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ABsTRACT. In the classical Gaussian analysis the Clark-Ocone formula can be written
in the form
F =EF +/E(atF\ft)th,

where a function (a random variable) F' is square integrable with respect to the
Gaussian measure and differentiable by Hida; E denotes the expectation; E( o |_7:t)7
the conditional expectation with respect to the o-algebra F; that is generated by a
Wiener process W up to the point of time ¢; 8. F is the Hida derivative of F’; [ o(t)dW;
denotes the Itd stochastic integral over a Wiener process. This formula has many
applications, in particular, in the stochastic analysis and in the financial mathematics.

In this paper we generalize the Clark-Ocone formula to the spaces (H—_+)—q of
nonregular generalized functions in the Lévy white noise analysis. More exactly, we
prove that any element of (%_-)_q can be represented as a sum of its expectation
and a result of stochastic integration over a Lévy process of some generalized function,
and construct Clark-Ocone type formulas on (H_;)_4 and on its subsets.

INTRODUCTION

Denote by D the Schwartz space of all real-valued infinite-differentiable functions on
Ry := [0, +00) with compact supports. As is well known, D can be endowed by the
projective limit topology generated by a family of Sobolev spaces (e.g., [4], see also
Subsection 1.6). Let D’ be the set of linear continuous functionals on D. Note that D
and D’ are the positive and negative spaces of a chain

D' > L*(R,) DD, (0.1)

where L?(R, ) is the space of (classes of) real-valued functions on R, square integrable
over the Lebesgue measure (e.g., [4]).

Denote by (-, -) the dual pairing between elements of D' and D, generated by the scalar
product in L?(R,); by a lower index C the complexifications of linear topological spaces
(for example, elements of D¢ are a + bi, a,b € D); and by C(D’) the cylindrical o-algebra
on D'. Let 7 be a standard Gaussian measure on (D’,C(D’)) (C(D’) is considered to be
completed with respect to ), i.e., a probability measure (v(D’) = 1) with the Laplace
transform

Ly(A) = // e Ny (dz) = eMN/2 N e De.

As is well known (e.g., [6, 37, 32]), any square integrable with respect to v and differentiable
by Hida complex-valued function (a random variable) F' on D’ can be represented in the
form
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where E denotes the (mathematical) expectation; E( o| }-t) is the conditional expectation
with respect to a complete o-algebra F; generated by a Wiener process W up to the time
t (i.e., F; is the completion with respect to 7 of the o-algebra o(W, : u < t)); 0.F is
the Hida derivative of F; [ o(t)dW; denotes the Ito stochastic integral over the Wiener
process. Formula (0.2) is called the Clark-Ocone formula. As we can see, this formula, in
particular, gives a possibility to restore a version of the integrand (this integrand is not
unique, generally speaking), if the result of stochastic integration is known.

As is known (e.g., [9, 43]), formula (0.2) holds true (up to clear modifications), if one
considers a Poissonian measure instead of 7. We note also that one can easily avoid the
restrictive assumption that a random variable F' has to be differentiable by Hida: it is
sufficient to generalize the Clark-Ocone formula to some spaces of generalized functions
(in this case F' can remain square integrable), see, e.g., [7, 8].

The Clark-Ocone formula and its generalizations have numerous applications, in
particular, in stochastic analysis and in financial mathematics, see, e.g., [30, 1, 8, 39, 10,
38, 35, 2, 9, 43] and references therein. Currently, to match the needs of applications,
a variety of Clark-Ocone type formulas have been built on different spaces, with use of
different stochastic derivatives and with stochastic integrals over various random processes
and measures, see, in particular, [31, 32, 1, 7, 3, 33, 8, 35, 43, 9, 18, 19, 20]. For example,
in [32, 33] a Clark-Ocone type formula related to the Lévy process, containing stochastic
integrals over a Wiener process and over a compensated Poissonian random measure, is
obtained; in [8] uses an approach based on a so-called Nualart-Schoutens decomposition
of square integrable random variables [36, 41], now the corresponding formula contains
integrals over special random processes. It is worth noting that authors of [8] also
generalize their results to certain spaces of generalized random variables.

In the author’s papers [18, 19, 20] Clark-Ocone type formulas are constructed on the
spaces of regular test, square integrable, and regular generalized functions of the Meixner
white noise analysis [17]. This analysis is related to the generalized Meixner measure m
[40] and to the corresponding Meixner random process, whose derivative (in the sense
of generalized functions [13]) is the Meixner white noise (the measure of this noise as of
a generalized random process [14] is m). Note that the subclass of Meixner processes
consisting of stationary random processes is a rather broad subclass of Lévy processes.
Nevertheless, the constructions of [18, 19, 20] differ significantly from those of [32, 33]
and [8]: we tried to keep as much as possible of the classical form of Clark-Ocone type
formulas and therefore we used the Hida stochastic derivative and stochastic integration
over the Meixner process only. In the author’s paper [27] the results of [18, 19, 20] are
transferred to the spaces of a so-called regular parametrized rigging of the space of square
integrable random variables in the Lévy white noise analysis (see (1.21) below). The
present paper is in a sense a continuation of [27], now our goal is to construct and study
Clark-Ocone type formulas on the spaces of nonregular generalized functions in the Lévy
white noise analysis (it is worth noting that properties of these spaces essentially differ
from properties of the spaces of regular generalized functions). In particular, we show that,
in contrast to the regular case, for any nonregular generalized function the Clark-Ocone
type formula can be constructed using integration over a Lévy process only.

The paper is organized in the following manner. In the first section we consider a
Lévy process L and recall the construction of a required probability triplet connected
with L; afterwards we describe Lytvynov’s generalization to the Lévy analysis of a so-
called chaotic representation property, which is the base to construct spaces of regular
and nonregular test and generalized functions, stochastic integrals and derivatives on
these spaces, etc.; recall the construction of an extended stochastic integral and of a
Hida stochastic derivative on the space of square integrable random variables (L?); of
regular and nonregular riggings of (L?); of an extended stochastic integral and of a
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generalized Hida derivative on the spaces of nonregular generalized functions (H_-)_,.
In the second section we prove that any element of (H_.)_, can be represented as a
sum of its expectation and a result of stochastic integration over a Lévy process of some
generalized function; then we construct and study Clark-Ocone type formulas on (H_,)_,
and on its subsets.

1. PRELIMINARIES

In this paper we denote by || - ||z or |- | the norm in a space H; by (-, )y the real (i.e.,
bilinear) scalar product in a space H; by {(-,-)) g the dual pairing generated by the scalar
product in a space H; by B a Borel o-algebra; by 1 the indicator of a set A; and by ®
the symmetric tensor product. Also we use a notation "pr lim" (respectively, "ind lim")
for a projective (respectively, inductive) limit of a family of spaces, this notation implies
that the limit space is endowed with the projective (respectively, inductive) limit topology
(see, e.g., [4] for a detailed description).

1.1. A Lévy process and its probability space. Let L = (L;);cr, be a real-valued
locally square integrable Lévy process (a continuous in probability random process on R
with stationary independent increments and such that Lo = 0, see, e.g., [5] for a detailed
description) without Gaussian part and drift. As is known (e.g., [8]), the characteristic
function of L is

E[¢?Lt] = exp [t / (e —1— iax)u(dx)}, (1.3)
R
where v is the Lévy measure of L, which is a measure on (R, B(R)), E, as above, denotes
the expectation. We assume that v is a Radon measure whose support contains an infinite
number of points, v({0}) = 0, there exists ¢ > 0 such that [, z?efl*ly(dx) < oo, and
Jg 2?v(dz) = 1.
Now define a measure of the white noise of L.

