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BOAS-TYPE THEOREMS FOR THE LINEAR CANONICAL
STURM-LIOUVILLE TRANSFORM

FETHI SOLTANI AND MAHER ALOUI

ApsTrAaCT. We introduce generalized Lipschitz classes Lip™ () and lip™ (5) of func-
tions associated with the canonical Sturm-Liouville operator

d2 Al(z) a d a? a A(z) a

M= — 4 —2i-z ) ——(=2?+i-z +i—

dz? A(z) b7 ) dzx b2 b A(z) b))
where A is a nonnegative function satisfying certain conditions; and we prove two
versions of Boas-type theorems for the canonical Sturm-Liouville transform M. An
application to the canonical Sturm-Liouville multipliers is given. Boas-type results
for the canonical Fourier-Bessel transform and the canonical Fourier-Jacobi transform
are special cases of this work.

1. INTRODUCTION

In connection with Titchmarsh’s results ([28], Theorems 84 and 85), Boas found
necessary and sufficient conditions on the Fourier coefficients of a function to belong to a
generalized Lipschitz class, which is one of the classical topics in harmonic analysis and
approximation theory. In 1967, Boas proved the first characterisation of this type, see [3].
In [19], Méricz has studied the continuity and smoothness properties of a function f with
absolutely convergent Fourier series. Next, in [20], the author extended these results as
in the following. If f € L'(R) N C(R), and for some 0 < n < k, k € N, we have

/ |>\|k|f(>\)|d>\ =O(s*") forall 5> 0,
[Al<s

then fAG L'(R) and f satisfies the smooth Lipschitz condition of order k. Here fstands
for the Fourier transform of f.

There are many analogues of Boas-type theorems are also proved by Loualid et al.
[15] for the Fourier-Bessel transform, by Volosivets [30] for the generalized Fourier-Bessel
transform, by Rakhimi et al. [23] for the Fourier-Laguerre transform, and by Mannai et
al. [17] for the (K, n)-Fourier transform.

Here, we denote by M = (Z Z) an arbitary matrix in SL(2,R) such that b > 0. We

define the canonical Sturm-Liouville operator L™ on R% by
d? A(x) a d a? a A(x) .a
LM — < _9;2 a fa s .a .G
dx2+(A(9c) ) a  \ @ T AW )
where A is a nonnegative function satisfying certain conditions.

Note that if M = ( 0 1), the operator LM is reduced to the Sturm-Liouville

-1 0
operator L:
a2 Alx) d

T A(x) dz’
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The classical Sturm-Liouville operator L plays an important role in analysis [31, 2]. In
particular, the two references [4, 29] investigate standard constructions of harmonic
analysis, such as translation operators, convolution product, and Fourier transform, in
connection with the operator L.

Using the Sturm-Liouville harmonic analysis [4, 29], for all A € C, the system

LMu=—(3 + p?)u
w(0) = e u/(0) =0
admits a unique solution, denoted by goﬁ/[ and given by
P () = e3ENFTE D0, (1), 2Ry,

where @y (z) is the Sturm-Liouville kernel [2].
In this paper, we introduce the canonical Sturm-Liouville transform .Z

PN = [ A @f@A@ds ARy,
0

The canonical Sturm-Liouville transform .M can be regarded as a generalization of the

Sturm-Liouville transform .# (see [6, 7, 16, 25, 26, 27]):

Z(H(N) = / T oa@)f(@)A@)dr, AcR,.

The main objective of this work is to prove two versions of Boas-type theorems
for the canonical Sturm-Liouville transform .#™. These versions are taken for f €
LY (R, A(x)dx) N C(R,) and for #M(f) meets certain conditions of integrability. These
results are proven by means of the canonical Sturm-Liouville translation defined later in
the Section 3. We conclude this work by providing an application for Theorem 4.3, which
involves the study of a family of canonical Sturm-Liouville multipliers. Boas-type results
for the canonical Fourier-Bessel transform and the canonical Fourier-Jacobi transform are
special cases of our Theorem 4.3.

Note that if A(z) = 22**1, a > —1/2, the operator L is reduced to the canonical
Bessel operator LM:

d? 200+ 1 a d 2
= Lo (2t 00 S (2 g+
a dx2+< z sz”) d <b2x 2o+ )b>

In this case p}!(z) = goﬁ/[a(x) = es(§X°+§2%) 5, (%%), where j, is the spherical Bessel

function. The canonical transform Z™ is the canonical Fourier-Bessel transform F. M.

