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EXISTENCE OF SOLUTIONS FOR LOWER SEMI-CONTINUOUS
NON-CONVEX DIFFERENTIAL INCLUSIONS WITH ¢—LAPLACIAN

NAJIB ASKOURAYE AND MYELKEBIR AITALIOUBRAHIM

ABsTrRACT. We show the existence of solutions satisfying Cauchy or terminal bound-
ary conditions for first order differential inclusion (¢(z(t)))" € F(¢,z(t)). We consider
the second order problem (¢(z’(t)))’ € F(¢,z(t)) with many boundary conditions.
The set-valued map F' has non-convex values and the function ¢ satisfies a weak
condition. The resolution method use the topological degree without the method of
upper and lower solutions.

1. INTRODUCTION

In this paper, we shall prove the existence of solutions to the following differential
inclusions:

{ xq(ﬁ(g)x(t)r);/ € F(t,z(t)), a.e. on [0,T]; (1.1)
{ xgé)éx(i))r: € F(t,z(t)), a.e. on [0,T]; (1.2)
{ x((b(g;cit r))x ?Tz)w: ,f/(;t))7 a.e. on [0,7]; (1.3)
{ x(?éf/@%);fe((ﬁ(’f/(;ﬂ)’ a.e. on [0,T]; (1.4)
{ xq(sc(px/(:t)z?’f/(%(t,:xﬁ))7 a.e. on [0,T]; (1.5)
{ i((og;(i);)xe(:’lf)(t:xr(t)) a.e. on [0,7T; (1.6)
{ %f@))w %(t:’ﬁ(f))’ a.c. on [0,T}; (17)

where F is a multi-valued map, ¢ :] —a, a[— R is a function and (r,7") € R2. We recall here
that the ¢-Laplacian operator is defined as a generalization of the following p—Laplacian
operator ¢,(s) = |s|”~> s with p > 1 and byt = ¢q, % + é =1.

Various studies have focused on the existence of solutions to differential inclusions
under diverse conditions and boundary constraints. Ferracuti and Papalini [8], have
examined the scalar differential inclusion

(D(u(t)® (W' (1)) € G (t,u(t),u'(t)) ae. tel=][0,T],
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where D(u) is a positive continuous function, G(¢,u, ') is a Carathéodory multifunction
and ® is an increasing homeomorphism that may either possess a bounded domain such as
] —a, a[ or represent the p-Laplacian operator. By utilizing fixed-point methods, sometimes
in combination with the method of lower and upper solutions, they have demonstrated
the existence of solutions that satisfy various boundary conditions.

Jebelean and Serban [11], have investigated the existence results to systems of dif-
ferential inclusions of the form —(qb(w’(t)))/ € 0f(t,z(t)), under Dirichlet, periodic and
Neumann boundary conditions. Here, df (¢, x) denotes the generalized Clarke gradient of
f(t,-) at x € R™.

Recently, Papageorgiou and other authors, see [12], have considered the nonlinear
multivalued Duffing system

—a(z'(t)) —r(t)|2'(t) P22 (t) € F(t,z(t)) a.e. on [0,T],
{ z(0)=z(T)=0, 1<p<+oo,

where 7 : [0,7] — RY is a function and F : [0,T] x RN — 2%" is a multifunction with
convex or nonconvex values.
More recently, in [4], Aitalioubrahim and Ayyadi have solved the problem

(¢(x(8))" € F(t,(t),

satisfying periodic or initial boundary conditions, where F' is lower semi-continuous with
respect to the second argument and ¢ :Ja,b[— R, —oo < a < b < 400, is an increasing
homeomorphism. Their work is based on the existence of upper and lower solutions and on
the topological degree. By the same method and hypotheses, Aitalioubrahim and Tebbaa,
see [3, 5], have proved the existence of solutions for the problem ((b(x'(t)))/ € F(t,z(t))
satisfying periodic, Dirichlet, Cauchy or terminal boundary conditions. For other results
regarding this type of problem see [1, 2].

Using the topological degree, we study the existence results for Problems (1.1), (1.2),
(1.3), (1.4), (1.5), (1.6) and (1.7) without the method of upper and lower solutions. The
right hand side is lower semi-continuous with respect to the second argument. ¢ is not
necessary increasing for (1.1), (1.2), (1.4), (1.5), (1.6) and (1.7). These results extend the
ones in [3, 4, 5].

2. PRELIMINARIES

In this section, we introduce definitions, notations and preliminary which are used
throughout this paper. Let E be a Banach space equipped with the norm ||.||. By
C([0,T1], E), we denote the Banach space of all continuous functions from [0, 7] into E
equipped with the norm

[2loo == sup {{lz(®) ;¢ € [0, TT}.