Definition 1.1. A probability measure p on (D’,C(D’)) with the Fourier transform
/ @) i(dw) = exp [/]R R(ei“’(t)l —1—ip(t)z)dtv(dz)|, ¢ €D, (1.4)
’ + X

is called the measure of the Lévy white noise.

The existence of y follows from the Bochner-Minlos theorem (e.g., [15]), see [34]. Below
we assume that the o-algebra C(D') is completed with respect to p.

Consider a probability space (probability triplet) (D’,C(D’), u). Denote by (L?) :=
L?(D',C(D'), 1) the space of square integrable random variables, i.e., the space of (classes
of ) complex-valued functions on D’, square integrable with respect to u. Let f € L?(R,)
and a sequence (pr € D)gen converge to f in L?(Ry) as k — oo (remind that D is a
dense set in L?2(R,)). One can show [34, 8, 9, 22] that (o, f) := (L?) (o, 0k) is a

well-defined element of (L?).

Put 1jp,0) = 0. It follows from (1.3) and (1.4) that ((o, 1[07t)>)teR+ can be identified

with a Lévy process on the probability space (D',C(D’), ), see, e.g., [8, 9]. So, for each
t € Ry we have Ly = (0,1)04)) € (L?).

Note that the derivative in the sense of generalized functions of a Lévy process (the
Lévy white noise) is L.(w) = (w,d.) = w(-), where d is the Dirac delta-function. Therefore
L is a generalized random process in the sense of [13] with trajectories from D', and p is
the measure of L in the classical sense of this notion [14].

— lim
k—o00
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1.2. Lytvynov’s generalization of the chaotic representation property. In what
follows, we preserve the above-introduced notation (-, -) for the dual pairings in symmetric
tensor powers of the complexification of chain (0.1) (actually, of more general chain (1.23),
i.e., for the dual pairings between elements of negative and positive spaces from chains
(1.34)). Designate Z4 := N U {0}. Let P be the set of complex-valued polynomials on D’
that consists of zero and elements of the form

Ny ~

fl@)=> @ f™), weD, feDg", NyeZy, fN#0,

n=0
here Ny is called the power of a polynomial f; (W®°, f(©) := f(© € DEY .= C. The
measure p of a Lévy white noise has a holomorphic at zero Laplace transform (this follows
from (1.4) and properties of the measure v, see also [34]), therefore P is a dense set in
(L?) [42]. Let Py, n € Z, be the set of polynomials of power smaller than or equal to
n, by P,, we denote the closure of P, in (L?). Let forn € N P, := P,, © P, (the
orthogonal difference in (L?)); put Pg := Py. It is clear that

(L) = EO P,.. (1.5)

Let f(® ¢ D ,n € Z,. Denote by :(c®" f(™): c (L?) the orthogonal projection
of a monomial < o®n f(M) onto P,,. We define real (bilinear) scalar products (-, -)ezs on
Dg”7 n € Z,, by setting for ) ¢ ¢ D®"

1
(f(n)7g(n))6a:t = E :<w®n,f(n)>::<w®n7g(n)>://é(dw)- (16)
. ’D/
The well- posedness of this definition is proved (up to obvious modifications) in [34].

Let Hem,
scalar products (1.6). For each F(") ¢ ’HEQ we define a Wick monomial <o®", FM):
(LQ)—klim :<O®",f,§")>:, where D" > f,g") — F™ as k — oo in H"

—00
prove by the method of "mixed sequences" that this definition is well-posed; and it is
not difficult to show that : (0% F©): = (c®0 F©)) = FO) and : (o, FM): = (o, F()
(cf. [34]).

In the next statement, which follows from (1.5) and the fact that for each n € Z, the
set {: (0®", f(M):| f(") € DE™} is dense in P,, (and therefore P,, = {: (c®" F(™)):|F(") ¢

Hg;’%}), Lytvynov’s generalization of the chaotic representation property is described.

n € Z4, be the completions of D with respect to the norms, generated by
def

em It is easy to

Theorem 1.2. (cf. [34]) A random variable F € (L?) if and only if there exists a unique
sequence of kernels F(") ¢ H" ne Z, such that

ext’
F = Z o®n pn)y. (1.7)

(the series converges in (L?)) and
o0

1Py = [ 1P Putd) = BIFE = 3 a0 <00 (18)

n=0

Remark 1.3. Decomposition (1.7) is an analog of the decomposition of square integrable
random variable by the Hermite polynomials in the Gaussian analysis (which is equivalent
to the decomposition by the repeated Itd stochastic integrals). At the same time Wick
monomials from (1.7) are polynomials if and only if the corresponding Lévy process is a
Meixner process, see [34] for details.
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It is worth noting that in this paper we do not use directly an explicit (calculation-

friendly) formula for scalar products in the spaces 7—[ t and therefore, we prefer not to
write it down. The interested reader can find this formula in [34]; in another record form
it is given in, e.g., [22, 21, 12, 11, 26].

Denote H := L*(R;), then Hc = L*(R4)c. It follows from the explicit formula for
the scalar products in "), n € N, that !}, = Hc, and for n € N\{1} one can identify

ext? ext
”Hg with the proper subspace of 'r’-lem5 that consists of "vanishing on diagonals" elements
(roughly speaking, such that F()(t,.. ; t,) = 0 if there exist k,j € {1,...,n}: k#j,
but ¢, =t;). In this sense the space Hem 1S an extension of’H , this explains why we
use the subscrlpt 'ext" in our designations. Also we note that for each n € N\{1} the
space ’H t is the symmetric subspace of the space of (classes of) complex-valued functions
on R", square integrable with respect to a certain Radon measure.

1.3. An extended stochastic integral on (L?). Decomposition (1.7) defines an iso-
metric isomorphism (a generalized Wiener-1t6-Segal isomorphism)

I:(L%) — @& nH™

n=0

ext

between the space of square integrable random variables (L?) and the weighted extended
M) for G € (L?) with decomposition (1.7)

symmetric Fock space EB nlH

IG=(G?,6W, .. e ee ™).
Let 1 : Hc — Hc be the identity operator. Then the operator

I01: (L) ©He » (& i) 0 He = © nl(HE) @ He)

is an isometric isomorphism between the spaces (L?) ® Hc and & n'(?—lgl ® He). It is
n=0

clear that for arbitrary m € Z, and Fm e ylm ® Hc a vector (0,...,0, F(m), 0,...)
——

ext
belongs to @ n‘(’HffTL% ® Hc). We define a Wick monomial
o®m Y g 1)71(0,...,0,F™.0,...) € (L?) ® He. (1.9)
~——

By construction elements : (0®™, F.(n)> n ey F ) e ’Hewt ® Hc, form an orthogonal
basis in the space (L?) ® Hc in the sense that F € (L?) ® Hc if and only if F can be
uniquely represented as

oo
F=F()=) :(c® F™). (1.10)
n=0
(the series converges in (L?) ® Hc), with
IFWnome =N VFIS o gy = Zon'|F<">| (o, <00 (L11)

Now we describe the construction of an extended stochastic integral over a Lévy process
L, that is based on decomposition (1.10) (a detailed presentation is given in [22]). Let

F™ ¢ ’Hgmt ® Hc, n € N. We select a representative (a function) f.(”) € F" such that

ft(n)(tl, cooytn) = 0if for some k € {1,...,n} t = ty. (1.12)
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(n+1)
exrt

Let f F() be the symmetrization of a function f m) by all variables. Define F ey
as the equivalence class in Hewzrl) generated by f(") (i.e., f(”) € Fin D). Tt is proved in

[22, 21] that this definition is well-posed (in particular, F™ does not depend on a choice

of a representative f.(") e ™ satisfying (1.12)) and |13(”)|H(n+1) < |F.(”)|H(n)®%.
Definition 1.4. For F € (L?) ® Hc we define the extended stochastic integral over a

Lévy process [ F(t)dL, € (L?) by setting

/F(t)JLt = i (o®n L Py (1.13)

where F© .= FO ¢ 2 = #Y, and F™ e % 1 e N, are constructed by the
kernels F™) € ”Héxt ® Hc from decomposition (1.10) for F, if the series in the right hand
side of (1.13) converges in (L?).

