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ABsTRACT. In this paper, we introduce the notion of m-quasi-n-power-totally-(a, 3)-
normal operators on a Hilbert space # as : An operator L is called m-quasi-n-power-
totally-(c, B)-normal (0 < a <1< f3) if

Q2L (L= (L=N)"L™ < LT(L—=N"(L—=N)"L™ < BZL™ (L—N) " (L—N)"L™
for natural numbers m and n and for all A € C. This paper aims to study several
properties of m-quasi-n-power-totally-(«a, §)-normal operators.

1. INTRODUCTION
Let % be a non zero complex Hilbert space and let (%) denote the algebra of all

bounded linear operators on J#. Let m and n be natual numbers.
Definition 1.1. Let £ € Z(7).

(1) An operator £ is called (o, 8)-normal [9, 16] (0 < a <1< j)if

QPLL S LLY < BPLEL.
(2) An operator L is called quasi-(«, 8)-normal [19] (0 < a <1 < f) if
AL < LALLYL < B2LH2L2.
(3) An operator L is called m-quasi-(a, §)-normal [19] (0 < a <1 < f) if
Q2 LMD pml < pmx(p ey pm oo 32 p(mAD)s pmatd

for a natural number m.
(4) An operator L is called m-quasi-totally-(c, 5)-normal [19] (0 < a <1 < j) if

a2£m*<£ _ A)*(L‘ — )\),Cm < Em*(c — /\)(,C - )\)*Em
< BPL™L — N (L~ NL”

for a natural number m and for all A € C.

In general the following implications holds:

(o, B) — normal C quasi — (a, 8) — normal
C m — quasi — (a, 8) — normal C m — quasi — totally — (o, 8) — normal.

Many authors have studied various generalizations of normal operators in [1, 2, 3, 6,
8, 14, 17, 20] and hyponormal operators in [4, 13, 15, 18]. The concept of n-normal
operators extends the concept of normal operators and has been investigated by A.A.
Jibril[14] and S.A. Alzuraiqi et al.[3]. An operator £ is n-normal if it satisfies the equation
LrL* = L*L". In general normal C n — normal. Recently, M. Guesba [11] established
sufficient conditions under which the sum and product of two hyponormal operators are
hyponormal. Some results on numerical radius inequalities for («, 8)-normal and normal
operators are given in [9, 10].
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This paper focuses on a class of operators on Hilbert spaces that generalizes the
concepts of n-normal, («, 8)-normal and m-quasi-(«, 8)-normal operators. Specifically,
we introduce the class of m-quasi-n-power-totally-(«, 8)-normal operators as:

An operator £ is called m-quasi-n-power-totally-(c, 8)-normal (0 < o <1< g) if

for natural numbers m,n and for all A € C.

Remark 1.2. (1) If m = 0, then m-quasi-n-power-totally-(«a, §)-normal is called
n-power-totally-(a, §)-normal.
(2) If n = 1, then m-quasi-n-power-totally-(«, 8)-normal is called m-quasi-totally-
(c, B)-normal.
(3) If m = 0,n = 1, then m-quasi-n-power-totally-(c, 8)-normal is called totally-
(a, B)-normal.

Example 1.3. Given the operator £ = diag(2,4) in %(C?) is 2-quasi-3-power-(a, 3)-
normal for a = 0.5 and g = 2.

Example 1.4. The following operator £ in %(C?) is 2-quasi-2-power-(a, 3)-normal for

a=0.6and g =1.4.
2 1
z_(o 3)

2. MAIN RESULTS
We begin with the following theorem.

Theorem 2.1. Let L € B(H) be an m-quasi-n-power-totally-(c, B)-normal if and only
if it is n-power-totally-(a, §)-normal on ran(L™).

Proof. L € B(5) is m-quasi-n-power-totally-(«a, )-normal operator

& Q2L (L — N (L= N)"L™ < L™ (L — AL — N L™
< B2L™H(L — N)F(L— )L™
& (2L (L= N)* (L= N)"Lmx,z) < (L™ (L= N)"(L—N)*L™z, x)
< <ﬁ2£7"*(£ —N)*(L - )\)"me,m>, for every x €
& (o (L =N (L =MLz, Lx) < ((L—N)"(L = ALz, L7z)

< <,32(£ — AL - /\)"me,/.:mx>, for every x €
S L= N(L=N"<(L=N"L=N*<B>L-N(L—-N", on ran(L™).
O

Theorem 2.2. Let L € B(H#) be m-quasi-n-power-totally-(«, 5)-normal and let M be
a closed subsapce of 7 which reduces L. Then L|M is m-quasi-n-power-totally-(c, 3)-
normal.

