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LINEAR MAPS PRESERVING PARTIAL ISOMETRIES AND
OPERATOR PAIRS WHOSE PRODUCTS ARE PROJECTIONS

MOHAMED AMINE AOUICHAOUI

ABSTRACT. Let H be a complex Hilbert space of dimension at least 3, and let B(H)
denote the algebra of all bounded linear operators on H. Based on results by Molnér,
this paper revisits the problem addressed in [18], which characterizes surjective maps
¢ : B(H) — B(H) that preserve the set of partial isometric operators in both directions.
We focus exclusively on the linear case, rather than the more general additive case.
Furthermore, we provide an alternative proof of the main result in [9] from a different
point of view. Finally, we propose new directions for exploring maps that preserve
higher-order partial isometric operators in both directions.

1. INTRODUCTION

Here H stands for a complex Hilbert space with dimension at least 3. Let B(H)
and PZ(H) denote the sets of all bounded linear operators and partial isometries on H,
respectively. For any operator T' € B(H), we use N (T), R(T'), T*, and ||T'|| to represent
the kernel, range, adjoint operator, and operator norm of T, respectively. The unit circle
|z| = 1 is denoted T.

Linear preserver problems constitute a rich and active area of research within matrix
and operator theory [11, 13, 16]. Researchers have developed a wide range of results
and techniques in the study of linear preserver problems, particularly those concerning
mappings that preserve important classes of matrices or operators. For example, Shi and
Ji [18] characterized additive surjective maps that preserve partial isometric operators
in both directions, while Ji and Gao studied those that preserve operator pairs whose
products are projections [9]. More recently, the authors in [7] have further explored maps
preserving certain orthogonality properties of operators on B(#H). These developments
motivate us to reconsider the previously addressed problems from a different point of
view. In particular, based on results by Molndr, this paper revisits the problem addressed
in [18]. We focus exclusively on the linear case, rather than the more general additive
case. Using a classical result of Murray and von Neumann [14], this case appears as a
special case of the general result in [18]. Specifically, before characterizing such maps,
the authors in [18] demonstrated that the continuity assumption in Molnér’s result [12,
Theorem 1] could be omitted. Subsequently, they characterized additive surjective maps
that preserve partial isometric operators in both directions. In our work, we demonstrate
that for the linear case, the continuity of surjective linear maps that preserve partial
isometries in both directions follows directly from a result by Murray and von Neumann
[14, page 239]. It is noteworthy that the approach presented in this paper is distinct from
that employed in the finite-dimensional case, as discussed in [10, Theorem 3.3], and also
differs from the methodology used in [6, Theorem 3.3] which is restricted to separable
complex Hilbert spaces. Furthermore, as a significant application, we offer a streamlined
proof of the main result from [9]. The final section of the paper opens the door to the
study of maps that preserve higher-order partial isometries in both directions.
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2. LINEAR MAPS PRESERVING THE SET OF PARTIAL ISOMETRIES AND OPERATOR PAIRS
WHOSE PRODUCTS ARE PROJECTIONS

We begin by recalling some fundamental concepts and definitions.

Notation 2.1. In [12], Molndr introduced a partial order on PZ(H): for P,Q € PZ(H),
we write P < Q if the following conditions hold:

(1) N(P)* CN(Q)*,

(2) R(P) S R(Q),

(3) Plyxpyr = Qlar(pyr-

Definition 2.2. A linear bijection on H that preserves the norm is called a unitary
operator, while a conjugate-linear bijection on H that preserves the norm is called an
anti-unitary operator.

Definition 2.3. A mapping ¢ : B(H) — B(H) is said to preserve:

(1) partial isometries, if for every A € PZ(H), the operator ¢(A) is a partial isometry;
(2) partial isometries in both directions, if for every A € B(H), the operator ¢(A) is
a partial isometry if and only if A is a partial isometry.

Definition 2.4. Two operators A, B € B(H) are said to be orthogonal if A*B = AB* = 0.
This condition implies that the ranges of A and B, as well as the orthogonal complements
of their kernels, are mutually orthogonal.

The following result by Molndr, which is useful in the context of the orthogonality of
partial isometries, can be found in [13].

Proposition 2.5. Suppose that T, S € B(H) are partial isometries. The operator T + AS
is a partial isometry for every A € T if and only if T and S are orthogonal to each other.

In the following, we also recall a fundamental result by Molnér [12, Theorem 1].