The domain of this integral, i.e., of the operator
/o(t)JLt (L% @ He — (L?), (1.14)

consists of elements F' € (L?) ® Hc such that (see (1.8))

H/F(t)JLt (

Note that integral (1.14) is called an extended stochastic integral because it is a
generalization of the Itd stochastic integral, see [22].

=+ DNFMP (1 < oo (1.15)
n=0 et

Remark 1.5. In this paper we do not need stochastic integrals with respect to measurable
sets, which differ from R ; but such integrals often arise in applications. The definition
of the mentioned integrals can be given by the classical way: for arbitrary A € B(R.) set

/A o(t)dLy = / o(t)1a (t)dL

(in particular, fR+ o(t)dLy = [o(t)dL;). The interested reader can find a detailed
information about such integrals in [22, 26].

1.4. A Hida stochastic derivative on (L?). We describe the construction of a Hida
stochastic derivative that is based on decomposition (1.7). Let G ¢ Hgﬁl, n € N,
g™ E G™ be a representative of G(™ . We consider g<">(-), i.e., separate a one argument
of g™, and define G)(- ) e H"7Y @ He as the equivalence class in H"; " & He
generated by g(")( ) (ie., g™ () € GM(.)). By analogy with [22] one can prove that for
each G ¢ ”Hwt, n € N, the element G(™)(-) € 7—[8;;1) ® Hc is well-defined (in particular,

G (-) does not depend on a choice of a representative ¢ € G(™) and

|G(N)(')|H§§;”®HC < |G™| - (1.16)

Remark 1.6. Note that, in spite of estimate (1.16), the space 1) n e N\{1}, cannot
be considered as a subspace of ’HGZ; Y @H¢ because different, elements of Héxt can c01n01de

ewt’

as elements of ’Hwt Ve He (ie. representatlves of different equivalence classes in He'rt

can fall into the same equivalence class in ’Hemt Ve He).
Definition 1.7. For G € (L?) we define the Hida stochastic derivative 0.G € (L?) ® Hc
by setting

0.G := i(n—i—l):(o@”,G("H)(-»:, (1.17)
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where G () € Hgm ® Hc are constructed by the kernels G("+1) ¢ Hggjl) from
decomposition (1.7) for G, if the series in the right hand side of (1.17) converges in
(L?) @ Hc.

The domain of this derivative, i.e., of the operator

d.: (L*) — (L*) ® Hc, (1.18)
consists of elements G € (L?) such that (see (1.11))
10.GIIFL2yep. = D (n+ Dl(n+ )G ()2 e < O (1.19)
n=0

As in the classical Gaussian analysis, we have the following statement.

Proposition 1.8. (|22]) Fxtended stochastic integral (1.14) and Hida stochastic derivative
(1.18) are mutually adjoint operators, i.e., for arbitrary F € (L?) ® He and G € (L?)
satisfying conditions (1.15) and (1.19), respectively,

([F@iL.c) ,, =006 wmsm.
In particular, integral (1.14) and derivative (1.18) are closed operators.

Remark 1.9. Let A € B(Ry). Note that the operator adjoint to the extended stochastic

integral [, o st (see Remark 1.5) is 1a(+)0.. The interested reader can find a more
detailed mformatlon in [22, 26].

1.5. A regular rigging of (L?). Let 8 € [0,1], ¢ € Z in the case 8 € (0,1] and q € Z
if 3 =0. Denote by (L?)? the subspace of (L?) that consists of f € (L?) such that

oo

712,005 = Do) P2 O, ) < oo, (1.20)
n=0

where (™ ¢ ngl are the kernels from decomposition (1.7) for f. Set (L2?)? :=
pr lim(L?)5. 1t is easy to see that f € (L*)” if and only if f can be uniquely rep-

q——+0o0
resented in form (1.7) with convergent series (1.20) for each q € Z.
It is clear that each (LQ)qB (as well as (L?)%) densely and continuously embedded into

(L?) (cf. (1.20) and (1.8)), therefore we can consider a chain

(L3775 (L*)25 2 (L) = (L) 2 (L7)] o (L*)”, (1.21)
where (L2):qﬁ and (L?)~# = = ind Jlrlm(L2) , are the spaces dual of (L2) and (L?),
q'—+o0

respectively.

Definition 1.10. Chain (1.21) is called a parametrized regular rigging of (L?). The
spaces (L?)f, (L?)? are called (parametrized Kondratiev-type) spaces of regular test
functions, and the spaces (Lz):g , (L?)7# are called (parametrized Kondratiev-type)
spaces of regular generalized functions.

The next statement follows from the general duality theory.

Proposition 1.11. 1) Any regular generalized function F € (L2)7 can be um’quely

represented as formal series (1.7) (with kernels F(™) € o
and

) that converges in (L2)~" o

ext

HFH?LQ):g - Z(n')1_52_qn|F(n)‘?H£:)f < Q. (122)
n=0
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Vice versa, any formal series (1.7) such that series (1.22) converges, is a reqular generalized
function from (LQ):qﬁ (i.e., now series (1.7) converges in (Lg):g).
2) The dual pairing between F € (L2):§ and f € (LQ)'g that is generated by the scalar

product in (L?), has a form (F, )2y = Yooy n!(F(”)7f(”)),H<n>, where F™) | (1) ¢

ngt are the kernels from decompositions (1.7) for F and f, respectively.
3) F € (L?)=8 if and only if F' can be uniquely represented in form (1.7) and norm
(1.22) is finite for some q € Z.

Note that the term "regular test and generalized functions" is connected with the
fact that the kernels from decompositions (1.7) for elements of all spaces of chain (1.21)

belong to the same spaces Hext

Remark 1.12. One can consider more general spaces of regular test and generalized
functions, using in formula (1.20) ¢ € R in the case 8 € (0,1] and ¢ € Ry if 3 =0, as
well as K9" with any K > 1 instead of 29". But such a generalization is not essential for
the rang of problems considered in this paper.

Comparing formulas (1.20) and (1.22), it is easy to conclude that one can denote the
spaces (L?)5, (L?) = (L?)) and (LQ):g from chain (1.21) by (L?)2, 8 € [-1,1], ¢ € Z.
The norms in these spaces are given, obviously, by formula (1.20).

The extended stochastic integral on the spaces of regular test and generalized functions
can be defined by formula (1.13) as a linear continuous operator acting from (LQ)B ® He
into (Lz)qﬁf1 (from (L?);' ® Hc into (L?); !, from (L?)? @ He = pr hm(Lz)B ® Hc into

q—+o00
(£2)? and from (L?)~" @ He = ind +noron(ﬁ):fj ® He into (L2)~8, here 8 € [0,1]).

