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A CLASS OF VARIATIONAL INEQUALITY IN
HYPERBOLIC FRAMEWORK

AMJAD ALI AND ROMESH KUMAR

ABSTRACT. In this paper, we extends the classical theory of variational inequalities
to the hyperbolic scalar setting using the structure of D-Hilbert spaces. We introduce
and analyze a new class of variational inequalities, termed general mildly D-nonlinear
variational inequalities, which generalize classical formulations by incorporating D-
nonlinear and product-type mappings. We characterize these problems in terms
of their idempotent components and demonstrate that several known variational
inequality problems, including Stampacchia-type and complementarity problems,
emerge as special cases.

1. INTRODUCTION

In 1959, Antonio Signorini introduced what is now known as the Signorini problem,

marking the first occurrence of a problem formulated within the framework of variational
inequalities. A complete resolution to this problem was subsequently provided by Gaetano
Fichera in 1963, with the foundational contributions to this field, see [7, 8], and [9].
Current research efforts remain focused on refining the theoretical underpinnings of
variational inequalities, examining solution properties, studying the convergence behavior
of iterative algorithms, and enhancing the robustness of variational inequality models
(see [6, 17]). The theory of variational inequalities continues to be an active and evolving
area of mathematical inquiry, with ongoing advancements in both theoretical perspectives
and practical applications. For a comprehensive exposition on variational inequalities, we
refer to [1, 4, 6, 10, 18, 19], and [20].
Recently, the scope of variational inequality problems has been significantly extended
and generalized in various directions. A study of variational inequalities in hyperbolic
framework was initiated in [2]. In this work, our principal objective is to establish
extensions of certain results in the theory of variational inequalities within the framework
of hyperbolic scalars, leading to the formulation of the general D-nonlinear variational
inequality.

2. PRELIMINARIES

This section consolidates fundamental concepts concerning hyperbolic numbers, drawing
upon key insights from [3, 15], and supplementary material from [16]. We provide an
introduction to hyperbolic numbers and examine their essential properties relevant to the
context of this study.

The set of hyperbolic numbers, denoted by D, is defined as

D:={h=z+yk|z,y e Rk>=1k¢R}.

The conjugate of a hyperbolic number h = x+ yk is given by h® := z —yk. The hyperbolic

modulus of § is defined as |h|pny, = /22 — 32
Two fundamental hyperbolic numbers, e = 3(1 + k) and e’ = (1 — k), exhibit distinct

algebraic properties in hyperbolic analysis. They satisfy idempotency conditions, (e)? = e
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and (ef)? = ef, and act as zero divisors with e - el = 0. Furthermore, they satisfy
e+ef =1 and e — ef = k. These properties yield the idempotent representation of
hyperbolic numbers:

h=z+ky=(z+y)e+ (r—y)e’ =bhee+ bherel.

A hyperbolic number h = hee + horel is a zero divisor if and only if either ho = 0
or het = 0. The set of all zero divisors is denoted by NC, and its union with zero is
represented as NCj.

The subset of positive hyperbolic numbers, denoted by DT, consists of hyperbolic numbers
whose idempotent components are non-negative:

DY := {hee + herel | he,hor >0} .

For hyperbolic numbers b, g € D, the notation h < g signifies that g — h € DT, thereby
inducing a partial order relation on . Expressing h and g in their idempotent forms,

b:bee+hefeTa g:gee+geTeT7

where be, bet, fe, gt € R, it follows that b > g if and only if he > go and bt > get-
The theory of BC-modules has been extensively explored in [11, 12], and [13]. When
considering the specific case BC = D, the results established for BC-modules naturally
extend to D-modules. This paper focuses on the study of D-modules.

A module Xp = (Xp, +, ) over a ring R is called a topological R-module if there exists
a topology 7x, on Xp such that the corresponding operations + : Xp X Xp — Xp and
- R x Xp — Xp are continuous. In particular, if we take R = D, the ring of hyperbolic
numbers, the module Xy is called a topological D-module. The dual space of X, denoted
X[, consists of all continuous D-linear functionals ¥ : D — . In particular if we take
Xp = Dp, the set of hyperbolic numbers over the ring D, then it is called hyperbolic
module or D-module and we denote it by X.