Proof. Let M be a reducing subspace of £. Then

0 Lo
From the fact that £ is m-quasi-n-power-totally-(c«, 8)-normal, we have
QPL™(L = N (L= N)"LT <L (L - N)(L - N)FL™
< BELTH(L — N)F (L — AL

L':(El 0>0n%:M€BML.
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J ) (0 s)
J L) (6 2)

Therefore
o (L1 0N\ (L) —
“\ o L, 0 ﬁzf
(L 0 Ly — A
- 0 LQ 0 EQ— EQ—/\
<52£10 Ly — £1A0”£ 0\"
- 0 Eg 0 £2— ﬂQ—A 0 ﬁg ’
Hence

o2 L7*(Ly — (L = N)"LP 0 < L7*(Ly —XN)™(Ly = N)*LP 0
0 V)~ 0 1%

o (LT*(Ly = N (L1 =X)L 0
<p ( 0 V)
for some operator V. This indicates that

QLT (L — N (L1 — N)LT < LT (L — N (L1 — N LT
< BELY (L1 = N (L1 = N)"LY
So, L1 = L|M is m-quasi-n-power-totally-(«, §)-normal. O

Theorem 2.3. [19] Let L € B(H) such that L™ does not have a dense range, then the
following statements are equivalent.

(1) L is a m-quasi-totally-(c, B)-normal operator.

_(AB — ran(Z™ o _
(2) £ = 0 C) on H = ran(L™) @ ker(L*™), where A = £|T(c)

(o, B)-normal operator, BB* =0 and C™ = 0. Furthermore o(L) = o(A) U {0}.

is a totally

The next theorem give an equivalent condition for £ to be a m-quasi-n-power-totally-
(o, B)-normal operator.

Theorem 2.4. Let L € B(H) such that L™ does not have a dense range, then the
following are equivalent.

(1) L is a m-quasi-n-power-totally-(a, §)-normal operator.

satisfies

@) £ = ( a4l > on A = Tan(L) & ker(L™), where A= Ly

n(Lm)

n—1
AZ(A=A) (A=N"< (A= N"(A- )"+ (Z(A - \NIB(C - )\)”‘1‘-7) B*
§=0
< BHA =N (A=A,
for all \ € C and C™ = 0. Furthermore o(L) = o(A) U{0}.
Proof. (1) = (2). Consider the matrix representation of £ with respect to the decom-

position S = ran(L™) ® ker(L*™) : L = < A B

0 C ) Let P be the projection onto

ran(Lm). Then( “61 8 ) = LP = PLP. Since L is m-quasi-n-power-totally-(a, 8)-

normal operator, we have then

a?P (c*m(c — N (L — )\)"Lm)>7? < P(L*m(ﬁ (L - )\)*Em)P
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< p*P (ﬂ*m(,c - N*(L— )\)”Em)P

That is
a2(A “N)'A=-NN"<A=-N"(A=-N"+ (Ti(fl — )\)jB(C — A)”_l_j) B*
j=0
<BA= N A=V,
for all A € C.

However, let = x1 +x2 € S = ran(L™) @ ker(L*™). A simple computation shows that
(CMxo, ey = (LTI —P)z,I —P)x)
= (I —-P)z, L™ —P)x)=0.
So, C™ = 0.
Since o(L)UT = o(A)Uo(C), where T is the union of the holes in ¢(£) which are, in

fact, a subset of o(A) N o (C) by Corollary 7 of [12], and o(A) No(C) has no interior point
and C is nilpotent, we have o(£) = o(A) U {0}.