FX () = /000 N (@) f(x)2? T dz, A eR,.

Recently, the canonical Fourier-Bessel transform .#M is the goal of many applications in
the harmonic analysis (see [9, 24, 13, 14, 18]).

This paper is organized as follows. In Section 2, we recall some results about the Sturm-
Liouville transform .# and the Sturm-Liouville translation Ty. In Section 3, we introduce
the canonical Sturm-Liouville operator LY, and we investigate the properties of the
canonical Sturm-Liouville transform .#* and the canonical Sturm-Liouville translation
TM associated with this operator. In Section 4, we prove two versions of Boas-type
results for the canonical Sturm-Liouville transform .#™, and we give an application
to canonical Sturm-Liouville multiplier operators. In Section 5, we discuss the special
cases of Boas-type results for the canonical Fourier-Bessel transform and the canonical
Fourier-Jacobi transform. In the last section, we summarize the obtained results and we
describe the future work.
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2. THE STURM-LIOUVILLE OPERATOR
We consider the second-order differential operator L defined on R* by
o A d
Coda? T A(z) da’

where
A(x) = 2?1 B(x), o> —1/2,
for B a positive, even, infinitely differentiable function on R such that B(0) = 1. Moreover
we assume that A satisfies the following conditions:
i) A is increasing and lim A(z) = oo,
Tr—r 00

A’ A’
ii) i is decreasing and xh_)n;o A(f)) =2p>0,
ili) there exists a constant § > 0, such that
A'(z) s .
A(z) pte (z), ifp>0,
Az) 2a+1 .
A(z) . te (z), ifp )

where D is an infinitely differentiable function on R , bounded and with bounded
derivatives on all intervals [z, 00), for zg > 0.

This operator was studied in [4, 29], and the following results have been established:
For all A € C, the equation

Lu=—(\%+p?)u
u(0) =1, ¥/ (0)=0
admits a unique solution, denoted by @, with the following properties:

e for x € R, the function A — ¢, () is analytic on C,
e for A € C, the function x — ¢y (x) is even and infinitely differentiable on R.
For nonzero A € C, the equation
Lu = —(\* + p*)u,
has a solution @) satisfying
eMac
Py(z) = —=V(z, N,
(#) = =V
with
zh—>Holo V(z,A) =1.
Consequently there exists a function (spectral function) A — ¢(X), such that
oA(@) = CNBA@) + (~NB_A(@), =€ Ry,
for nonzero A € C.
Moreover there exist positive constants ki, ks, k, such that

kAP < Je(W)] 72 < Raf AP,
for all A such that ImA < 0 and |A| > k.

Lemma 2.1. (See [26]). The Sturm-Liouville function x(x); A,z € Ry, possesses the
following properties.

i) lea(x)] <1, .
i) 1—py(z) < 5(A2 + p?)a.
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We denote by
e ;i the measure defined on R4 by

du(z) := A(z)dz,
and by LP(u), 1 < p < 0o, the space of measurable functions f on R, such that
o 1/p
e = | [ 1@ Pan)]|  <oe, 1p< o,
0
[ fll Loe (uy = ess sup [f(x)| < oo,
rER4

e v the measure defined on Ry by

dA
dv(\) = ———
Y Sl
and by LP(v), 1 < p < oo, the space of measurable functions f on R, , such that

I fllze @) < oo
The Sturm-Liouville transform is the Fourier transform associated with the operator L
and is defined for f € L'(u) by

FOW = [ or@f@dua), A€ R (2.1)

Theorem 2.2. (See [4, 29, 31, 2|).
i) Plancherel theorem. The Sturm-Liouville transform % extends uniquely to an
isometric isomorphism of L?(u) onto L*(v). In particular, we have

1f1lL2(w) = 17 (Pl L20)-
ii) Inversion theorem. Let f € L'(u), such that Z(f) € L*(v). Then

f@= [ a@FOWB), ae ey,
0
The Sturm-Liouville function ¢ satisfies the product formula [4, 29|

or@pr) = [ prDule ) for oy € Ry (22)
0
where w(x,y,.) is a measurable positive function on R, with support in [|x — y|,z + y],
satisfying
[ wtpadue) =1
0
w(z,y,2) =w(y,z,z) for ze€ Ry, (2.3)
w(z,y,z) = w(x,z,y) for z>0. (2.4)

We now define the generalized translation operator induced by (2.2). For f € L'(u),
the linear operator

1,50) = [ Fouten i), e Ry, (25

will be called Sturm-Liouville translation.
As a first remark, we note that the relation (2.3) means that

Tyf(x) =T:f(y), =yeR,.