The Hida stochastic derivative, in turn, can be defined by formula (1.17) as a linear
continuous operator acting from (LQ)g_‘_1 into (L?)? ® Hc (from (L?)} into (L?)} @ Hc,
from (L?)? into (L?)? ® Hc and from (L?)~# into (L?)~# @ Hc, here 3 € [0,1]). The
statement of Proposition 1.8 holds true up to obvious modification.

The interested reader can find a more detailed information about the spaces of regular
test and generalized functions, as well as about stochastic integrals and derivatives on
these spaces in [21, 26].

1.6. A nonregular rigging of (L?). Let T be the set of indexes 7 = (71, 72), where
71 € N, 75 is an infinite differentiable function on R4 such that for all u € Ry 7o(u) > 1.
Denote by H., the real Sobolev space on Ry of order 7y weighted by the function 75, i.e.,
‘H. is the completion of D with respect to the norm generated by the scalar product

(b = [ (ot +Z<p[k] W0 (w) ) 7o),

here ¢l and ¥[¥ are derivatives of order k of functions ¢ and 1, respectively. As is

known (e.g., [4]), D = pr lim H, (moreover, for any n € N D®" = pr lim H®"), and for
TeT TeT
each 7 € T H, is densely and continuously embedded into % = L?(R). Therefore, one

can consider a chain (cf. (0.1))
DO>H_,D>HDH, DD, (1.23)

where H_,, 7 € T, are the spaces dual of H, with respect to H. Note that by the
Schwartz theorem [4] D' = ind 1Tim H_, (in what follows we’ll consider D’ as a topological
TE

space with the inductive limit topology).
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It follows from results of [21] that one can modify T' (it is necessary to remove from T’
some “bad" indexes; and we further assume that 7" is modified) in order to obtain the
following statement.

Proposition 1.13. 1) For each 7 € T the measure v of a Lévy white noise is concentrated
onH_r, e, u(H_r)=1. -
2) For each T € T and each n € Zy the space H?g is densely and continuously

embedded into the space H"™) and there ezists ¢(1) > 0 such that for all f) ’Hgg

emt7
‘f(n)|,2H£:3 < n!c( ) |f(n)|H®n' (1'24)
Let 7 € T and q € Z,. Denote
Ny ~ ~
Pw = {f = >0, M) | fM e DEM C HEE C HG), Ny € Z+} c (L?).
n=0
Define real (bilinear) scalar products (-,-)r, on Py by setting for
Ng
f= Z o®n f(n) g= Z . <o®”7g(")>: € Pw
n=0
min(Ny¢,Ng)
Foghra = 3 (a)20(f),g0) o, (1.25)
n=0 -

The well-posedness of this definition is proved in [25].

Remark 1.14. (cf. Remark 1.12) One can introduce more general scalar products on
Pw, using in formula (1.25) ¢ € R} and K" with any K > 1 instead of 27”. But, as in
the regular case, such a generalization is not essential for our considerations.

Let (#H,)q be the completions of Py with respect to the norms, generated by scalar

products (1.25). Set (H,) := pr lim(H.)q, (P) := prlim (H.), Asis easy to see,
q—r+o0 T7€T,q—+0
f € (H;)q if and only if f can be uniquely represented in the form (cf. (1.7))
F=37 0 fy f e nSn cull) (1.26)
n=0

(the series converges in (H;),), with

oo

71y, = o220 5, < ce. (1.27)

n=0
Further, f € (H,) (f € (D)) if and only if f can be uniquely presented in form (1.26)
and norm (1.27) is finite for each ¢ € Z, (for each 7 € T and each ¢ € Z.).

Proposition 1.15. (|21, 25]) For each T € T there exists qo(T) € Z4 such that for each
q € Ngy(ry = {qo(7), qo(7) +1,...} the space (Hr)q is densely and continuously embedded
into (L?).
In view of this proposition one can consider a chain
(D')D>(Hor) D (Hor)—qD (L*) D (H:)g D (H;) D (D), TET, € Nyy(r), (1.28)
where (H_)_q, (H_+) = ind iim(’H,T),q/ and (D) = _ind lim (H_z)_q are the spaces
q'—+o0

TET,q'—+o00
dual of (H;)q, (H) and (D), respectively.
In what follows we accept on default 7 € T', ¢ € Ny (7).
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Definition 1.16. Chain (1.28) is called a nonregular rigging of the space (L?). The spaces
(H+)q, (Hr) and (D) are called (Kondratiev-type) spaces of nonregular test functions, and
the spaces (H_,)—q, (H_-) and (D’) are called (Kondratiev-type) spaces of nonregular
generalized functions.

Remark 1.17. Let 7 € T, g € Z4 and S € [0, 1]. By analogy with the regular case one
can introduce on Py scalar products (-, ), 4,3 by setting for f,g € Py

min(NfaNg)

(f7 ) T,q,8 ‘= Z (n!)1+B2qn(f(n),g(n))H®f

n=0

(cf. (1.25)), and define “parametrized spaces of nonregular test functions" (HT)E as
completions of Py with respect to the norms generated by these scalar products. It is
possible to study properties of the spaces (’HT)QB and its projective limits, to introduce and
to study different operators and operations on them; such considerations are interesting
by itself and can be useful for applications. But (H,)? ¢ (L?) if 8 < 1 (except for the
Gaussian and Poissonian special cases, which we do not consider in this paper), so, we
cannot consider (’HT)g with 8 < 1 as spaces of test functions in the framework of the
Lévy white noise analysis.

Finally, we describe natural orthogonal bases in the spaces (H_;)_4. Let us consider
chains

D™ S H™ o HE) > HER S DER, (1.29)
n € N, where H(n)7 and D{C(n) = md hm H( ~)(C are the spaces dual of 7{@8 and D®"

with respect to 1 Set ’Dgo = H?% = Hg‘;)t = 7—[(0) = D¢ © .= C. In what follows
we denote by (-, -)ezs the real (bilinear) dual pairings between elements of negative and
positive spaces from chains (1.29), these pairings are generated by the scalar products in

Hezt
The next statement follows from the general duality theory (cf. [17, 21]).

e:r:t

Proposition 1.18. (cf. Proposition 1.11) There exists a system of generalized functions
{:e®" FQY)r € (Hor) oy | FL) € HE) oo me 24}

such that
1) for F, () ¢ ’Hewt C ”H(n c the generalized function : (o o®n F(n)>: is a Wick monomial

ext ext

that is defined in Subsectzon 1.2;
2) any generalized function F € (H_.)—4 can be uniquely represented as a series

F= Z e EG) Fol e ™, (1.30)

that converges in (H_r)_q, t.e.,

oo

1Pl = D2 "I By < 00 (1.31)
n=0

and, vice versa, any series (1.30) with finite norm (1.31) is a generalized function from
(H—7)—q (i.e., such a series converges in (H_-)_q);

3) the dual pairing between F' € (H_;)_q4 and f € (H,)q that is generated by the scalar
product in (L?), has a form ((F, N2y = > n!(Fe(Zg,f(")>wt where Fe(m € ’H
and f e H?g are the kernels from decompositions (1.30) and (1.26) for F and f,
respectively; ,
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4) F € (H_.) (respectively, F € (D)) if and only if F' can be uniquely represented in
form (1.30) and norm (1.31) is finite for some q € Ny, (- (respectively, for some T € T
and some q € Ny (7).