C'([0,T), E) denotes the Banach space of continuously differentiable functions on [0, 7]
and L([0,T],R) refers to the Banach space of Lebesgue integrable functions from [0, 7]
into R. We say that a subset U of [0,7T] x R is £ ® B -measurable if U belongs to the
o-algebra generated by all sets of the form I x X where I is Lebesgue measurable in [0, T
and X is Borel measurable in R. A multifunction is said to be measurable if its graph is
measurable.

Definition 2.1. A subset U of L'([0,T],R) is decomposable if for all u,v € U and
I C [0, T] measurable, the function wx;4vx,rp\s € U, where x denotes the characteristic
function.

Definition 2.2. Let E be a separable Banach space, X a nonempty closed subset of £
and G : X — 2% a multi-valued map with nonempty closed values. We say that G is
lower semi-continuous if the set {x € X : G(z) N C # (}} is open for any open set C in E.



BOUNDARY VALUE PROBLEMS FOR DIFFERENTIAL INCLUSIONS 27

Now, let F: [0,T] x R — 2% be a multi-valued map with nonempty compact values.
Assign to F' the multi-valued operator,

F:C([0,T],R) — 2L (10.T1R)
defined by

Flx) = {y € LY([0,T],R) : y(t) € F(t,z(t)) for a.e. t € [O,T]}.

The operator F is called the Niemytzki operator associated with F. We say that F is of the
lower semi-continuous type if its associated Niemytzki operator F is lower semi-continuous
and has nonempty closed and decomposable values. In this context, we need the following
lemma.

Lemma 2.3. [7] Let E be a separable metric space and T : E — 2L (0TLR) ¢ multi-valued
operator which is lower semi-continuous and has nonempty closed and decomposable
values. Then T' has a continuous selection, i.e. there exists a continuous function

g:E — LY([0,T],R) such that g(y) € T'(y) for everyy € E.
In the sequel, we need the concept of compact and completely continuous function.

Definition 2.4. Let X and Y be topological spaces. A function f : X — Y is said
compact if f(X) is relatively compact. If X is a metric space, f : X — Y is called
completely continuous if for any bounded subset B C X, f(B) is relatively compact.

We will use in this work the following assumptions.
(H1) F:[0,7] x R — 2% is a set-valued map with nonempty compact values satisfying
(i) (t,z) = F(t,z) is L ® B—measurable,
(ii) « — F(t,x) is lower semi-continuous for almost all ¢ € [0, T7.
(H2) There exists a function m € L'([0,T],RT) such that for almost all ¢ € [0,7] and
allz € R
|Ft )| < m(t).
(H3) ¢ :] — a,a[— R is an increasing homeomorphism, where 0 < a < +00.
(H3) ¢ :] — a,a[— R is an homeomorphism, where 0 < a < +00.
We denote by W21(]0, T], R) the class of all functions = € C*([0, T], R) such that ||2’|| s <
a, ¢(x') is absolutely continuous. Wh1([0,T],R) denotes the Sobolev class of absolutely
continuous functions z : [0,7] — R. In the sequel, we will use the following important
lemmas.

Lemma 2.5. [9] If assumptions (H1) and (H2) are satisfied, then F is of the lower
semi-continuous type.

Lemma 2.6. [5] If assumption (H3) is satisfied, for any ¢ €]—aT, aT[ and h € C([0,T],R),
there exists an unique o = Gy(c,h) € R such that

/ ot a)dt = c.

Moreover, for all c €] — aT,aT|, the function ¢ : h — Gg(c, h) is continuous and sends
bounded sets into bounded sets.

3. EXISTENCE RESULTS OF BVPs (1.1)-(1.7)

The main results of this section concern the boundary value problems (1.1), (1.2), (1.3),
(1.4), (1.5), (1.6) and (1.7), (BVP for short). Before we state and prove these results, we
give the definition of a solution of BVP (1.1)-(1.7) and that of the topological degree. For
more details on topological degree, we refer the reader to [6, 10].
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Definition 3.1. A function z : [0,7] — R is said to be solution of (1.1) (resp. (1.2)) if
r € WH([0,T],R) and z satisfies the conditions of (1.1) (resp. (1.2)). It is said to be
solution of (1.3) (resp. (1.4), (1.5), (1.6), (1.7)) if z € W21(]0,T],R) and z satisfies the
conditions of (1.3) (resp. (1.4), (1.5), (1.6), (1.7)).