Let X be a D-module. It admits an idempotent decomposition (see [14, 21]):

X =eXe+el X,

where X, = eX and ¥,+ = efX are real-linear spaces and also function as D-modules.
Any element h € X can be uniquely expressed as h = ehe + e'hot. If Xo and Xt are
normed spaces with respective norms || - ||e and || - ||et, then the function

_ [ Ubeliz + b1 12
Ibll—\/2

defines a real-valued norm on X satisfying the bound ||Ah|| < v/2|)]|[p]| for any X € D
and h € X.
Additionally, the space X can be equipped with a hyperbolic-valued norm defined as
19l = [lebe + eThet[[p = [[he|lee + |[het [lere,

which satisfies the property ||[Ab||p = |A|nyp||b||p. Moreover, the real-valued norm induced
by the hyperbolic norm is given by

1Bl[o] = IB]-

For more details, see [3, Section 4.2].

A D-inner product on the D-module X can be naturally defined in terms of the inner
products of its idempotent components. Assuming that X, and X+ are inner product
spaces equipped with inner products (+,)e and (-, )et, respectively, the inner product on
X is given by

(,0)p = (eho+e'ber,ege +elget)n
e(be79e)e + eT(beﬁgef)eT'
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A D-inner product in D itself can be introduced as

(h.g)p =b-g° (2.1)
The inner product in (2.1) coincides with the one derived from the idempotent decompo-
sition. The induced hyperbolic norm is given by

bl = (5, 5)5%.

A corresponding real-valued norm can be defined as

1
||b”2 = 9 ((he» be)e + (heﬂ bef)eT) :
For more details, see [3, Section 4.3] and [14].

Definition 2.1 ([3], Page 49). A sequence {h,} in a D-module X converges to hy € X
with respect to the hyperbolic norm || - ||p if, for every € > 0, there exists m € N such
that for all n > m, we have ||h, — hol||lp = €. A D-Hilbert space is a D-module X that
is complete under the hyperbolic norm induced by the inner product. Consequently,
(%, (-,-)p) is a D-Hilbert space if and only if (¥, (-, -)e) and (Xqr, (-, )et) are real Hilbert
spaces.

Remark 2.2. Every real metric is inherently a D-metric. A set X is a D-metric space if
and only if it is a metric space where the metric can be expressed as

where the algebra norm in D is given by
||bee + heTeTH = maX{lhe|’ |Det ‘}

This norm satisfies the properties:

(i) [blnyp < [lg]], and

(ii) [[b]] < [lg]| whenever [blnyp < |g[nyp-

Under this framework, a hyperbolic-valued function ¥ is D-Lipschitz, D-bounded, and
D-coercive if and only if its real-valued components satisfy these properties in the classical
sense.

A subset B of D is called a product-type set if it can be expressed as B = Bee + Bgrel,
where Be := me(B) and Bt := met (B) are the projections of B onto the coordinate axes
determined by the basis {e,ef} in R2. A function ¥ : B = Bee + Berel C D — D is said
to be of product-type if there exist functions Ve : Be — R and Ui : Bei — R such that
for every hee + horel € B, the function satisfies ¥(hee + horel) = Uo(he)e + Uer (hot et
For more details on product-type set, product-type function, and their properties, one
can refer to [2] and [5].

3. GENERAL MILDLY D-NONLINEAR VARIATIONAL INEQUALITY.

In this section, we extend the results of [20] to the hyperbolic scalar setting. This work
explores a specific class of variational inequalities, known as general mildly D-nonlinear
variational inequalities, which generalize classical variational inequality formulations
within a hyperbolic framework.

Problem 3.1. Let H = Hee + Herel be a D-Hilbert space with dual space ”H,, where
the D-inner product and D-norm are denoted by (-,)p and || - ||p, respectively. Let B
be a product-type D-closed and D-convex subset of . We denote by (-, )y, the pairing
between H' and H.

Given continuous product-type mappings ¥, : H — H', we consider the problem of
finding h = hee + herel € H such that 1(h) = Ve(he)e + Vet (het )& € B, and

(W(b), ¥(g) = v(h))p = (®(H),¥(g) = ¥(b))p, V¥(g) €B, (3-2)
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which expands as
<\I’e(be)7 ¢e(9e) - ¢e(he)>e e+ <\IjeT (he*)a 1pe’F (geT) - we’f (he*))e‘r eT
= <(I>e(he)a we(ge) - ¢e(he)>e e+ <(I)eT (beT)7 weT (geT) - weT (heT)>eT eT7

for all Ye(ge) € Be, Vet (get) € Bet-
This holds if and only if there exist solutions he € He and het € Het such that