1.7. An extended stochastic integral on (H_;)_,. In Subsection 1.3 we described
a generalized Wiener-It6-Segal isomorphism I between the space of square integrable
random variables (L?) and the weighted extended symmetric Fock space. It is clear that
the restrictions of I to the spaces (H,), C (L?) are isometric isomorphisms between

(H+)q and the weighted symmetric Fock spaces % (n!)22q"7{§g (cf. [29]). Therefore, for

arbitrary n € Z4 and fi( € ’H® ®@Hrc C ngt ® Hc the Wick monomial : (0®", fi(”)>:
(see (1.9)) belongs to (H,), ® ’Hﬂc C (L?) ® Hc and, moreover, such monomials form
orthogonal bases in the spaces (), ® H,c in the sense that f € (H;), ® H, ¢ if and
only if f can be uniquely represented as (cf. (1.10))

(oo}

F=40) =25 1)

n=0

(the series converges in (H,), @ H,c), with
I lfr,oree = S g < o0

So, as in the case of the spaces (H_-)_g, it follows from the general duality theory that
in each space (H_7) ¢ ®@H_rc, 7 €T, g € Ny () (see Proposition 1.15), there exists a
system of generalized functions

(e F Ve (Hor)oq@Hore | Fo) e H c@H_rc, n€ Ly}

such that for FP(;? Hfm ®He C ’H(")C ® H_,c the generahzed function : (o®" F(,(;Lt) )
is a Wick monomial that is defined by formula (1.9); any generalized function F €
(H—r)—q ® H_; ¢ can be uniquely represented as a series
F=F()=> (" Fi) ), FI) e H™ ot ¢, (1.32)
n=0
that converges in (H_;)_q ® H_,c, i.e.,
T S o (1.33)
n=0
and, vice versa, any series (1.32) with finite norm (1.33) is a generalized function from
(H_7)—¢®H_rc (ie., such a series converges in (H_;)_, ® H_- ). Moreover, it is clear
that F € (H_,) @ H_r ¢ := ind lim(H_,)_¢ @ H_, ¢ (respectively, F € (D') ® D :=
q’'—+o00
B i;ld lim (H_#)_¢ ® H_z¢) if and only if F' can be uniquely represented in form (1.32)
7€T,qg'—+o0
and norm (1.33) is finite for some ¢ € Ny () (respectively, for some 7 € T' and some
4 € Nyy(r))-
Let us describe the construction of an extended stochastic integral over a Lévy process
L, that is based on decomposition (1.32) (a detailed presentation is given in [21], see also
[24]). We need a small preparation. Consider a family of chains

DLE" S B o HEN = L2(R,)E" 5 HER S DEN, (1.34)

n € N (as is known (cf. [4]), H‘?Z,C and D &n = ind lTlm’H QC are the spaces dual of ’H®"

and Dg” with respect to ’H% ). Set Dg &0 ’H_TC = ’HC ’HTC = Dgo := C. Since
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the spaces of test functions in chains (1.34) and (1.29) coincide, there exists a family of
natural isomorphisms

U, : D™ S DL ez,
such that for all F") € D[C(") and f(™ e D®”

ext
<Fe(:t)7f(n)> t_< ezt7f(n)>
It is easy to see that the restrictions of U, to the spaces 7—[( )C are isometric isomorphisms

between the spaces ’H(_T ¢ and 7'@77@

Remark 1.19. Recall that ”Hewt = Hc, therefore in the case n = 1 chains (1.34) and
(1.29) coincide. Hence U; is the identity operator on D M= = D¢. In the case n =0 Uy
is, obviously, the identity operator on C.

Definition 1.20. Let F € (H_;)_, @ H_,c. We define an extended stochastic integral
over a Lévy process [ F(t)dL; € (H_)_q by setting

oo

[ P =3 e B (1.35)
n=0
(cf. (1.13)), where
E) = U {Pr{(Un @ DES) T e HOSD, (1.36)

Pr is the symmetrization operator (more exactly, the orthoprojector acting for each
n € Z, from 7'@:,@ ® H_rc to "H?fz&l), Fe(:t) € ’H(_nT),C ® H_rc are the kernels from
decomposition (1.32) for F.

By analogy with [21, 16, 26] it is easy to verify that

F(t)dL H <2792 .
| [raaz],, | <z 1Pl o

hence this definition is well-posed and, moreover, the extended stochastic integral
/ ()AL - (Hor)—y ® Hore = (Hor)q (1.37)

is a linear bounded and, therefore, continuous operator.

The following assertion is a trivial modification of the corresponding statement from
[21].

Proposition 1.21. FExtended stochastic integral (1.37) is an extension of integral (1.14)
and therefore is an extension of the Ité stochastic integral over a Lévy process.

Note that, as is easily seen, an extended stochastic integral can be defined by (1.35),
(1.36) as a linear continuous operator acting from (H_,) ® H_,c to (H_,), or from
(D) @ D to (D).

Remark 1.22. Integral (1.37) cannot be redefined as an integral with respect to a
measurable set A # R, because it is impossible to multiply elements of the space H_, ¢
by the indicator 1A, generally speaking. However, one can easily pass over this problem,
introducing a stochastic integral on the space (H_;)_, ® Hc, see [21, 16, 26] for details.

Finally, we note that the operator adjoint to extended stochastic integral (1.37) is a
Hida stochastic derivative 0. : (H,)q — (H+)q ® H,c that is the restriction to the space
(H.)q of operator (1.18).
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1.8. A generalized Hida derivative on (%_.)_,. In contrast to the regular case, the
extended stochastic integral cannot be naturally restricted to the spaces of nonregular test
functions 23, 24]. The Hida stochastic derivative, in turn, has no a natural extension to
the spaces of nonregular generalized functions [24]. Nevertheless, one can define its natural
analog—a generalized Hida derivative on the mentioned spaces. Now we describe the
construction of this derivative, the interested reader can find more details in [23, 24, 28|.

Definition 1.23. We define a generalized Hida derivative
O :(Hop)g— H p) g1 @H rc (1.38)
by setting for each F € (H_;)_q

o0

OF =Y (n+1): (o FtV (), (1.39)
n=0
(cf. (1.17)), where
FOr() = (Un @ ) (Unn FST) () e HY c @ H e, (1.40)

FoH) ¢ H(_n:(é) are the kernels from decomposition (1.30) for F.

The well-posedness of this definition, as well as the fact that operator (1.38) is linear
and bounded (and, therefore, continuous) from the results of [24] follow. It’s also clear that
the generalized Hida derivative can be introduced by formulas (1.39), (1.40) as a linear
continuous operator acting from (H_,) to (H_,) ® H_- ¢, or from (D’) to (P') ® Df.

Finally, we note that the operator adjoint to the generalized Hida derivative (1.38)
is a so-called generalized stochastic integral on the space (Hr)q+1 ® Hrc [23]—a natural
analog of the extended stochastic integral on the mentioned space.

2. CLARK-OCONE TYPE FORMULAS AND RELATED TOPICS

Let F € (H_;)—, (remind that we accepted on default 7 € T, ¢ € Ny 5, see
Proposition 1.15). We define an expectation

EF = (F,1)(12) = F) € C, (2.41)

exr

where FG(SZ is a kernel from decomposition (1.30) for F. It is clear that if F € (L?) C

(H—_7)—q then EF is the usual (classical) expectation.

2.1. Belonging of a random variable to the range of values of the extended
stochastic integral. It is clear that in order to talk about Clark-Ocone type formulas
for nonregular generalized functions, at first it is necessary to find out the conditions
under which F € (H_;)_, can be represented in the form

F=EF + /G(t)c?Lt (2.42)
with some integrable G. It turns out, unlike the regular case [27], now no additional
restrictions for F' are required. More exactly, we have the following statement.

