable on [0,4o00) if f is Ng-
differentiable on [0, +00) and N f(t) is continuous on [0, +o0].

Definition 2.5. Let 0 < a <1,n € N and f : [0, +o0[— R.

(1) The function f is called n times Ng-differentiable on [0, +oo if f is continuous,
Vj € {0,..n} NYY f(t) = N&(NL..(N&(f)))(t),j times, exist for all ¢ €]0, +o0]
and Ngf(0) = lim;_,o+ Ngf(t) exists.

(2) The function f is called n times continuously Ng-differentiable on [0, +00) if f is
n times N2-differentiable on [0, +o00) and Vj € {0,...n} Ngf(¢) is continuous on
[0, 4+-o00].

(3) The function f is called infinitely continuously Ng-differentiable, if f is n times
continuously Ng-differentiable for all n € N.

Note that for n = 0, f is n time N&-differentiable if there is continuous and N2 f(¢) = f(t).
Definition 2.6. (Ng-integral)

Let 0 < o« <1 and f be a function defined in [0, ¢]. The function Ng-fractional integral
of order « of f is defined by

t) :/0 F(s,a)f(s)ds, te€]0,+o00]

Lemma 2.7. [1] Let 0 < a < 1 and assume that f : [0,4+00) — R is continuous. Then,
for allt > 0 we have:

NE(ZE(H®) = f)
Lemma 2.8. [1] Let 0 < a < 1 and assume that f : [0,4+00) — R is Ng-differentiable.
Then, for allt > 0 we have:

IpNFF(1) = f(t) = £(0)
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Consider a continuous function F(t,a) such that F(¢,«) > 0 for all t > 0 and G4(t)
its primitive function verifies G, (0) = 0 and lim;_, { oo G4 (t) = +00, where 0 < a < 1.

Example 2.9. Let 0 < o <1 and F(t, ) = ash(t),t € [0, +oo], then
1. F(t,a) > 0, for all ¢t > 0.
2. Ga(t) = Largsh(t), G4(0) = 0 and limy—, oo Go(t) = +00.

3. SOME RESULTS OF N&-DERIVATIVE AND N-FRACTIONAL SEMIGROUPS

Theorem 3.1. (N3-Rolle’s theorem)

Let a >0 and f : [a,b] = R be a given function that satisfies:
(1) f is continuous on [a,b].
(2) f is Ng-differentiable for some o € (0,1).
(3) fla) = f(b).

Then, there exists ¢ € (a,b) such that N& f(c) = 0.

Proof. Since f is continuous on [a,b] and f(a) = f(b), there exists ¢ € (a,b) which is a
point of local extrema. Assume that for example ¢ is a point of local minimum. So,
fc—l—e%—fc fc—i—e%—fc
N7 f(c) = lim ( F(’)) ():lim ( F(’)) ©

e—0t € e—0— €

But, the first limit is non-negative, and the second limit is non-positive. Hence,

NEJ(e) = Na+ f(e) = N~ f(e) = 0.

Theorem 3.2. (N%-Mean Value Theorem)
Let a >0 and f : [a,b] = R be a given function that satisfies:

(1) f is continuous on [a,b].
(2) f is N3-differentiable for some a € (0,1).
Then, there exists ¢ € (a,b) such that:

Nif(e) =

Proof. Consider the function:

we have

fb) — f(a)
= b) = f(b) — — 55— (Ga(b) — Ga =
oa) =0, g(b) = F(B) ~ F(a) = 5= 75 (Galb) = Gala)) =0
The function g satisfies the conditions of N¥-Rolle’s Theorem. Hence, there exists
¢ € (a,b) such that:

F9(c) =0
Using the fact that N (G (x)) = 1, we have:
Ff(c) - Ga(b) — Ga((l) =0
Therefore:
f(b) — f(a)
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Definition 3.3. Let 0 < o < 1 and a Banach space X. A family {T'(¢),t > 0} C L(X)

is called a fractional N g-semigroup of operators if:
(1) T(0) = I, where I is the identity operator.
(2) T(GL (t+ ) =T(GLH(1)T (G, (s)), for all t, s € [0, 00).