A B > onto £ = ran(L™) @ ker(L*™), with

(2) = (1) Suppose that £ = ( 0 C

n—1
A (A=XN"(A=-N)"< (A= " (A=) + (Z(A ~ NB(C — A)"‘l‘j) B*
j=0
<BHA=N (A=),
foral A e C and C™ =0.
Am y m—1 ] ,
Since L™ = , Y= Z Aipem—t-i,
0 O
(L= N (L=

J=0

n—1
(A= X)*(A=N)" (A= N)* (Z(Afx)js(cfx)"—l—j)
Jj=0
- n—1 .
B*(A - )" B* ( (A—=XN)BC - A)”‘*“J) + (€ =N C=N"
j=0

and

(£ =X"L =N

n—1 n—1
_ ( (A=A =N+ (Z (A-xIB(C - /\)"7174') B* (Z (A-x7BC- A)’L**J‘) (P >
= j=0 ’

(JEE A" B* (C—N"(C -
Further
£7n£*7n —
0 0
_ D 0
- 0o 0 )’

where D = A" A*™ + YY* = D*.
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Hence for all A € C, we have

a2£m£*m((£ o )\)*(E o )\)n)ﬁmﬁ*m

a?D(A—\)*(A—N)"D 0
)

D ((A —N)A = M)+ (iu ~\)B(C - A)"‘l‘j) B*) D o

< =~
0 0
— ,Cm[:*m((ﬁ— )\)n(c _ /\)*)ﬁmc*m
B2D(A—N)*(A— "D 0
< (AT

— BQ,Cm,C*m ((E _ )\)*(E _ )\)n)ﬁmﬁ*m

It implies that
a2£m£*m((£ _ )\)*(,C _ )\)7L)£m£*m

< BELTLT((L - AL = N LmL

Therefore
LT (L =N (L= N)") L™ < L ((L—=N)"(L—=N*)L™

S 52£*m((£ o )\)*(,C o )\)n)‘cm7
on H = ran(L*™) @ ker(L™).

This leads to the conclusion that, £ is m-quasi-n-power-totally-(«, 8)-normal. O
A B , L ,
Theorem 2.5. Let £ = 0 c)€ B(H ). If A is a surjective m-quasi-n-power-

(e, B)-normal operator and C™ = 0 for some integer m, then L is similar to a m-quasi-n-
power-(«, B)-normal operator.

Proof. Under the condition A is surjective and C is nilpotent, we have o(A) N o (C) = ¢.
Then there exists an operator X such that AX — XC = B. Since

I X\(A BY (A 0\/(I X
0 1 0 ¢) \o0o C 0o 1)’
o S A 0 .
it is clear that £ is similar to 7 = 0 ¢l Let A be m-quasi-n-power-(«, §)-normal

operator and C™ = 0. Then

a2 (A 0\ (A oY A 0\
0 C 0 C 0 C
(A 0\ A 0 " T(A 0\
—\0 C 0 C
2 (A 0™ A 0\" (A 0\"
<h (0 c) (0 c) <0 c) (0 c)

<Am*A*AnAm 0) <A77L*AnA*Am 0)
« 0 0

A
0
A
0

Ao Oao

‘We have
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A™FAFATA™ 0
< B? .
<o (A0
Thus £ is similar to a m-quasi-n-power-totally-(«, §)-normal operator O

In the following results, direct sum and tensor product for two m-quasi-n-power-(a, 3)-
normal operator are studied.

Theorem 2.6. If L, T are m-quasi-n-power-(«, 8)-normal operator, then L& T is m-
quasi-n-power-(a, §)-normal operator.

Proof. Consider,
[(LaT)™(LeT)(LOT)(LDT)™|(x1 & x2)
(L™ o T™) L TN L & THNL™ D T™)] (21 ® 2)
(L™ LrL L™ e T T T™) (21 @ x2)
= (L™LLL " wy) (T T T T a2)
(L™ LALLM w1) @ (2T ™ T T T " xs)
@ [ (L™ L LML @ Tm*T*T”Tm)] (x1 8 x2)
[oz2 (LoT)™ Lo L) (LBT)"(L D T)m] (x1 ® x2).

v

Similarly,
[(LaT)™(LeT)(LO®T)(LDT)™(z1 ® x2)]
<[PLeT)™LeT)(LeT)(LeT)"](x1® ).

Hence £ & T is m-quasi-n-power-(a, §)-normal operator. O
Theorem 2.7. Let L, T € B(J) and let (0 < aj,a0 < 1 < f1,82). The following
conditions hold.

(1) If L is m-quasi-n-power-(ay, f1)-normal operator and T is m-quasi-n-power-

(a2, B2)-normal operator, then L ® T is m-quasi-n-power-(aqag, B1P2)-normal

operator.
(2) If LT is m-quasi-n-power-(«, )-normal operator, then there exists two constants

c1 > 0 and ca > 0 such that L is m—quasi-n—power—(a, / é, ﬂw/cl)-normal operator
and T is m—qua,sz—n—power—(,/cQ, \/ E)—normal operator.