Theorem 2.6. Let H be a complex Hilbert space with dimH > 3. Suppose that ¢ :
PI(H) — PZ(H) is a bijective transformation which preserves the partial ordering and
the orthogonality between partial isometries in both directions. If ¢ is continuous (in the
operator norm) at a single element of PL(H) different from 0, then ¢ can be written in
one of the following forms:

(1) there exist unitaries U,V on H such that
¢(R)=URV (RePL(H))
(2) there exist anti-unitaries U,V on H such that
¢(R)=URV (RePL(H))
(3) there exist unitaries U,V on H such that
o(R)=UR"V (R € PI(H))
(4) there exist anti-unitaries U,V on H such that
o(R)=UR'V (R e PI(H))

It is important to recall a remark made by Molnar after the proof of [12, Theorem 1],
in which he suggested that a significant advancement would be to determine whether the
result holds without the continuity assumption, if that is indeed the case. In [18], the
authors made this advancement and subsequently provided a characterization of additive
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surjective maps that preserve partial isometries in both directions. In the present work, we
focus exclusively on the linear case and demonstrate that, in this context, the continuity
of such maps follows directly from a classical result by Murray and von Neumann [14,
page 239].

Theorem 2.7. Let ‘H be a complex Hilbert space with dimension at least 3, and let
¢ B(H) — B(H) be a surjective linear map. The map ¢ preserves partial isometries in
both directions if and only if it takes one of the following explicit forms:

(1) There exist unitary operators U and V' on H such that
#»(R)=URV, VReB(H).

(2) There exist anti-unitary operators U and V' on H such that
o(R)=UR"V, VReB(H).

Proof. We observe that the sufficiency is evident. Thus, we proceed to prove the necessity.
We begin by establishing the continuity of ¢. To this end, let R € B(H) be a Hermitian
operator with ||R|| < 1. As noted in [14, page 239], R can be expressed as

1
R= 3 (U+U™), for some unitary operator U.

Since both ¢(U) and ¢(U*) are partial isometries, we deduce the following estimate for
the norm of ¢(R):

le(R)|| < %(Hqﬁ(U)II + eI < 1.

For any operator R € B(H), it can be expressed as R = A + iB, where A and B are
Hermitian operators. Specifically, A = R+TR* and B = REZR*, representing the real and
imaginary parts of R, respectively. Using this decomposition, we can easily conclude that

lo(R)|| < 2 whenever |R|| < 1, thereby proving the continuity of ¢.

Now, we observe that ¢ is a bijection on B(H). Indeed, if ¢(T") = 0, then 7" must be a
partial isometry. For any scalar A € C, we have ¢(AT") = 0, implying that AT is also a
partial isometry. Hence, T' = 0, which shows that ¢ is injective. Since ¢ is assumed to be
surjective, it follows that ¢ is a bijection on B(#), (and consequently also a bijection on
PL(H)).

Next, by assumption, ¢ : B(H) — B(H) is a linear map that preserves partial isometries
in both directions. Therefore, by Proposition 2.5, for all T, S € PZ(H), the following
equivalences hold:

T1S<T+ASePI(H), forall \eT,
& ¢(T) + \d(S) € PI(H), forall A€ T,
< o(T) L o(S).

Thus, the map ¢ : PZ(H) — PZ(H) preserves the orthogonality between partial isometries
in both directions.

The result now follows from Theorem 2.6 in the same manner as in [18]. For the sake
of clarity and completeness, we provide the remaining details below.

Let T and S be partial isometries such that 7' < S. This implies that
(§—T)x =Sz, YreN(S)PaN(T)t, and (S—T)x=0, VzeN(T)*aN(S).

Hence, S — T is a partial isometry (with initial space N'(S)+ © N (T)~1). This also implies
that T L (S —T). Consequently, we can express S as S =T+ (S—T), with T L (S—-1T).
Since ¢ preserves the orthogonality of partial isometries, it follows that:

¢(5) =(T)+¢(S=T) and ¢(T) L $(S-T).
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This leads to the conclusion that ¢(T) < ¢(S). Moreover, since ¢—* shares the same
properties as ¢, we conclude that ¢ preserves the partial ordering between partial isometries
in both directions.

As a result, ¢, when restricted to PZ(H), is a continuous linear bijection that preserves
both the partial ordering and orthogonality between partial isometries in both directions.
Hence, ¢ can be represented in either the first or the fourth form of Theorem 2.6.

Without loss of generality, let us assume that ¢ can be written in the form described
in (1) of Theorem 2.6. Actually, there exist unitary operators U and V on H such that
for all R € PZ(H),

¢(R) = URV.

It is a well-established result that any bounded linear operator T' € B(H) can be
expressed as a finite linear combination of partial isometries. Indeed, since T' = T + iT5,
where T and T, are Hermitian, it will be sufficient to show this for Hermitian 7”s. In this
case, the result follows from the spectral theorem in finite-dimensional spaces [8, Theorem
2.5.6] and from [15, Theorem 3] in both separable and non-separable infinite-dimensional
spaces.

By the linearity of ¢, one obtains

o(T)=UTV, VT e B(H),

which confirms that ¢ acts according to the form (1) described in Theorem 2.7. The other
case can be derived similarly, leading to the corresponding conclusion. Thus, we have
completed the proof. O

Let ¢ be a map on B(#H). We shall say that ¢ preserves operator pairs whose products
are non-zero projections if for any A, B € B(H), ¢(A)¢(B) is a non-zero projection
whenever AB is a non-zero projection. Moreover, if for any A, B € B(H), ¢(A)¢(B) is a
non-zero projection if and only if AB is a non-zero projection, we say that ¢ preserves
operator pairs whose products are non-zero projections in both directions.