[e3

Clearly, if G, = I, the N'&-semigroups are just the usual semigroups.
Example 3.4. Let A be a bounded linear operator. Define:
Gu(t) = ash(t)
and
T(t) — eaAsh(t)
we have : G;'(t) = Largsh(t) and
T(Largsh(t+s)) = eAt+s) = eAleds = T(Largsh(t))T(Largsh(s)).
Definition 3.5. An Ng-semigroup {7T'(t)}:>0 is called CoNg—semigroup if, for each
fixedve X, T(t)r —x ast—07.

The N@-derivative of T'(t) at t = 0 is called the N¥— infinitesimal generator of the
fractional N&-semigroup 7T'(t), with domain equals

{x € X : lim NT(t)z exists } .
t—0+t

We will write A for such generator.

Proposition 3.6.
1. Let (TE(t)),sq be a Co Ng-semigroup. For anyt >0, we set

S(t) =Ti (GI1(1),

t>0

then (S(t))i>0 Co-semigroup.
2. Let (S(t))e>0 be a Cy-semigroup. For anyt > 0, we set

Te(t) = S (Ga(t)),
then (T (t)),» s a Co N -semigroup.

3. Let (Tl‘%‘(t)jwo be a Co N&-semigroup. Then there exist constants w > 0 and M > 1
such that for allt > 0,

TR (1) < MevCe),
Proof. 1. Show that S(t) = Tg (G;'(t)) is a Co-semigroup.
We have
S(0) = T (GH(0)) = TR(0) = 1.
For all t,s > 0,
St+s)=Tg (G ' (t+5)).
Using the N g-semigroup property,
Tp (G (t+5) = Ti (GL1(1) Ti (Go ' (s) = S(1)S(s).

Since T&(t) is strongly continuous and G (t) is continuous, S(t) is strongly continuous.
Therefore, S(t) is a Cp-semigroup.
2. Show that T%(t) = S (G4(t)) is a Cy NZ-semigroup.
We have
Ti(0) = 5(Ga(0)) = 5(0) = I.
For all t,s > 0,

T (Gt +35)) =8 (G (Gt +5))) = S(t+ s).
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Also,
Tg (GLH(1) T (G5 (s)) = S(1)S(s) = S(t+ s).
Hence,
Tp (Go'(t+9)) =T (Go ' (D) TF (Go' () -
Since S(t) is strongly continuous and G (t) is continuous, T (t) is strongly continuous.
Therefore, T3 (t) is a Cy N g-semigroup.
3. Since S(t) is a Cy-semigroup, there exist w > 0 and M > 1 such that

|S@®)|| < Me**, Vvt > 0.
Therefore,
ITE@)] = IS (Ga(t))|| < MeCe).
O

Corollary 3.7. Let (Tg(t)),~, be a CoNp-semigroup. Then for any x € X, the map
t = Tg(t)x is continuous; that is, (T§(t)),~ is strongly continuous.

Theorem 3.8. Let {T'(t)}+>0 C L(X) be a CoN g —semigroup with infinitesimal generator
Aand 0 < a < 1. IfT(t) is continuously Np-differentiable and x € D(A), then

NpT(t)x = AT (t)x = T(t) Az
Proof. Let us begin with

T (t+ wi) o - T
NET(t)x = lim

e—0 e
T (G;l(Ga(t) +Galgiay +1) — Ga(t))> z—T(t)z
-5 e
T (G;l (Ga(t) + (Galgiay +1) — Ga(t)))) ¢~ T(t)z
e—0 13

Since T'(t) is an N &—semigroup of operators, then T(G;'(t +5)) = T(G; (1)) T(G;'(s)),
for all t, s € [0, 00). Hence

T(G M Ga()T(GIHGa(m5= +1) — Ga(t))z — T(t)x

NET(t)z = Ehg(l) a a F&(:t,a)
T [T (63 (Galgigy +1) = Gat)) 2 = T(0)]
= 11m
e—0 3

Now, using the Mean Value Theorem for N#-fractional derivative, we get
T()[T(G (Galgriay +1)—Ga() )z —T(0)z] - (G2 (Ga(grEay+1)—Ga(t)]

E =T(tNET(c) 5

for some ¢ c
—1 _
0<c<Gy (G“(F(t,a) +1) = Galt))
If e — 0, then ¢ — 0, and lim._,o N¥T(c) = NaT'(0) = A.
Consequently,
T — ot i LUGa(FEm +1)) = Gal®)]

T () =T(t) a lim . .