Theorem 2.3. (See [26, 27]).
i) For ally e Ry and f € LP(u), 1 < p < oo, we have

NTy flloewy < NfllLe(u-
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ii) For f € L'(u) and y € Ry, we have
F (T, 1)A) = ex@)F ()N, AeRy.
3. THE CANONICAL STURM-LIOUVILLE OPERATOR

Throughout this paper, we denote by M = (Ccl Z) an arbitary matrix in SL(2,R)

such that b > 0. We define the canonical Sturm-Liouville operator L™ on R* by
d? Al(z) a d a? a A(x) .a
M= — —2i-x) —— | Z2®+i- -
dx2+<A(:c) me> da (b?”j T o) +Zb>’
where A is the nonnegative function given above in Section 2.

. 0 1
Note that if M = (1 0

), the operator LM is reduced to the Sturm-Liouville

operator L:
2 Alx) d

St A(x) dz

For all A € C, the equation
LMy = —(;7\72 + p*)u
{ w(0) = e5A | W/(0) =0
admits a unique solution, denoted by goi‘/[ and given by
ol (2) = 34D (@), weRy.

For f € L'(u), we define the canonical Sturm-Liouville transform .# (f) by

FHO0 = [ @I @), e R
0

This transform can be written as

i ia )\

FMHO) = BV F (57 )(5),
where . is the Sturm-Liouville transform given by (2.1).
We denote by vy, b > 0 the measure defined on R by

dar
dn() = — 2
%(A) 2mblc(2)]2

and by LP(v), 1 < p < oo, the space of measurable functions f on R, such that
”fHLP(ub) < 00.
Theorem 3.1.

i) Let f € L*(u), such that FM(f) € L' (). Then

f(x) = / TN @I N (), ae. Ry,

feL(n, (3.6)

where N is the matrixz given by N = <—Ca _bd)
ii) For f € L*(n) we have

[ ZM (D2 = 122 0)-
Proof.

i) follows from Theorem 2.2 ii) and relation (3.6).
ii) follows from Theorem 2.2 i) and relation (3.6). O
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For f € L'(u), we define the canonical Sturm-Liouville translation operators by

10 f(o) = 8000 [T 8wy )dute), € R
It is easy to prove the following results.

Theorem 3.2. The operators T?j”, y € Ry, satisfy:
i) TN f(2) = TN f(y), 2,y € R
i) T () = BT, (f2)e 55 (a),
where Ty, is the Sturm-Liouville translation given by (2.5).
iil) T, (z) = e 80} (2) 0} ().
Theorem 3.3.
i) For ally e Ry and f € LP(u), 1 < p < oo, we have

HT;MJC”LP(H) < fllze (-
ii) For f € L'(u) and y € Ry, we have
i 2
TN ) = BN oY )M (), ARy,

where N = ( d)
Proof.

i) follows from Theorem 2.3 i) and Theorem 3.2 ii).
ii) Let f € L*(pu). Then

FHEI N = [T @R @)
0
= e 52 (@ +y?) ~ et w(z.y. 2 oM (x T).
/o { : /0f<> (2,9, >du<>]m>du<>

By using Fubini’s theorem, (2. 3) and (2.4) we obtain

FEF N0 =87 [T e8| [ ot e B0t 0aut) | aute)
And by Theorem 3.2 iii) we deduce that

FMITN ) = BN N ()M (N, AeRy.
The theorem is proved.

o
c*‘@

Let N = (Ca _b d>' The finite difference Aflv is defined as follows
_ia,?
AN f(@) = T f(@) — e~ B9 f(2), ye Ry (37)
Theorem 3.4.
i) For f € L*(u), we have

FMANHO) = e Y (pa (y) - DFM(HN), ARy,
ii) For f € L'(u), such that FM(f) € L' (), we have

A f(a) = /Oooe‘ww ()~ DZY (VY @ dn(N),  ae. x e Ry

>

Proof.
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i) follows from Theorem 3.3 ii) and (3.7).
ii) follows from i) and Theorem 3.1 i).