We show below how [9, Theorem 2.1] follows under the additional assumption that ¢
is linear, by means of Theorem 2.7. Our idea of proof is almost entirely different from
the original ones given by Ji and Gao, and may facilitate new methods for treating these
kinds of problems.

Theorem 2.8. Let H be a complex Hilbert space with dimH > 3, and let ¢ be a linear
surjective map on B(H). Then ¢ preserves operator pairs whose products are non-zero

projections in both directions if and only if there exist a unitary or anti-unitary operator
U on H and a constant X with \> = 1 such that ¢(A) = \U* AU, for all A € B(H).

Proof. We first observe that the sufficiency of the result is evident. Therefore, we proceed
to prove the necessity of the theorem.

Let us begin by proving that ¢(R*) = ¢(R)* for all R € B(H). Since ¢ is linear and
R = Ry 4+ iRy, where R; and Ry are Hermitian operators, it suffices to show this for
Hermitian R’s. Let R be a Hermitian operator in B(#). According to [15, Theorem 3|, R
can be written as a finite sum

R=>"M\P,
k

where Py are projections and A\ are real scalars. Therefore, we have

$(R) = Md(Py).
k
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Since ¢ preserves operator pairs whose products are non-zero projections in both directions,
it follows that ¢(I) = 1, and hence each ¢(Py) is Hermitian. This implies that

O(R)" = ¢(R),

for every Hermitian operator R.
Now, since ¢ preserves operator pairs whose products are non-zero projections in both
directions and satisfies ¢(R*) = ¢(R)* for all R € B(H), the following equivalences hold:

T € PI(H)\ {0} <= TT" is a non-zero projection
<« ¢(T)p(T™) is a non-zero projection
<= ¢(T)¢(T)* is a non-zero projection
— o(T) € PI(H)\ {0}.

Moreover, since ¢(0) = 0 and ¢ is injective (see Corollary 2.3. in [9]), it follows from the
above equivalence that ¢ preserves partial isometries in both directions. Consequently, ¢
must take one of the two forms described in Theorem 2.7. Finally, noting that ¢(I) = %1,
the proof is complete. O

3. LINEAR MAPS PRESERVING HIGHER-ORDER PARTIAL ISOMETRIES

The class of m-isometries was introduced by Agler in [1], and further developments
and properties of this class were explored by Agler and Stankus in their trilogy [2, 3, 4].
The case when m = 1 has garnered significant attention from operator theorists due to
the centrality of isometry theory and its broad applications. Among the most significant
classes of linear operators on Hilbert spaces are partial isometries. This class provides a
generalization of that of isometries. In [17], Saddi and Sid Ahmed introduced the concept
of m-partial isometries as a natural generalization of partial isometries, which are recovered
in the case m = 1. Recently, the author of this paper presented an additional extension in
[5]. These developments constitute substantial generalizations of m-isometries, advancing
the theoretical framework and deepening our understanding of this class of operators.

For a positive integer m, we shall say that an operator T € B(H) is:

(1) an m-isometry if

i(—n’f(?:):r*kamk =0.

k=0

(2) an m-partial isometry if

- m
T 71 k T*mfk?Tmfkt — 0
20 ()

An interesting example of an m-partial isometry, which is not an m-isometry, arises
naturally in the context of weighted shifts.

Example 3.1. Let (e,),~,; be an orthonormal basis of H. For a bounded sequence of
complex numbers (wn)n>1,_consz'der the associated weighted shift operator T' on H defined
by

Te, = wpent1, foralln>1.

We observe that

k
T e, = H wj | enyk, YVE2>1
n<j<k+n—1
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Consequently,
0, if n <k,
T*ken — o '
(Hn—kgjgn—l wj) En—k; an > k.
Therefore,
T*kaen — H |w_7|2 en.

n<j<k+n—1
Thus, T is an m-partial isometry if and only if, for any integer n > 1, the following
condition holds:

N D SN (O T I |

1<k<m n<j<k+n—1

I
e

Note that in order for T to be a m-partial isometry that is not an m-isometry, it is
necessary to allow weights to be zero for some indices. O

A natural question that remains open is the following.

Question. Let m be a positive integer, and let H be a complex Hilbert space of
dimension at least 3. Let ¢ : B(H) — B(H) be a bijective continuous linear map. Assume
that ¢ preserves m-partial isometries in both directions. Must there exist either two
unitary operators U and V, or two anti-unitary operators U and V, on H such that

(R)=URV  for all R € B(H)?

It would be a nice improvement of Theorem 2.7 to show that the answer to this question
is affirmative.
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