Proof. (i) Since L is m-quasi-n-power-(cv, 81 )-normal operator and 7 is m-quasi-n-power-
(a2, B2)-normal operator, we have

and

a%Tm*T*Tnme S Tm*TnT*Tm S 5;7—7n*7—*7—n7—m~
Consider,

(B18) (LOT)™LT)(LOT)(LDT)™

= BB LT @ T (L @ T (L 0 T(L" & T™)
= (B)°LmLrLm L™ @ (B) T T T

> LLLL QT T T

= (L™ @ T™)(L" @ T")(L* @ T)(L" & T™)

= (LT)™(LT)LT) (LT
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Hence

(B162) (LOT)™LOT) (LOT)LOT)" > (LOT)™ (Lo T)(LOT) (LaT)™
Secondly,
LRIT)™(LRIT)(LRT)(LT)™

= (L™ @ T™) L @ T")L @ T (L™ @ T™)

= LTLMLLT @ T T T

> (1)L L L L™ @ (o) T T T T™

= (a)* (@)’ (L™ @ T™) (L @ T L @ T (L™ © T™)
— () (LR T)™Le T (L T)"(LeT)™

Hence

LOT)™(LOT)(LeT)(LeT)™ 2 (aax) (LOT)™(LOT)(LOT)(LOT)™

Therefore, £ ® T is m-quasi-n-power-(a; aa, 5132 )-normal operator.
(ii) We have
BLIT LT (LOT)(LoT)" > (LT)™(LeT)(LeT) (LeT)™
>} (LRT)™LT) (LT (L T)™.
So,
BELMLALL™ @ T T TT™ > LML LA L™ @ T T T™

and
So there exists a constant ¢; > 0 such that

6152£*m+1£m+n 2 ﬁ*mﬁ*ﬁn[,m

and
1
?T*m+17—m+n Z T*mT*TnTm
1

On the other hand we can find a constant ¢y > 0 satisfies

c2£*m£*[’n£m Z a2£*m+1£m+n

and

1

;T*mT*TnTm Z T*m+17-m+n.

2
It is straightforward to see that

1 1
0 < ay/— va < 1< Byer, |/ —
Co C1

. . 1 . .
Therefore, L is m—quabl—n—power—(a o ,B,/cl)—normal operator and 7 is m-quasi-n-

power—(\/cz or/ %)—normal operator. O

In the following theorem, the stability of the sum of two m-quasi—n-power-totally-(«, 3)-
normal operators is preserved under the specific conditions.

Theorem 2.8. Let L,T € B(). If L, T are m-quasi-n-power-totally-(a, 5)-normal
operator satisfies the following conditions;

o (L-XNT=(T-XNL=0

e T*(L-XN)=L(T-X=0
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o« (L—N)(T=N"=(L-N(T=X\=0
« LT=TL=0
e (L=N)(T-XN=(T=A(L-\)=0

Then L+ T is m-quasi-n-power-totally-(c, B)-normal operator.

Proof. If L, T are m-quasi-n-power-totally-(c«, 8)-normal operator, then we have

QPLI(L — AL — NL™ < L(L — \)(L — N\ L™
< ﬂ2£*m(£ _ )\)*(ﬁ _ A)nﬁm,

(T )T =X (T = N)™(T™) "NT = N™T =N)(T™)

(7"
BHT )T = N (T = N)™(T™)

<
<

for all A € C.
To show that £+ T is m-quasi-n-power-totally-(«, §)-normal operator.
First we have,

((L+T)™) [@2((L =N + (T =N (L =N+ (T = \)")
—((L=N"+ (T =) ((L=N"+(T =] ((L+T)™)

= (L™ +T™) [ ((L=N"+(T=N)((L=N"+(T -1
—((L=N"+ (T =N (L =N+ (T =X)L +T™)

= L™[(L=N"+(T=N)(L-=N"+(T-N")
(L =N+ (T = A" (£ = )"+ (T = 2]
FLM [P (L =N+ (T = V") (£ - ) +(T A)")
—((£= 0"+ (T =) (£ =0+ (T =A))]
(T [ (L —A)* + (T —

(

)
L—A (T
A)*)(( "+ (T = ))
~((L=N"+ (T = 0" (£ = A7+ (T =)7L
HT) [0 (L =X+ (T - A))(( )” (T=N")
—((L=2"+(T=N")((L=A )INT
(

)+ AONT™)

L= A (- A — (£ e ]ﬁ
HT™) (T =T =N") = (T - A) (T =))(T™)
< 0.