Ye(he) € Be and vt (hot) € Bet, and
(Ve(be), e(ge) — 7/)e([7e)>e > (Pe(be), e(ge) — ¢e(he)>e ;Y e(ge) € Be,

and

<\Ije’f(he’f)v¢e1‘ (ge*) - q;z]eJr(heW”»eT > <<I>e4f(he4f)37/}e4r (ge*) - wef(bef»e’r s v we* (gef) € BeT7

where ®(h) = ®o(ho)e + Pet (hot Je' is a product-type D-nonlinear continuous mapping
satisfying ®(h) € H . The inequality (3.2) is referred to as the general mildly D-nonlinear
variational inequality.

4. SPECIAL CASES
We now discuss particular cases of Problem 3.1, highlighting its generality and signifi-

cance in the theory of variational inequalities.

Case I. If the mapping 1 is the identity, i.e., ¥(h) = b € B, then Problem 3.1 reduces to
finding h € B such that

<\I’(b);g_h>]]) = <q)(b)7g_h>ﬂ])? VgeB. (4'3)
This inequality corresponds to the class of mildly (or strongly) D-nonlinear variational

inequalities.

Case II. If the D-nonlinear operator ®(h) is identically zero, i.e., ®(h) = 0, or if ®(h) is
independent of b (i.e., ®(h) = ¢ for some function ¢), then (3.2) simplifies to the problem
of finding b € B such that ¢ (h) € B and

(W(h), ¥(g) =v(H))p = 0, V(g) €B. (4.4)

This formulation represents a specific subclass of variational inequalities.

Case III. If ®(h) = 0 and ¢ is the identity mapping, then Problem 3.1 reduces to the
classical variational inequality problem of finding § € B such that

This problem corresponds to the classical formulation of Stampacchia-type variational

inequalities.

Case IV. If B*={ph € H, (h,9)p = 0,V g € B} denotes the polar cone of the D-convex
set B in H, then Problem 3.1 is equivalent to finding h € H such that

¥(h) € B, (¥(h) —@(h) € B, and (¥(h) —2(h),y(h))p = 0. (4.6)

This formulation leads to the general mildly D-nonlinear complementarity problem.

It is evident that Problems (4.3)—(4.6) are all special instances of the general Problem
3.1. This underscores the unifying nature of Problem 3.1, which serves as the primary
motivation for this work.
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5. ITERATIVE ALGORITHM

An iterative algorithm for the general mildly nonlinear variational inequality was
studied in [18, 19] and [20]. In this section, we develop an iterative algorithm for solving
Problem 3.1 within a hyperbolic framework.

Definition 5.1. [2] Let H be a D-Hilbert space, then for each h € H, there exists a
unique g € B such that ||h — g||lp = ing [|h —i||p. This g is termed the projection of b
S

onto B and is denoted by Pp(h).

Corollary 5.2. [2, Corollary 4.4] Let H be a D-Hilbert space, and B C H be a product-type

D-closed D-convex set. Then, the product-type operator Py is non-expansive, i.e.,
[Pos () — Pas (6]l < 16— lo

for b =bee +berel b =hee + b el € 4.

Lemma 5.3. Let B = Bee+Boiel be a D-convex subset of H. Then, h = hee+horel € H
is a solution to Problem (3.1) if and only if it satisfies the following relation:

¥(b) = Pgl(h) — pA¥(h) — ()], (5.7)

where p = 0 is a positive constant, and Pg denotes the projection of H onto B. Here,
A = Ace + Agrel is the canonical isomorphism from H onto H, satisfying the duality
relation

<¢7 h>]D) = (A(ba 9)11% v ge H, Qb S H/.

Proof. Since B = Bee + Boiel is a D-convex set in H and h = hee + hoiel € H is a
solution of Problem 3.1. We must establish that b satisfies the relation (5.7).
Write (5.7) in idempotent decomposition form, we obtain
Ye(he)e + ¢ef(heT)eT = Pg, [Ve(be) = pelePe(he) — Pe(he)| €
P35, [Vei (Bet) = ot Aot Yot (het) — Pet (het)] €.