Definition 3.2. Let E be a real Banach space and id be the identity on E. A degree
is an application, which associates to any open bounded set U C F and any continuous
compact function f: U — E, an integer deg(id — f,U) with the following properties:
(i) (Existence): If 0 & (id — f)(0U), where OU is the boundary of U and deg(id —
f,U) # 0, then there exists € U such that z = f(x).
(ii) (Normalisation): If 0 € 9U, then deg(id,U) =1 if and only if 0 € U.
(iii) (Additivity): If 0 € (id — f)(U \ Uy U Us), where U; and Us are disjoint open
subsets of U and U\ Uy U Uy is the relative complement of U; U Us in U, then

deg(id — f,U) = deg(id — f,Uy) + deg(id — f, Us).
(iv) (Homotopy): If H : [0,1] x U — E is a continuous compact function such that
0¢ (id— H(\,))(9U), for every A € [0,1], then
deg(id — H(A,-),U) = deg(id — H(0,-),U), VA€ [0,1].
(v) (Excision): If V. C U is open and 0 ¢ (id — f)(U \ V), then
deg(id — f,U) = deg(id — f, V).
In the next, we will prove the following theorem.

Theorem 3.3. Assume that (H1) and (H2) are hold.
(i) If (H3) is satisfied and r €] — a, a[, then Problem (1.1) (resp. (1.2) and (1.6))
has at least one solution x on [0,T).
(ii) If (H3) is satisfied and |r — r'| < aT, then Problem (1.3) has at least one solution
x on [0,T).
(iii) If (H3) is satisfied and r' €] — a,a|, then Problem (1.4) (resp. (1.5) and (1.7))
has at least one solution x on [0,T].

Proof. By Lemma 2.5, F is of the lower semi-continuous type. Then, by Lemma 2.3, there
exists a continuous function g : C([0,T],R) — L*([0,T],R) such that g(y) € F(y) for all
y € C([0,T],R), where F is the Niemytzki operator associated with F. Now, consider the
problems

{ %z;(i)r);’ = g(y)(t) a.e. on [0,T]; (3.8)
{ ;(25%(1)2’ = g(y)(t) a.e. on [0,T]; (3.9)
{ ug?(()z)/ :t)r,)lu(T:) :grqli)(t), for a.e. t € [0,T}; (3.10)
PP A e
{ 1(/(((7;3/(23"),/11(;) i(:j);(t), for a.e. t € [0,T7; (3.13)
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and

G ®) = g)t), forac te,T] )
w(0) =r, w'(T) =r'; '
Remark that any solution of Problem (3.8) (resp. (3.9), (3.10), (3.11), (3.12), (3.13),
(3.14)) is a solution of Problem (1.1) (resp. (1.2), (1.3), (1.4), (1.5), (1.6), (1.7)). For all
A € [0, 1], consider the following modified problems

(o(y(2)))" = Ag(y)(t) a.e. on [0,T];
Lo (319)
(o(y(2)))" = Ag(y)(t) a.e. on [0,T];
{ y(T) = r; (3.16)
(p(u' (1)) = Xg(u)(t), fora.e. tel0,T];
{ u(0) =7, w(T)=1; (3.17)
o(u' (1)) = Ag(u)(t), forae. te|0,T];
{ u(0) =r, v/ (0) =1/; (3.18)
o' (1)) = Mg(u)(t), forae. tel0,T];
{ w(T)=r, '(T) =1 (3.19)
(p(u' (1)) = Ag(u)(t), fora.e. te[0,T];
{ w(0) =r, w(T) =1, (3.20)
and
(p(u' (1)) = Xg(u)(t), fora.e. tel0,T];
{ uw(0) =r, '(T) =1/; (3.21)

Let us consider the operators
Ny : C([0,T],R) — C([0, T}, R)

and
H: [07 1] X C([OvT]vR) - C([OvT}vR)a 1€ {1727334557677}7
defined, for all ¢ € [0, T7, by

for Problem (3.15),

for Problem (3.16),

Ha(A\u)(t) = ¢~ (o(r) + ANy (u)(t) — AN (u)(T)),
for Problem (3.17),

Ha(\u)(t) =7 Jr/o gf)*l()\Ng(u)(s) — OéA,u)ds»

for Problem (3.18),

(0 u)( —r+/¢ ")+ ANy (u)(s))ds,
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for Problem (3.19),
t
Mo () =+ [ 6760 + AN (1) = ANy )(T) s,
for Problem (3.20),
t
Mo a)(0) = 1"+ [ 671 (6() + AN, () o)) ds
and for Problem (3.21),
t
Hr (A u)(t) =r+ /0 ¢~ (p(r") + ANy (u)(s) — ANy (u)(T))ds.

Note here that a ., = Gg(r’ — 7, AN,y(u)) is uniquely determined by Lemma 2.6 and

o H—agu) = T/T_ L vuec(o,T],R).