Secondly,
((L+T)™) [B2(L =N+ (T =N*)((L=N"+(T - N)")
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—((L=N"+ (T =) (L=N"+(T =) ((c+T)™)

= (L T[B((L =N+ (T =N (L= X"+ (T = A)")
—((L=N"+ (T =" (L =N+ (T =N (L™ +T™)
= L™[B((L =N+ (T =N (L -N"+(T -

—((L=XN"+(T=N")((L=N*+ (T =N

+L™BA(L =N+ (T =) ((L - ) +(T=N")

—((L=N"+ (T =N") (£ =2+ (T =0T
(T’"*)[BQ((E—A) (T =N )(( " (T =A)")
—((£ +(T =N (L =N+ (T =1L

+( ’”*)[62((5 A (T =) )(( )" +(T-N")
—((L=N" (T = N") (£ =N+ (T =2)NT™)

= ﬁ*m%w A (L=N") = (£~ M%c AL
HT )BT = N7(T = A") = (T =" (T =0T
> 0.

Therefore £ + T is m-quasi-n-power-totally-(«, 8)-normal operator. O

Theorem 2.9. Let L1,Ls € B(H) be doubly commuting. If Ly is an m-quasi-n-
power-(c, B)-normal and Lo is an m-quasi-n-power-(<’, 8')-normal, then L£1Ly is an
m-quasi-n-power-(ac’, B8")-normal

Proof. Consider,

(! V(L1 L) ™ (L1L2)* (L1L2)™ (L1 Lo)™ QLT LI LT LT LY LY LT
QLT LILYLT LY LY LS LY

L LOLTLT L L L5 L
(L1L2)" (L1 L) (L1L2)" (L1L2)™

INIA

and

(L1Lo)™ (L1Lo)" (L1 Lo)" (L1L2)™ Ly LY LYLY L5 L5 Lo L5

B2LY LILY LT LY L8 L5 LY

BB LY Ly LY LT Ly L5 L5 LY

= BPBRLYLILTLT LY L5 LE LY

= (BB)L1La)™ (L1L2)* (L1L2)" (L1L2)™,

0

INIA

Theorem 2.10. Let £ be an m-quasi-n-power-totally-(«, §)-normal operator. If L™ has
dense range, then L is totally-n-power-(a, §)-normal.

Proof. Since L£™ has a dense range, it follows that ran(L£™) = . Let y € . Then
there exists a sequence (z,,) in S such that L™ (x,) — y as n — oo.
Since L is m-quasi-n-power-totally-(c, 8)-normal operator, we have
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QLT (L = N (L= N)"L™ < L™ (L — N (L= N)*L™ < BEL™ (L — N)*(L—N)"L™
(aPL™ (L= N (L= N"Lx,x) < (L™(L—=N"(L—N)L"z,z)
<(BPL™(L — N)* (L= N)"L"x,x), for every x € H.

In particular,

(aPL™ (L= N (L= X)L Ty, ) < (L™HL = N (L= N L2, T0)
< <62£m*(£ - (L - /\)"men,xn>, for every x, € .

It follows that
(@2(L =N (L=N"y,y) < ((L=N"(L=N"y,y) <(B(L=N"(L=N)"y,y),

for all y € 4 and for all A € C. Therefore £ is totally-n-power-(a, 8) — normal
operator. O

Corollary 2.11. Let L be an m-quasi-n-power-totally-(c, B)-normal operator. If L™ # 0
and if £ has no nontrivial L™ -invariant closed subspace, then L is totally-n-power-(a, B)-
normal.

Proof. Since L™ has no nontrivial invariant closed subspace, it has no nontrivial hyperin-
variant subspace. But ker(£™) and ran(L£™) are hyperinvariant subspaces, and £™ # 0,
hence ker(L£™) = 0 and ran(L£™) = . Therefore L is totally-n-power(c, 3)-normal
operator. O

Corollary 2.12. If L is such that a + bL is m-quasi-n-power-totally-(a, B)-normal
operator for all scalars a and b, then L is totally-n-power-(a, §)-normal.