Then

=1. Hence NpT(t)xz=T(t)Ax.
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Similarly, one can show that T'(t)z € D(A) and N2T(t)x = AT(t)z. This end the
proof. O

Consider the Banach space X = C([0, +c0)) of bounded uniformly continuous functions
from [0, +00) to R, equipped with the norm

[fllo = sup |f(z)],

z€[0,+00)
Let (T'(t))i>0 be the family of operators defined on X by

(T )(s)=f(s+Galt)). VfeX,Vse|0,+0).
Claim: T is an Np-semigroup. Indeed:
(T(GIH(E+1)f) (5) = f(s + GalGR (t+1))
=f(s+t+r)
= (T(GZ ) (T (G5 (1)) ()
It is almost immediate that T'(0) = I and T'(t)f € X whenever f € X and that
IT(#) flloo < N flloes =0,

so that T'(t) € L(X). Since the operator T'(t) is a translation operator corresponding to
moving the graph of f(G;')(¢) units to the left and chopping off the part to the left of
the origin, it is known from the literature that 7'(¢) f is continuous right at 0. Therefore,
T(t) is an N Z-semigroup.

Theorem 3.9. The infinitesimal generator of the above semigroup is
Af(s) = f'(s)
D(A)={fe X : [ existsin X}.

Proof. Let 0 < a <1 ant ¢t > 0.

NET(OF() = 5 701
1 T - TW)
F(t,a) e—=0 €
L1 (s (Galt+2) (st (Calt)
F(t,a) e—=0 €
1 f( (Galt o)~ s+ (Galt)) Jlsttte) ~ fs+)
- F(t,a) e=0 € fls+t+e)— f(s+1)
L e (Galt )~ F s+ (Galt) st ) — Js 4D
F(t,a) a—0 fls+t+e)— f(s+1) € '
Now
lig f(s+t+€g T+ s v
L st (Calt +2) ~ (s (Calt) _ 0
e—0 fls+t+e)— f(s+1) -0

By applying L’Hopital’s rule, the limit becomes:
lim £ 8+ Galt +¢)) F(t +&50)
=0 fls+t+e)
Taking the limit as ¢ — 0, we obtain:
[ (s +Ga(t) F(t; )
fl(s+1) '
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Thus the product gives
NET(@)f(s) = f' (s + (Galt)) .
Now take the limit as t — 0 to get

NET(0)f(s) = f'(s)
Hence Af = f’. This completes the proof. O

Lemma 3.10. Let (T'(t)) >0 bea CoNg—semigroup, with generator A. Then
t+h
= >
Ag% h/ ,a)du=T{)F(t,a) Vt>0

Proof. For t > 0, by continuity of f and ¢ +— T(t) on [0, +00[, we see that the function

g(t) = T(t)F(t, ) is continuous on [0, +oo[. Define F(x) = tt+xg(u)du. Then

. F(R)—F(@O) 1 [t

4 — -7 7 — —

F'(0) = }ler)% W fltg% T (u)F(u, a)du.

On the other hand, we have F’(x) = g(t + z), so that F'(0) = g(t) = T'(t)F (¢, ). Finally,

= > 0.
lim / a)du = T(H)F(ta) V>0

Theorem 3.11. Let (T'(t)),~, be a CoNg—semigroup, with generator A. Then:

A ( /0 () F(s,0) ds) — TW)F(t,a)z — F(0,0)z,

Proof. For all x € X and h > 0. We have

N (/OtT(s)F(s,a):rds)
(/ (o wiay) (o pae) oo / T F(s, e ds)
= Tim, % (/0 T (s 4 F(f@) F (s + F(fa)a) ds —/0 T(s)F(s,a)xds)
( / PP (s gt o) was— [ TP a>xds)

t+ peles h Sy}
[, TTCO T(s)F (8 — ey a) xds Jo Y T(s)F(s,a)x ds
h—0t h h

— Tt)F(t,a)x — F(0,a)x.

h—0t

Thus, we obtain :

A </0t T(s)F(s,a)x ds) =T(@{t)F(t,a)r — F(0,a)x.
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4. CONCULUSION AND FUTURE WORK

In this paper, we replace the classical derivative with the N/g-derivative and obtain new
results related to this definition applied to N&-Semigroups. and obtain good results that
can be used in the future to solve N -differential equations, some models as N j-Fractional
Epidemic Model, population dynamics.
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