4. INVESTIGATION ON BOAS-TYPE THEOREMS

In this section we prove two versions of Boas-type theorems for the canonical Sturm-
Liouville transform .# ™ | and we give an application to canonical Sturm-Liouville multiplier
operators.

Let g be a non-negative, measurable function defined on R .

Lemma 4.1. If0<n <2, (2‘—; + p2> g(\) € L*(vp) N Loc(Ry) and
S AQ B
/0 <b2 +p > g\ dvy(\) = O(s*™)  for all s >0, (4.8)
then gX[s,00) € LY(v) and
/ g(AN)dvy(A\) =O(s™")  for all s > 0. (4.9)
Proof. By (4.8), there exists a constant C' > 0 such that for all ¢ € Z, we have

/ <2 o )gmdubm < /

It is clear that

27‘,+1

2
( A ) g\ () < C2C- D,

221. git1 git1l 2
= / g(N)dup(A) < / (b2 +p >g()\)dl/b()\) < 022G+,
2i 0
whence it follows that _
git!
g(\)duy(\) < Cb?227 127, (4.10)

21
Then by (4.10) we get
27+1

/oo A)dwy (A ZL A)dwy(N)

< Cb*2% ZT” =027,
=i
When 0 < s < 00, let i € Z such that 2° < s < 2t+1. Tt follows that

| s < [ gvany
S < Cé‘”f = 212 (L
< 02571,
This proves (4.9) in the general case. O

Lemma 4.2. If0 <n <2, (2‘72 + p2) g(\) € LY(v) N Loc(Ry) and

s /12
/ (22 +p ) g\ dvy(\) = o(s*™)  as s — o0, (4.11)
0
then gX(s,c0) € LY(v) for large s, and

/00 g N dvp(X) =o(s™") as s — oo. (4.12)
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Proof. By (4.11), for every & > 0 there exists ig € Z such that for all ¢ > iy, we have

oit+1 )\2 gi+1 )\2 -
/. (bz +p )g(A)dVb(A) S/ <b2 +p )g(,\)dyb()\) < 2@-m)i+1).
0

i

Let i > ig. It is clear that
2i+1

22i
.

whence it follows that

git1 2
g(N)dyy(A) < / <b2 +p ) g(N)dwp(N) < e2@—m0HD),
0

2i+1

/ g(N)dwp(N) < eb?22127, (4.13)

Then by (4.13) we get

2J+1

/OO dUb Z / dVb
4 27

< gh?2%7 Z DAl
j=t
< Ce27 ™,

When 0 < s < 0o, let i € Z such that 2¢ < s < 2¢*1. It follows that

[ sanm < [~ gane
S < Ce27™ = Cegn~(Hn
< Ce2"s7.
Since € > 0 is arbitrary, then
/Oog()\)dub()\) =o(s™").
This proves (4.12) in the general case. O

At present we define, the Lipschitz class Lip™ (n) and the little Lipschitz class lipM (n).
A function f: R, — R is said belong to Lip™ () for > 0 if

[A) f(@)] =0(") as y—0,
and is said belong to lip™ (n) for n > 0 if
N
AN f(@)] = ofy") as y— 0.
Theorem 4.3. Let f: Ry — R and 0 < n < 2. Suppose that f € L*(p) NC(Ry).

i) If
/os (2 + pQ) [FI (O d(N) = 0> forall >0, (4.14)
i) tI?en FM(f) € LY () and f € Lip™ ().
/OS (2 +02) [ZM(HN]d(X) = o) as s = o, (4.15)

then FM(f) € L' () and f € lip™ (n).
Proof.
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i) From Lemma 4.1, statement (4.14) implies that

[ IF Dm0 < .