Theorem 2.1. Any F' € (H_;)_, can be represented in form (2.42) with some G €
(H-r)—g®H_7c-

Proof. Let Fe(gjl) € H(_nj(cl), n € Zy, be the kernels from decomposition (1.30) for F.
We put

G = PG () = U 0 1) Unn F ) () e H oMo (2.43)

ext,: ext ext
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(see (1.40)),

oo

G() =D (o, Gl )
n=0
Then by (1.33), (2.43), isometricity of the operators U,, 1, U, 11, and (1.31)

o0
2 _ - (n) |2
1CWeysore e = 227" 1Ce ) o

—an +1 —qn +1
= 22U F ) O o0 oy = D22 M U P
n=0 ’ n=0

—qg(n n+1
=203 2 IEG L < 2F I, < o0,
therefore G € (H_;)—q ® H_- c. Futher, by (1.35), (1.36) and (2.43) we have

[ - > (7 UL (U, 8 16 1

=3 @ U {Pr(Un © 1)(Un © 1) (Uit FS )OI

n=0
=3 L U L Pr(Unin FS ) O e = Y (02 U L Ul F)
n=0 n=0

_ Z ®n+1 ("+1)>.
ext .

(Pr{(Un i1 EONYO] = Upr FUTY because Uy oy F5Y € ’H®"+1), whence equality

ext ext ext

(2.42) follows. O

Remark 2.2. Tt is worth noting that an integrand G in representation (2.42) is not
unique for a given F', generally speaking.

2.2. A Clark-Ocone type formula on (H_;)_4. As previously noted, the role of the
Hida stochastic derivative on the spaces (H_,)_, is played by the generalized Hida

derivative 5., see Subsection 1.8. Therefore, now it is natural to construct Clark-Ocone
type formulas using exactly the operator 0..

Definition 2.3. We define an operator B : (H_;)_q @ H_rc = (H—7)—q @ H_rc by
setting

(BG)(-) := Z & G ), (2.44)
where Gext HT27C®H,T,@ are the kernels from decomposition (1.32) for G € (H_-)_4®
?{—Tﬁf

It is clear that B is a linear continuous operator.

Theorem 2.4. Let F € (H_;)_,. Then we have a representation (a Clark-Ocone type
formula)

F=EF+ /BéthTLt, (2.45)

where BOF € (H_7)_q ® H_r.c, O.F is the generalized Hida derivative of F (cf. (0.2),
(2.42)).
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Proof. Tt follows from (1.39), (2.44) and the properties of the operators 8. and B that for
Fe(Hor),

BOF = :(o®" FS ()€ (Hor)—g1 ®H s,

n=0

where Fe(:,;|r 1)( ) € HS”T)’C ® H_- ¢ are constructed by the kernels Fé;{’_ Ve 7—[(:?@1) from
decomposition (1.30) for F', with using formula (1.40). Using (2.43), one can conclude
from the proof of Theorem 2.1 that actually BO.F € (H_,)_q ® H_. ¢ and equality (2.45)

is fulfilled. O

Remark 2.5. At the moment we do not know how to construct a natural conditional
expectation on the spaces of nonregular generalized functions, and therefore we cannot
construct a direct analog of Clark-Ocone formula (0.2) in a general case. However, we’ll
consider some particular cases in the next subsection.

2.3. Clark-Ocone type formulas on subsets of (%_.)_;. As is known, in contrast
to the Gaussian and Poissonian analysis, in the Lévy analysis the spaces of nonregular
test functions are not embedded into the corresponding spaces of regular test functions,
generally speaking. However, we have the following statement.

Proposition 2.6. Let q,q' € Z, be such that ¢ > ¢ + log, c(7), where ¢(1) > 0 is

introduced in Proposition 1.13. Then (H,)q is densely and continuously embedded into
(L?)y

Proof. Using (1.20), (1.24) and (1.27), for f € (H,)q we obtain

11y, —Zn'2q"|f(" <Z ()22 ()" £,
(2.46)

< 2

n=0

260 = [, <0

where f(") ¢ 7—[® - Hegt are the kernels from decomposition (1.26) for f. Further, if
for some f € (H T)q we have ||f||(L2)0 = 0 then by (1.20) for each n € Z |f! )|H(n> =0,
therefore |f(n)|H?g = 0 (because ’H®g C Hext) and consequently || f||(3,), = 0. Hence
(Hr)q C (LQ)S,. The density of this embedding is obvious, the continuity from calculation
(2.46) follows. O

Taking into account the proved result, one can conclude that for ¢ € Ny ;) (see
Proposition 1.15) and q' € Z such that ¢ > ¢’ +log, c(7) the space of regular generalized
functions (L?)% g s densely and continuously embedded into the space of nonregular
generalized functwns (H—_7)—q. Actually, we have a chain

(Hr)=q D (L2 2 (L) 2 (L)g D (Hr)q-

Recall that elements of the spaces of regular test and generalized functions (Lz)g
(for such spaces we accept on default 8 € [—1,1], ¢ € Z, see Subsection 1.5) and, in
particular, elements of (L?)° " o+ in general, cannot be represented in form (2.42) with a
regular integrand G. More exactly, we have the following statement.

Theorem 2.7. ([27]) Let F € (L2)q5. The following statements are equivalent:
(1) F can be represented in form (2.42) with G € (L*)? @ Hc if B > 0, and G €
(L)1 ® He if B < 0;
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(2) for each n € N\{1} the kernel F(") € ”Hgn% from decomposition (1.7) for F

x

contains a representative f € F) such that f)(ty,...,t,) = 0 if for each
t€{l,...,n} there exists j € {1,...,n}\{i} such thatt; =t;.

For n € N\{1} and t4,...,t, € Ry we define

hn(tla e 7tn) = nPTl{tl;étn,tQ;étn ..... tn_17tn}
= 1{t15étn7t23étn1-<~7tn—1?étn} + 1{tn,3étn—17t1¢t‘n,—17---7tn—2¢tn,—l} + e+ 1{t27ét1,t3;ét1,...,tn7ét1}
(here, as usual, Pr is the symmetrization operator), and set Ay = 1. Further, for

™ e H(n% ® He, n € Z4, we set

exr

G (q,n) s
O ) = {5’) i s (1) £ 0

0, i st (s ey oy ) = 0
It is clear that G € H\") @ Hc and |é(n)\ < |G(")|
‘ ext < TTC e = T M eHe
For G € (L*)} ® Hc we define
(AG)(-) = (%", G,
n=0

where the kernels G™ are constructed by the kernels G™ from decomposition (1.10) for
G. Tt is clear that A is a linear continuous operator in (L?)5 @ Hc.

Theorem 2.8. Let F € (L*)° ,, C (H_7)—q (4 € Nyy(r), ¢ € Zy, ¢ > ¢ +1ogy (1))
can be represented in form (2.42) (see Theorem 2.7). Then we have a representation (a
Clark-Ocone type formula)

F=EF + / AO,FdLy, (2.47)

where AD.F € (L), @Hc C (H_r)_q®H_7c, O.F is the Hida derivative of F (cf. (0.2),
(2.45)).

Proof. The result easily follows from Theorem 2.3.2 and Proposition 2.3.1 in [27]. O

It is worth noting that formula (2.47) (as well as formula (2.45)) is not a direct analog of
Clark-Ocone formula (0.2), see [27] for details. So, it is natural to consider a Clark-Ocone
type formula that is a straight analog of (0.2) in the Lévy analysis.