Proof. Tf L is m-quasi-n-power-totally-(«, 8)-normal operator but not totally-n-power-
(cr, B)-normal operator, then £™ is not invertible. It is possible to find scalars a and
b # 0 such that 7 = a + bL is invertible m-quasi-n-power-totally-(c, 8)-normal operator.
Therefore T is totally-n-power-(«, 3)-normal operators.
1
T=a+bL=L= E(T—a).
Therefore L is also totally-n-power-(«, 8)-normal. O

Proposition 2.13. Let £ be an m-quasi-n-power-totally-(a, §)-normal operator. If a,b
are non-zero eigenvalues of L such that a # b, then ker (L — a) Lker (L —b).

Proof. Let x € ker(L —a) and y € ker(L£ —b). Then Lx = ax and Ly = by. Therefore
a<zy>=b<uaz,y>, and so (a —b) < z,y >= 0. Hence ker (L — a) Lker (L —0). O
Theorem 2.14. The set {L € B(H) : 2L™MLLML™ < LEMLNLAL™ < B2LML L L™
and (0 < a <1< p)} is arcwise connected for m,n € N.

Proof. It is enough to prove that (£ is m-quasi-n-power-(a, #)-normal operator for every
non zero complex number . Now for z € 77,

(a®(CLY™(CLY (L) (CL) ™y, ) < {(CLY™(CLY™(CL)*(CL) ™, )
< (B(CL)™(CL) (CL™(¢L) ™, x).
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Hence
|C|2mZ<n <a2ﬁ*m£*£n£mx, z, > S ‘C|2m<nz <E*m£n£*£mz’ 1’>
< |C|2mZ<n <ﬁ2£*m£*£n£mx7 {E>
Therefore a2 L*MLXLPL™ < L¥MLNLAL™ < B2LML*LPL™.
This implies that the class of m-quasi-n-power-(a, §)-normal operator is arcwise connected.
O

Theorem 2.15. Let L be an m-quasi-n-power-totally-(a, §)-normal operator. If k is a
complex number, then ker (L — k) C ker (L*™(L — k)" (L — k)*L™) for each k # 0.

Proof. Suppose Lx = kz. Since L is m-quasi-n-power-totally-(«, 8)-normal,

(aPLX™(L = N)* (L= N)"Lx,x, ) < (L™(L—N)"(L = N)*L™x, x)
< (BPL™(L — N (L — N L™, x)

for all x € 2 and for all A € C. In particular,

(aP2L™(L — k)* (L — k)"L™x,x,) < (L™ (L — k)"(L — k)* L™z, z)
< (B2L(L — k)" (L — k)"L™, x).
This clearly forces x € ker (L™ (L — k)™ (L — k)*L™).
O

Theorem 2.16. Let L € B(H) and N € B(H) be an invertible operator such that
N*N commutes with L. Then L is m-quasi-totally-n-power-(«a, 3)-normal operator if and
only if NLN 1 is m-quasi-n-power-totally-(«, B)-normal operator.

Proof. Assume that £ is m-quasi-n-power-totally-(c, 8)-normal operator.
Consider,

2

A (NLN Y™ NLN T = NS NVLN T = V) (NLNH™)
< (NLNTH™HNLN T = )N LN T = (VLN —H™)
< BHNLEN Y™ NEN T = N (NLN T = D) (VLN H™).
We have
P NTHHL™NA(NTHL = N NH)N(L = X" NTHN (LN
S NTHHLTYNFN(L = N)"NTH(NTHHL = A NN (LN
< BAENTHHLYNH(NTHHL = N NN (L = NN HN (LN

It follows that

QP (NTHHL™)(L = NN N(L = N (LN
< NTHHL™)HL = AN NN TN (L = AN N(L™N T
< ﬂz(/\/_l)*(ﬁm)*(ﬁ _ /\)*N*N(»C _ )\)n(cm)N—l.

Hence,
AN (L™ (L= N (L — N (LN

)
< N(L™ (L =N (L =N (LN
< BN(L™)* (L =N (L= N (LN L
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We have
N(az(ﬁm)*(ﬁ — A (L =N"ML™) < (L)L = N)"(L=N)"(L™)

< BAL™Y (L — N(L A>“<£m>)N1.

Therefore, N LN ! is m-quasi-n-power-totally-(c, 3)-normal operator.

Conversely, assume that N'LN ! is m-quasi-n-power-totaly-(a, 3)-normal.