Since #M(f) € C(R,), then FM(f) € L' ().
Now, let us prove that f € Lip™ (n). Let 2 € Ry and y > 0. By Theorem 3.4 ii)

we have
A s =| | T B (1 ()T (NN @AV < b+ B (116)
where .
n= [7 0= o IZ DN
and

B= [ 0=y DIFOWdn)
By Lemma 2.1 ii) we giet

1

v (A2
<o [T (5 ) 1Z (D). (4.17)
0
and by (4.14) we deduce that
I =?0(y"*) = O(y"). (4.18)
On the other hand, by Lemma 2.1 i), we have
B2 [ 1FMNHWIdn). (4.19)

Y

By Lemma 4.1 and (4.14), we get
I, =0(y"). (4.20)
Combining (4.18) and (4.20) yields f € Lip™ (n).
ii) From Lemma 4.2, statement (4.15) implies that

/°° LZM(£)N)|dp(\) < 0o as s — oo.

Then .ZM(f) € L' ().
Now, let us prove that f € lip™ (n). Again, we start with the estimate (4.16). By
(4.17) and (4.15) we conclude that

I = y?o(y"2) = o(y") as y — 0. (4.21)
On the other hand, by Lemma 4.2, (4.15) and (4.19), we obtain
Io=0(y") as y—0 (4.22)

Combining (4.21) and (4.22) yields f € lip™ ().
O

In the next part of this section we give application to canonical Sturm-Liouville
multiplier operators. Let X, be a multiplier operator defined by the relation

FM (X f) ) = mN)FM ()N,

where m be a measurable function on R satisfying, there exist €, ¢ > 0 such that, for all
A >0,
[m(A\)| < eX®. (4.23)
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Theorem 4.4. Let m be a multiplier satisfies (4.23), then
i) X, is bounded from Lip™ (n) into Lip™ (n —¢), fore < n < 2.
ii) X, is bounded from lip™ (n) into lip™ (n —¢), fore <n < 2.

Proof.
i) Let f € Lip™(n). Then by Theorem 4.3 i) we have

A (2 42 ) 1PN = [ (2 " p) mOFM () (M)

<e [ (5 +2) POl

s )\2
<t [* (G0 ) IO
0
= 0(s> 9 for all s> 0.
Again using Theorem 4.3 i), we get
X f € Lip™(n —e).

The i) is proved.
ii) As in the same of i) we prove ii).

Example 4.5. Let o > 0, we but
A g
me(A) := (b> , AER,L.

The operator X,,_ is studied by Bloom and Xu [2] in the Sturm-Liouville case. Then by
application of Theorem 4.4, we deduce that

i) X, : Lip"(n) — Lip™ (n — o) is bounded, for o < n < 2.
i) X, : lip™ () — lip™ (1 — o) is bounded, for o < 7 < 2.

5. SPECIAL CASES

Boas-type results for the canonical Fourier-Bessel transform and the canonical Fourier-
Jacobi transform are special cases of Theorem 4.3.

5.1. The canonical Fourier-Bessel transform. In this case A(z) = 22T a > —1/2
and p = 0. The operator L is reduced to the canonical Bessel operator L :

d? 200+ 1 a d a? a
M.= — — Qi) — — | —=2®+ 2 1)- .
a +< “ be) da <b2x (et )b>

In this case \
a i(dy24 a2y, i
Soﬁ/l(m)ZQOA’M(x):W(b/\ te )Ja(?),
where j, is the spherical Bessel function. We denote by pu, the measure defined by
dpg (7) := 22T da.

The canonical Fourier-Bessel transform .# is defined for f € L' (u,) by

FHOW = [ AN @S @ (), ARy
0

The canonical Fourier-Bessel transform .# can be regarded as a generalization of the
Fourier-Bessel transform [10, 11]. Recently, this transform is the goal of many applications
in the harmonic analysis (see [9, 24, 13, 14, 18]).



66 FETHI SOLTANI AND MAHER ALOUI

The canonical Fourier-Bessel translation operators are defined for f € L' () by

ia

T f(0) = 8000 [T fe)e 8 00,0 2)ia(e), oy € R
being we, (,y, .) the kernel [1, 21] given by
(& +9)* = 22]* 73]z — (x —y)’]* 7

wa(x,y,z) = Qq 2201 (9720 X(\I*yLWF@/)(’z)’
where a, = \/%?7&% and X(jz—y|,z+y) 1S the characteristic function of the interval
(lz =yl z +y).