From Lemma 3.1 in [19], each component satisfies the individual relation:

Ye(he) = Pp.[Ye(he) — pelePe(he) — Pe(be)l,
and
Vet (het) = PBQT (Yot (Bet) — pet Aot Pet (et ) — Pet (het)]-

Thus, it follows that b satisfies the overall relation (5.7).
Conversely, the reverse implication follows directly from Lemma 3.1 in [19], completing
the proof. O

As a direct consequence of Lemma 5.3, we deduce that Problem 3.1 can be reformulated
as the fixed-point problem:

h=F(bh),
where the product-type function F : H — H s given by
F(h) = b —(h) + Pg[p(h) — pA(¥(h) — (b))]. (5.8)

This reformulation is particularly useful in the study of approximation and numerical
methods for variational inequalities. Specifically, it facilitates the construction of iterative
schemes for obtaining approximate solutions to Problem 3.1.

We now introduce an D-iterative approach to approximate the solution of Problem 3.1.



14 AMJAD ALI AND ROMESH KUMAR

5.1. General D-Iterative Scheme. Algorithm 5.1:

e Initialize with hy € H.
e Compute the sequence b, iteratively using the scheme:

[7n+1 =b, — w(hn) + PBW)(bn) - pA(\Il(hn) - q)(hn))], n=0,1,2,...

where p > 0 is a given constant.

5.2. Special Cases.
(i) If ¥(h) = b € B, then Algorithm 5.1 simplifies to:
Algorithm 5.2:
e Given hy € H, compute iteratively:
bnt1 = Pslbhn — pA(P(h,) — 2(hn))], n=0,1,2,...
(ii) If ®(h) = 0, then Algorithm 5.1 takes the form:
Algorithm 5.3:
e Given hy € H, compute iteratively:
Bnt1 = bn — ¥ (bs) + Pp[t(bn) — pAY,], n=0,1,2,...
(iii) If ¥(h) = h € B and ®(h) = 0, then Algorithm 5.1 reduces to:
Algorithm 5.4:
e Given hy € H, compute iteratively:
Bnt1 = Pglbn — pAUH,], n=0,1,2,...
To analyze the convergence of Algorithm 3.1, we introduce the following definitions

Definition 5.4. A function ¥ : H — H is said to be

(a) Strongly D-monotone if there exists a constant « > 0 in D such that

(W(h) —U(g),b—g)p=allb—glld, VbhgeH.

(b) D-Lipschitz continuous if there exists a constant 8 = 0 in D such that
1(h) — ¥(g)llp = Bl —gllp,  Vh,g€H.

Defining a relationship where a <X 3. These properties will be instrumental in ensuring
the convergence of the general iterative scheme to the solution of Problem 3.1.

Remark 5.5. If we take a function ¥ = Uoe+¥ el a product-type and H = Hee+Herel,
then a function ¥ : H — H is said to be

(a) Strongly D-monotone if there exists a constant o = e + @i = 0 in D such
that

(e(he) — Te(ge), he — Ge)o® + (Veil(hot) — Vei (gei) Bet — Gei)or €
b ae”he - ge”ie + aeTHheT — fet ||ZTeT7

v beage € He, he’fageT € HeT'
(b) D-Lipschitz continuous if there exists a constant 8 = e + Bet > 0 in D such
that

1We(be) = Pelge)llee+ || Vet (Bot) — Vei (i) llere’ = Bellhe — Gellc€+ Bot|[Bet — get |[ore!,
v beage S Hea be’HQeT S Hef'
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Theorem 5.6. Let U, 1) : H — H' be product-type functions such that ¥ is strongly D-
monotone and v is D-Lipschitz continuous. Suppose that another product-type function ®
is also D-Lipschitz continuous. Then, the sequence {h,} = {bnete + {b, ot }& generated
by Algorithm 5.1 strongly converges to hy in H, provided the parameters satisfy the condition

,_otak—1) {\/(Oé+w(k—1))2—(B2—72)k(2—k), k<L

/82 _ ,-Y2 hyp ﬂZ _ ,)/2

a=v1—=k) +/(B=)k2—k), andy(1—-k)<a,
where b1 and b are solutions satisfying Algorithm 5.1 and Problem 3.1, respectively.