For n € Nand t4,...,t,,t € R} define

0,ifFe{l,....n}:t; >tand Vj e {1,...,n}\{i} t; #¢;
1, in other cases

Xnt(t1y ooy tn) == {

ie., xnt(t1,...,tn) = 0, if there exists ¢; of multiplicity 1 (meaning ¢, is not equal to
any other ¢, j # i) that is greater than t or equal to ¢t. Let also xo,. = 1. Further, for
Ge (LQ)g ® Hc we define

(B.G)() = Y (0%, G, )i = G 4 37 (0%, G x ) € (L)) @ He,
n=0 n=1

where G € ’HS;% ® Hc are the kernels from decomposition (1.10) for G. It is clear that
G, € MG @ He, G X Ly gy, < 1GT

continuous operator in (L?)7 @ He.

) . .
nd therefore E. is a linear
‘Hﬁli@?—tc’adt erefore s a linea
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Theorem 2.9. (cf. Theorem 2.8) Let F € (L*)°,, C (H_7)—q (¢ € Nyy(ry, ¢ € Zy,
q > ¢ +1ogy c(T)) can be represented in form (2.42) (see Theorem 2.7). Then we have a
representation (a Clark-Ocone type formula)

F=EF + /EtatFJLt, (2.48)

where BEO.F € (L)Y, @ He € (H_7)—q @ H_rc, O.F is the Hida derwative of F
(cf. (0.2), (2.45), (2.47)).

Proof. The result easily follows from Theorem 2.4.3 and Proposition 2.4.1 in [27]. d

Let F, t € Ry, be the completion with respect to the Lévy white noise measure of
the o-algebra o(L, : u < t) that is generated by the Lévy process L up to time ¢. For
Fe (LQ)qﬁ, B € [-1,0) and ¢ € Z, or § =0 and —¢ € N (i.e., for generalized random
variables), we define an expectation EF by formula (2.41), and a conditional expectation
E(F|z,) by setting

q

E(F|z) = F9 4+ :(c®", FM1 0): € (L7)F
n=1

where F(™) ¢ 7—[8;1 are the kernels from decomposition (1.7) for F. For F € (L?) C (L?)2,
as is easy to see, EF is the usual expectation of F'; and one can show by analogy with
the proof of Theorem 4.2 in [29] that E(F|x,) is the conditional expectation of F with
respect to JFy.

Based on the definition above, for G € (Lz)g ® Hc it is natural to set

E(G()|7) =G + 3 (0" GM 1 ) s € (1)) @ He,
n=1

where G € Hég% ® Hc are the kernels from decomposition (1.10) for G. It is clear that
G,y € Hip @ He and |GV 1 galpy oy < 1GY therefore E( o ()| )

is a linear continuous operator in (L2)§ ® Hc.

)
3 e

Theorem 2.10. (|27], cf. Theorem 2.7) Let F € (Lz)g_ The following statements are
equivalent:

(1) F can be represented in the form
F=EF+ /E(@tF|ft)<th (2.49)

with E(0.F|7) € (L*)f @ He if 8> 0, and B(0.F|£) € (L?)]_, @ He if B < 0;
(2) for each n € N\{1} the kernel F(") € ’HS;% from decomposition (1.7) for F
contains a representative ) € F™ such that f(™ (t1,...,tn) =0 if there exist
i,j €{1,...,n}, i # j, such that max{ti,...,t,} =t;, =t; (i.e., if the multiplicity
of the greatest t. € {t1,...,t,} is greater than one).
Corollary 2.11. Let F € (LQ)Qq, C(H-7)—q (1€ Ny, ¢ €7y, ¢> ¢ +logyc(r))
satisfy assumption (2) of Theorem 2.10. Then F can be represented in form (2.49), where
E(0.F|r) e (L*)°, @He C(H-7)g®@H _rc.

It is worth noting that, as is proved in [27], if F' € (Lz)g can be represented in form
(2.49) then

E(0.F|r) =BEoF (2.50)

in (L2)f]3 ®Hc if 4> 0, and in (LQ)S_l ®@Hc if 8 < 0 (cf. (2.49) and (2.48)). In particular,

equality (2.50) is true for F' € (L*)%, C (H_7)—4 (¢ € Nyy(r), ¢’ € Zy, ¢ > ¢’ +1ogy (7))
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that can be represented in form (2.49). So, formula (2.48) is a direct analog of Clark-Ocone
formula (0.2) in the Lévy analysis.

Remark 2.12. Let F € (LQ)qB, N (H-;)—q with some 8 € [-1,1], ¢ € Z, 7 € T
and ¢ € Ny ;). Now if F' can be represented in form (2.42) (see Theorem 2.7) then
representations (2.47), (2.48) hold true and the integrands belong to the space (L2)qﬁ, ®Hc
for 5 > 0, and to the space (LQ)qu_1 ® Hc for 8 < 0 (actually this statement is true for

all F' e (L2)§, that can be represented in form (2.42)) [27]; but there is no evidence to
suggest that these integrands belong to the space (H_.)_q ® H_ ¢, generally speaking.

Remark 2.13. If F € (L?)?, but assumption (2) (or assumption (1), which is the same)
of Theorem 2.7 is not fulfilled, one still can construct the integrands AJ.F,E.0.F €
(L2)§71 ® Hc and the corresponding stochastic integrals. But, of course, representations
(2.47) and (2.48) will not be fair.

Finally, we note that all results of this paper hold true (up to obvious modifications),
if one considers the "boundary" spaces (H_,), (D’) instead of (H_;)_g.

REFERENCES

[1] K. Aase, B. Oksendal, N. Privault, and J. Uboe, White noise generalizations of the Clark-Haussmann-
Ocone theorem with application to mathematical finance, Finance Stochastics 4 (2000), no. 4, 465-496.

[2] V. V. Anh, W. Grecksch, and C. Roth, g-fractional Brownian motion in infinite dimensions with
application to fractional Black-Scholes market, Stoch. Anal. Appl. 27 (2009), no. 1, 149-175.

[3] F. E. Benth, G. Di Nunno, A. Lokka, B. Oksendal, and F. Proske, Ezplicit representation of the
minimal variance portfolio in markets driven by Lévy processes, Math. Finance 13 (2003), no. 1,
55-72.

[4] Y. M. Berezansky, Z. G. Sheftel, and G. F. Us, Functional Analysis, Vol. 2., Birkhduser Verlag,
Basel-Boston—Berlin, 1996.

[5] J. Bertoin, Lévy Processes, Cambridge University Press, Melbourne, New York, 1996.

[6] J. M. Clark, The representation of functionals of Brownian motion by stochastic integrals, Ann.
Math. Stat. 41 (1970), no. 4, 1282-1295.

[7] M. De Faria, M. J. Oliveira, and L. Streit, A generalized Clark-Ocone formula, Random Oper. Stoch.
Equ. 8 (2000), no. 2, 163-174.

[8] G. Di Nunno, B. Oksendal, and F. Proske, White noise analysis for Lévy processes, J. Funct. Anal.
206 (2004), no. 1, 109-148.

[9] G. Di Nunno, B. Oksendal, and F. Proske, Malliavin Calculus for Lévy Processes with Applications
to Finance, Universitext. Springer-Verlag, Berlin, 2009.

[10] K. Es-Sebaiy and C. A. Tudor, Lévy processes and It6-Skorokhod integrals, Theory Stoch. Process.
14 (2008), no. 2, 10-18.

[11] M. M. Frei, Wick calculus on spaces of reqular generalized functions of Lévy white noise analysis,
Carpathian Mathematical Publications 10 (2018), no. 1, 82-104.