Set T = NLN 1. We observe that 7 commutes with (N ~1)*N~! and N='TN = L. By
taking into account the preceding part of the theorem, we have N ~1TN is m-quasi-n-
power-totaly-(a, §)-normal. O

For T, L € () the operator I'r » defined as I'r ¢ : C2(5) such that X — TXL €
Co(47) has been studied in [7].

The following results extends A. Bachir[5, Theorem 9|

Theorem 2.17. If T € B(H) is m-quasi-n-power-(«, B)-normal operator and L is
normal, then I'r o is m-quasi-n-power-(c, B)-normal operator.

Proof. Here,

L7 (X)) =TXL,

L7 (X)) =T"XL",
I"”L (X) T’"LXEm7
I‘”T“‘L(X) T X LmE

First we have,
(T3 T (T5  TF o — 2T T (T TF ) (X)

= TUTMTTXLTLLL™ = AT T T X LML L L
TT T T XL L L L™ — P T T T T X L™ L L L™
TP T T T X LML L L™ — o T T T T X LML L5 L™
= (T™T T T™ = PT™ T T T™) XL LA LM L™
FQATM T T TX (LMLHL L™ — LML LR L)
= (T T"TT" =T T T T™) XL L L L™
> 0.

Secondly,
(BT T (T (T = D3I (T (T 2 (X)

= BTTITTXLTLLILT - T T T T X L L L LT
= BTTITTXLTLL L = T T T T X LML L L
AT T T T X LML L L — T T T T X L™ L L L™
= (BT™TITTT =TT TITT) XLTL L LT
AT T T T X (L™ L LTL™ — L™ LA LM L™)
=  (BPTTTTMT =TT T XL L LT LT
> 0.

Hence I'r ¢ is m-quasi-n-power-(c, §)-normal operator. O
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Theorem 2.18. If L m-quasi-n-power-(«, 8)-normal operator and if T is unitary equiv-
alent to L, then T is m-quasi-n-power-(«, 8)-normal operator for natural numbers m and
n.

Proof. Let T be an operator unitary equivalent to £. Then 7 = U*LU for some unitary
operator U. Therefore for every x € 5

A(T™ T T T, x) = ([ULU)™ (U LU (U LU (U LU) ™z, )
AU L™ U U LU U LU (U LUz, )
AU L™ U U LU U LU U LUz, )

AU L™ L L LUz, x)

(L™ L L L™ Uz, Uz)

< (™ L™z, Ux)
— <7—m*7-n7—*7-mx, $>

= {((£™LrLr L™ Uz, U)
< BH(LmLr L L™ Uz, U

Hence T is m-quasi-n-power-(«, §)-normal operator for natural numbers m and n. O

In the next result, we study the necessary and sufficient condition to the weighted shift
operator to be m-quasi-n-power-(q, ﬂ)-normal operator.

Theorem 2.19. Let L be a weighted shift operator with nonzero weights {z)3>,. Then
L is m-quasi-n-power-(c, 8)-normal operator if and only if

a2 (zk T |Zk:+m+n71 |23k:+m+n72 T Ek«#nfl)
< (Zk T |Zk+m71|2zk+m71 c |Zk+m+n72|2 o 'Elﬁtnfl)

< 62 (Zk T |Zk+m+n—1|22k+m+n—2 o 'zk-l-n—l) .

Proof. Let {ex), be an orthogonal basis of Hilbert space .#°. Then
L(ex) = zxery1,

L*(er) = Zr—1€x—1,

LM(er) = 2k * Zhtm—1€k+ms

LM (er) = Zh—1" " Zk—mCk—m-

Em*ﬁ*ﬁnﬁm(ek) - (Zk te |Zk+m+n71|2zk+m+n72 c '2k+n71)ek+nfla

Em*ﬁnﬁ*‘cm(ek) - (Zk e |Zk+m—l|2zk+m—1 te |Zk+m+n—2|2 t ’2k+n—1)ek+n—l~
Thus

a2 (zk e |Zk+m+n71 |2§k+m+n72 e zk«#nfl)ekJrnfl
S (Zk e ‘Zk+m—1|2zk+m—1 e |Zk+m+n—2‘2 o 'Ek—&-n—l)ek-&-n—l

S 62 (Zk T ‘Zk+m+n71|2§k+m+n72 o '§k+n71)ek+n71-
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