Proof. From Lemma 5.3, the solution h of Problem 3.1 can be expressed using relation
(5.7). Using (5.7) and (5.8), we set:

Bat1 = bllo = [lbn —b = (¥(h,) —¥(b)) + Pslv(h,) — pA(TH, — (h))]
=Pp[(h) — pA(Th — @(b))][[p
= |ba = b = ((bn) — (0)]]]
+|Ps[t(hn) — pA(Vh, — D(by))]
—Pgly(h) — pA(¥h — 2(h))]lIp
= 2lhn — b = (¥(ba) — ¥(w))llp
+1bn = b — pA(Y(by) — W (h)) + pA(D(bn) — 2(h))][n,

where we use the fact from Corollary 5.2 that Py is a non-expansive mapping.
We can also write

Bn+1 = bllp 2 2/[Bne = he — Ye(bne) — Ye(be)llce
+2[[0,6t — ot — Yot (Bnet) — Vet (Be)ller €'
+[hn.e = be = pele(Te(bne) = Pe(be)) + pele(Pe(bn,e) — Pe(be))llce
H[bnet = bet — PetAet (et (Bnet) — Yer (het))
+pei Mot (Pt (By61) — Pet (Bet))lore’,

By employing the strong D-monotonicity and D-Lipschitz continuity of ¥ and 1) as well
as the technique of Noor [19], we obtain:

||bn,e - be - '¢e(bn,e) - we(he)”z j (1 - 25e + Ug)”bn,e - he||2ea (5-9)
||bn,eT - be’f - ’@[JeT(hn,eT) - %f (heT)HzT = (1 - 25eT + Uz“r)an,eT - heTHze’ra (510)

||bn,e —be — peAE(\I’e(hn,E) - \I]e(he))Hi = (1 — 2peCte + pﬁﬁz)”bn,e - beH?e (5'11)
and

th,eT - hef — Pet Aef (\I,eJf (bn,ef> - \IlelL (hef ))Hi’f = (1 - 2peJf Qet + piw‘ 6§T>||bn,e7 - beT ||2T .
(5.12)

Combining (5.9), (5.9), (5.10) (5.11), and (5.12), and using the D-Lipschitz continuity of
P, we see that

1 = Bllo < [{ (20/T= 20 +02) + perto + v/T = 2acpe + 7282 } l1bn,o — belle] €

|:{ <2\/ 1- 2(‘Selr + UZT) + PetVet + \/1 - 2O‘eTpeT + pitﬂ;‘} an,e’r - bef ||e*] eT

= {@VI=20+0%) + py+ VI =200+ B} 19 — bllo

={k+py+t(p)}bn — bllp = Ol|bn — bllp,
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where we set:

E = 2v1-26+ 02,
tp) = V1=2ap+p*B?,
0 = k+py+tp).
The function t(p) attains its minimum at p = «/3?, yielding t(p W To
ensure convergence, we require < 1, which is satisfied under the condltlons.
k< 1,
a = y(1—Fk)+ /(82 k(2 —k).

This guarantees that § < 1 for all p satisfying

atyk—1) Vie+7y(k—1))2 (52 12k(2 k)
2 _ 2 = 2 ’
B2 = hyp B2 -2
withk <1, a=~y(1—k +\/62—'7 k(2 —k), and (1 — k) < a. Since 0 < 1, the fixed

point problem (5.7) has a unique solutlon b, implying the sequence b, 41 generated by
(5.8) strongly converges to the unique solution of (3.1). O

Now we introduce module variational inequalities:

Theorem 5.7. Let Xp be a topological D-module and B = Bee + Bgie! be a product type
D-compact, D-convex subset of Xp and suppose ¥ : B — X be product-type continuous.
Then there exist a solution b € B such that

(U(g),g—b)p=0,VgeB
if and only if , there exist a solution he € Be and hei € Bet such that
(Ve (be), ge — be>e > 0,Vge € Be

and
(Uei (het)s Bot — Dot )i > 0,Yget € Bet,
respectively.

ACKNOWLEDGEMENTS

The authors are indebted to the Referee for giving valuable comments.

REFERENCES

[1] P. R. Agarwal, Donal O’Regan, and D. R. Sahu, Fized point theory for Lipschitzian-type mappings
with applications, Vol. 6, New York, Springer, 2009.

[2] A. Ali, R. Kumar, and A. Sharma, Variational inequality with hyperbolic scalars, Commun. Korean
Math. Soc., 40(1) (2025), 157-179.

[3] D. Alpay, M. E. Luna-Elizarraras, M. Shapiro, and D. C. Sruppa, Basics of functional analysis
with bicomplex scalars, and bicomplex Schur analysis, Springer Briefs in Mathematics, 2014.

[4] Q. H Ansari, Elisabeth Kobis, and Jen-Chih Yao. Vector variational inequalities and vector
optimization. Cham: Springer International Publishing AG, 2018.