[12] M. M. Frei and N. A. Kachanovsky, Some remarks on operators of stochastic differentiation in the
Lévy white noise analysis, Meth. Func. Anal. and Topol. 23 (2017), no. 4, 320-345.

[13] I. M. Gelfand and N. Y. Vilenkin, Generalized Functions, Vol. iw: Applications of Harmonic
Analysis, Academic Press, New York, London, 1964, Russian edition: Fizmatgiz, Moskva, 1961.

[14] I. I. Gihman and A. V. Skorohod, Theory of Random Processes, Vol. 2, Nauka, Moscow, 1973, in
Russian.

[15] H. Holden, B. Oksendal, J. Uboe, and T. S. Zhang, Stochastic Partial Differential Equations—a
Modeling, White Noise Functional Approach, Birkhduser, Boston, 1996.

[16] T. O. Kachanovska and N. A. Kachanovsky, Interconnection between Wick multiplication and
integration on spaces of nonreqular generalized functions in the Lévy white noise analysis, Carpathian
Mathematical Publications 11 (2019), no. 1, 70-88.

[17] N. A. Kachanovsky, On an extended stochastic integral and the Wick calculus on the connected with
the generalized Meizner measure Kondratiev-type spaces, Meth. Func. Anal. and Topol. 13 (2007),
no. 4, 338-379.

[18] N. A. Kachanovsky, Clark-Ocone type formulas in the Meizner white noise analysis, Carpathian
Mathematical Publications 3 (2011), no. 1, 56-72.

[19] N. A. Kachanovsky, Clark-Ocone type formulas in the Meizner white noise analysis for non-
differentiable by Hida random variables, “KPI Science News” 15 (2011), no. 4, 5660, in Ukrainian.



20]

[21]

[22]
23]

[24]

[25]

[26]

27]

28]
[29]
[30]
31]

32]

[33]

[34]

(35]
[36]

37]

CLARK-OCONE TYPE FORMULAS... 135

N. A. Kachanovsky, Clark-Ocone type formulas on spaces of test and generalized functions of
Meizner white noise analysis, Meth. Func. Anal. and Topol. 18 (2012), no. 2, 160-175.

N. A. Kachanovsky, Extended stochastic integrals with respect to a Lévy process on spaces of
generalized functions, Mathematical Bulletin of Taras Shevchenko Scientific Society 10 (2013),
169-188.

N. A. Kachanovsky, On extended stochastic integrals with respect to Lévy processes, Carpathian
Mathematical Publications 5 (2013), no. 2, 256-278.

N. A. Kachanovsky, Operators of stochastic differentiation on spaces of nonregular test functions of
Lévy white noise analysis, Meth. Func. Anal. and Topol. 21 (2015), no. 4, 336-360.

N. A. Kachanovsky, Operators of stochastic differentiation on spaces of nonregular generalized
functions of Lévy white noise analysis, Carpathian Mathematical Publications 8 (2016), no. 1,
83-106.

N. A. Kachanovsky, On Wick calculus on spaces of nonregular generalized functions of Lévy white
noise analysis, Carpathian Mathematical Publications 10 (2018), no. 1, 114-132.

N. A. Kachanovsky, On stochastic integration, differentiation and Wick calculus in the Lévy white
noise analysis, The collection of works of Institute of Mathematics of NASU, Vol. 18, No 1, Institute
of Mathematics of NASU, 2021, in Ukrainian, pp. 456-507.

N. A. Kachanovsky, Clark-Ocone type formulas on the spaces of regular test and generalized functions
in the Lévy white noise analysis, The collection of works of Institute of Mathematics of NASU,
Vol. 20, No 1, Institute of Mathematics of NASU, 2023, in Ukrainian, pp. 805-842.

N. A. Kachanovsky, Elements of Lévy analysis on the spaces of nonregular test and generalized
functions, Ukr. Math. J. 76 (2024), no. 12, 1752-1782.

N. A. Kachanovsky and V. A. Tesko, Stochastic integral of Hitsuda-Skorokhod type on the extended
Fock space, Ukr. Math. J. 61 (2009), no. 6, 873-907.

I. Karatzas and D. Ocone, A generalized Clark representation formula, with application to optimal
portfolios, Stochastics Rep. 34 (1991), no. 3-4, 187-220.

1. Karatzas, D. Ocone, and J. Li, An extension of Clark’s formula, Stochastics Rep. 37 (1991), no. 3,
127-131.

A. Lokka, Martingale Representation, Chaos Expansion and Clark-Ocone Formulas, Research
Report, Centre for Mathematical Physics and Stochastics, University of Aarhus, Denmark, 22, 1999,
pp. 1-24.

A. Lokka, Martingale representation of functionals of Lévy processes, Stoch. Anal. Appl. 22 (2004),
no. 4, 867-892.

E. W. Lytvynov, Orthogonal decompositions for Lévy processes with an application to the gamma,
Pascal, and Meizner processes, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 6 (2003), no. 1,
73-102.

J. Maas and J. van Neerven, A Clark-Ocone formula in UMD Banach spaces, Electron. Commun.
Probab. 13 (2008), 151-164.

D. Nualart and W. Schoutens, Chaotic and predictable representations for Lévy processes, Stochastic
Process. Appl. 90 (2000), no. 1, 109-122.

D. Ocone, Malliavin’s calculus and stochastic integral: representation of functionals of diffusion
processes, Stochastics 12 (1984), no. 3-4, 161-185.

[38] H. Osswald, Malliavin calculus on extensions of abstract Wiener spaces, J. Math. Kyoto Univ. 48

(2008), no. 2, 239-263.

[39] G. Peccati and M. S. Taqqu, Stable convergence of generalized L? stochastic integrals and the

principle of conditioning, Electron. J. Probab. 12 (2007), no. 15, 447-480.

[40] I. V. Rodionova, Analysis connected with generating functions of exponential type in one and infinite

dimensions, Meth. Func. Anal. and Topol. 11 (2005), no. 3, 275-297.

[41] W. Schoutens, Stochastic Processes and Orthogonal Polynomials, 2000, pp. XIII+166. In: Lect.

Notes in Statist., Vol. 146. Springer—Verlag, New York.

[42] A. V. Skorohod, Integration in Hilbert Space, Springer-Verlag, Berlin-New York-Heidelberg, 1974,

Russian edition: Nauka, Moskov, 1974.

[43] X. Zhang, Clark-Ocone formula and variational representation for Poisson functionals, An. Probab.

37 (2009), no. 2, 506-529.

N. A. Kachanovsky: nkachano@gmail.com
Department of Functional Analysis, Institute of Mathematics of NASU, 3 Tereshchenkivs’ka str., Kyiv,

01601, Ukraine

Received 25/08,/2025; Revised 09/12/2025


mailto:nkachano@gmail.com

	Introduction
	1. Preliminaries
	1.1. A Lévy process and its probability space
	1.2. Lytvynov's generalization of the chaotic representation property
	1.3. An extended stochastic integral on (L2)
	1.4. A Hida stochastic derivative on (L2)
	1.5. A regular rigging of (L2)
	1.6. A nonregular rigging of (L2)
	1.7. An extended stochastic integral on (H-)-q
	1.8. A generalized Hida derivative on (H-)-q

	2. Clark-Ocone type formulas and related topics
	2.1. Belonging of a random variable to the range of values of the extended stochastic integral
	2.2. A Clark-Ocone type formula on (H-)-q
	2.3. Clark-Ocone type formulas on subsets of (H-)-q

	References