The finite difference AZ"N is defined as follows
ApN f(a) = TN fla) — e B f(2), y € Ry
A function f: R, — R is said belong to Lip* (n) for n > 0 if
[AFY f(2)] = O0(@y") as y—0,
and is said belong to lipX (n) for n > 0 if
[AFY f(a)] = o(y") as y— 0.
Theorem 5.1. Let f: Ry — R and 0 < n < 2. Suppose that f € L' (us) N C(Ry).
i) If
/ N2LZM(F) ) dia(N) = O(2)  for all s >0,
then FM(f) € L' (o) and f € LipM (n).
i) If
| DO da) = o) as 5 5o,
then ZM(f) € L' (po) and f € lipX (n).
5.2. The canonical Fourier-Jacobi transform. In this case
A(z) = sinh®* T () cosh? T (x),

a>fB>-1/2and p=a+ B+ 1. The operator L™ is reduced to the canonical Jacobi
operator Li‘f,@:

o & PR @
Lyg:= dx2+<h0"6($) 2sz) i (be —l—szh s(x )—i—zb),

where
ha,g(z) = (2a.+ 1) coth(z) + (28 + 1) tanh(x).
In this case

a, 7]\4 i 2 aIQ R
A (@) = M () = 2 ENFED SO ),

where <p( > )( ) is the Jacobi function given by
() = 2Fi (50— iX), 5 (p +iX), @ + 1, — sinb (),
being 2 Fi(a, b, ¢, z) the hypergeometric function.
We denote by (a8, Va3 and vq gy the measures defined respectively by
dA
2|ca,s(A)[?

Apie p(x) = sin®* 1 (z) cosh® T (2)dz, dvas(\) =



BOAS-TYPE THEOREMS FOR THE LCSLT 67

and

dA
vy s p(\) 1= ———
76717( ) 27Tb‘ca’ﬁ(%)|2

where
LEA((1 4 iX))
T(3(p+ AT (3(p+iA) = B)
The canonical Fourier-Jacobi transform .7, fﬁ is defined for f € L'(uqa,5) by

Ca,p(A) =

FM(HO) = / PPN () F (e)dpta p(x), A€ Ry

The canonical Fourier-Jacobi transform 7, é‘ffﬁ can be regarded as a generalization of the
Fourier-Jacobi transform |5, 8|.
The canonical Fourier-Jacobi translation operators are defined for f € L(uq,5) by

Téo"ﬂ)’Mf(x) = e%(x2+y2)/ f(z)e_%zzwa,g(x,y,z)duayg(z), z,y € Ry,
0
being wq g(z,y,.) the kernel [12, 22| given by

_ [cosh(z) cosh(y) cosh(z)]~(@+A+1  p2vasl
Wap(@y,2) = da [sinh(x) sinh(y) sinh(z)]2* (1=-5%

X

11
2F1(Oé + B,OZ - Baa + §a 5(1 - B))X(|zfy|,z+y)(z)>

where
cosh?(x) + cosh?(y) + cosh?(z) — 1

B= 2 cosh(z) cosh(y) cosh(z)

The finite difference A?(Ja’ﬁ )N is defined as follows
APDN fla) = TN f(a) = e BV f(2), y € Ry
A function f: R, — R is said belong to Lipé\fﬁ (n) for n > 0 if
[AFN ()] = O(y") as y =0,
and is said belong to lipi\fﬂ(n) for n > 0 if
[AFDNf(2)] = o(y") as y = 0.
Theorem 5.2. Let f : Ry — R and 0 < n < 2. Suppose that f € L*(ja,5) N C(R4).
i) If
TN, M 2—
/0 (b2 +p ) | F a5 (YN)]dva,pp(X) = O(s*~")  for all s >0,

then ﬂo"éwﬁ(f) € L'(vapp) and f € Lipyﬁ(n).
i) It

s /32
/0 (22 + p2) |gijﬁ(f)()\)|d%,ﬁ,b()\) =0o(s*) as s — 00,

then ﬁ(yﬁ(f) € Ll(l/a’g’b) and f € lz‘pﬂfﬁ(n),
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6. CONCLUSION AND PERSPECTIVE

In this work we succeeded in generalizing the results of Loualid et al. in [15] for the
canonical Sturm-Liouville transform in the classes Lip™ () and lip™ (). The harmonic
analysis associated with the canonical Sturm-Liouville operator LM plays an important
role in establishing the results of this paper. Boas-type results for the canonical Fourier-
Bessel transform and the canonical Fourier-Jacobi transform are special cases of this work.
However, we left the same problem as an open topic for other linear transformations.
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