[5] J. Bory-Reyes, C. O. Pérez-Regalado, and M. Shapiro, Cauchy type integral in bicomplexsetting
and its properties, Complex Anal. Oper. Theory, 13 (6) (2019), 2541-2573.

[6] Facchinei, Francisco, and Jong-Shi Pang, eds., Finite-dimensional variational inequalities and
complementarity problems, New York, NY: Springer New York, 2003.

[7] G. Fichera, Sul problema elastostatico di Signorini con ambigue condizioni al contorno, Rendiconti
della Accademia Nazionale dei Lincei, Classe di Scienze Fisiche, Matematiche e Naturali, 8 (in
Italian), 34(2) (1963), 138-142.

[8] G. Fichera, Problemi elastostatici con vincoli unilaterali: il problema di Signorini con ambigue
condizioni al contorno, Memorie della Accademia Nazionale dei Lincei, Classe di Scienze Fisiche,
Matematiche e Naturali, 8 (in Italian), 7(2) (1964), 91-140.



(9]

(10]
(11]
(12]
(13]
(14]

(15]

[16]
(17]
(18]
[19]
[20]

[21]

A CLASS OF VARIATIONAL INEQUALITY IN HYPERBOLIC FRAMEWORK 17

G. Fichera, Elastostatic problems with unilateral constraints: the Signorini problem with ambiguous
boundary conditions, Seminari dell’istituto Nazionale di Alta Matematica 1962-1963, Rome:
Edizioni Cremonese, (1964), 613-679.

D. Kinderlehrar and G. Stampacchia, An Introduction to Variational Inequalities and Their
Applications, New York, Academic Press, 1980.

R. Kumar, R. Kumar, and D. Rochon, The fundamental theorems in the framwork of bicomplex
topological modules, arXiv:1109.3424v1[math.FA].

R. Kumar and H. Saini, Topological bicomplez modules, Adv. Appl. Clifford Algebr., 26(4) (2016),
1249-1270.

R. Kumar, H. Saini, and A. Sharma, Some fundamental theorem of functional analysis with
bicomplex and hyperbolic scalars, Adv. Appl. Clifford Algebras, 30(2020), 66.

R. G. Lavoie, L. Marchildon, and D. Rochon, Infinite-dimensional bicomplex Hilbert spaces, Ann.
Funct. Anal, 1(2) (2010), 75-91.

M. E. Luna-Elizarraras, M. Shapiro, D. C. Struppa, and A. Vajiac, Bicomplex Holomorphic
Functions: The Algebra Geometry and Analysis of Bicomplex Numbers, Frontiers in Mathematics,
Springer, New York, 2015.

M. E. Luna-Elizarraras, C. O. Perez-Regalado, and M. Shapiro, On the Laurent series for bicomplex
holomorphic functions, Complex Variables and Elliptic Equations, 62(9) (2017), 1266-1286.

A. Nemirovski, Proz-method with rate of convergence O (1/t) for variational inequalities with
Lipschitz continuous monotone operators and smooth convex-concave saddle point problems, STAM
Journal on Optimization, 15(1) (2004), 229-251.

M. A. Noor, On Variational Inequalities, Ph. D. thesis, Brunel University, 1975.

M. A. Noor, An iterative scheme for a class of quasi variational inequalities, J. Math. Anal. Appl.,
110 (1985), 463-468.

M. A. Noor, An iterative algoritham for variational inequalities, J. Math. Anal. Appl., 158 (1991),
448-455.

D. Rochon and S. Tremblay, Bicomplex quantum mechanics 11: the Hilbert space, Adv. Appl. Cliff.
Algebr., 16(2) (2006), 135-157.

Amjad Ali: amjadladakhi687@gmail.com
Department of Mathematics, University of Jammu, Jammu 180001, INDIA

Romesh Kumar: romeshmath@gmail.com
Department of Mathematics, University of Jammu, Jammu 180001, INDIA

Received 20/03/2025; Revised 20/09/2025


mailto:amjadladakhi687@gmail.com
mailto:romeshmath@gmail.com

	1. Introduction
	2. Preliminaries
	3. General Mildly D-nonlinear Variational Inequality.
	4. Special Cases
	Case I
	Case II
	Case III
	Case IV

	5. Iterative Algorithm
	5.1. General D-Iterative Scheme
	5.2. Special Cases

	Acknowledgements
	References