From the assumptions, the function #; is continuous and completely continuous for all
i€{1,2,3,4,5,6,7}. Also, observe that, the fixed points of Hi(},.), Ha(},.), Hs(},.),
Ha(N,.), Hs(A, ), He(A,.) and Hr7(A,.) are respectively solutions of (3.15), (3.16), (3.17),
(3.18), (3.19), (3.20) and (3.21). Indeed, for example, for Problem (3.15), if u = H1 (A, u),
then, for all ¢ € [0, 7], we have

u(t) = ¢~ (o(r) + ANy (u)(1)) -
Thus, in particular for ¢ = 0 one has u(0) = r. Also by derivation, we get
(p(u(t))) = Ag(u)(t) for almost all ¢t € [0, T].
Hence u is a solution of (3.15).
Proposition 3.4. For alli € {1,2,3,4,5,6,7}, there exists R; > 0 such that
deg(id — H;(\,-),U;) =1
for every X € [0,1], where U; = {u € C([0,T],R) : [Ju|loo < R;i}-

Proof. Fix Ry > a, Ry > a, R3 > |r|+aT, Ry > |r|+aT, Rs > |r|+2aT, Rg > |r'|+2aT
and Ry > |r| + aT. First, for all ¢ € {1,2,3,4,5,6,7}, note that ||ul|c < R; for any fixed
point u of H;(\,.). Now, set

U ={ueC(0,T,R) : |lulloc < Ri}, Vie{l1,2,3,4,5,6,7}.
For all i € {1,2,3,4,5,6, 7}, we have
u# Hi(A\w), Y(A\u)€[0,1] x OU;.
Then, by the homotopy property of the topological degree, for all i € {1,2,3,4,5,6,7},
one has
deg(zd — ’HZ(A, ),Ml) = deg(zd — Hi(O, ~),Z/{i), VNS [O, 1]
On the other hand, let i € {1,2,3,4,5,6,7}. Set A;(t,u) = tH;(0,u), for all ¢ € [0,1] and
u € U;. For all s € [0,T], we have
|A;(t,u)(s)| < R;.
Hence, for every ¢ € [0,1], one has 0 ¢ (id — A;(t,-))(0U;). Then
deg(id — A;(1,-),U;) = deg(id — A;(0,),U;),
which gives

deg(id — H; (A, ), U;) = deg(id — H;(0,-),U) = deg(id,U;) =1, VYA €[0,1].
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It follows from the last proposition that, for every A € [0,1], for all ¢ € {1,2,3,4,5,6,7},
H; (), ) has a fixed point. So, every problem among Problems (3.15), (3.16), (3.17), (3.18),
(3.19), (3.20) and (3.21) has a solution for A = 1. Hence every problem among Problems
(1.1), (1.2), (1.3), (1.4), (1.5), (1.6) and (1.7) has at least one solution u on [0, T].

0

4. ILLUSTRATIVE EXAMPLES

Example 4.1. Consider the following ¢-Laplacian differential inclusions with different
boundary conditions

{g%@fﬂm@%mwﬂwk (4.22)
{;ﬁgﬁfﬁF“”“» a.e. on [0, 5]; (4.23)

where F : [0, 2] x R — 2% is a multi-valued map defined by
F(tax) = {’U €eR: fl(tVT) <v< fQ(t,x)},V(t,oz) € {Oa g:| X Ra

and f1, f2 : [0, 5] xR — R are single-valued functions such that, for each (¢, z) € [0, 5] xR,

_5 cos(t) sin (t)(1 4 sin?(t))

-1
1422

fl(t"r)

and

int sin?
folt.z) = 5cos(t) s 1(?;124- (1))

It is clear that F' has nonempty compact values and is mesurable. For each t € [0, 7],

J1(t,.) and f5(t,.) are continuous on R. Then, for each ¢ € [0, 7], fi(t,.) is upper semi-
continuous on R and f5(t,.) is lower semi-continuous on R. Hence, for each t € [0, 7],
F(t,.) is lower semi-continuous on R. Moreover, for almost all ¢t € [0, %] and all z € R

+ 1.

2
[Pl = suw{lsl:y e ), fato) |
< max{|f1(tvf)|7|f2(t7x)2|}
< ‘5(}05(15) sm1 (—’t—);l2 + sin®(t)) ‘ +1
< 10sin*(t) + 1.

Set
m(t) = 10sin(t) +1, WVt ¢ [07 g] .

Then, for almost all ¢ € [0, 7] and all z € R

[Pt 2)]| <m(),
withm € L'([0, 5], R*). In this example ¢(x) = 2. It is clear that ¢ is an homeomorphism.
We conclude that all assumptions of Theorem 3.3 are verified, thus Problem (4.22) (resp.
(4.23)) has a least one solution on [0, 7]. Set

u(t) = sin(t), ¥t € [0, g].
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u is a solution of Problem (4.22). Indeed, for almost all ¢ € [0, ],

(d(u(®)) = (u(®)?)
= su(tyult)!
= 5cos(t)sin®(t)
5 cos(t) sin® (¢ )(1 + sin®(t))
1 + sin®(t)
5cos(t) sin(t)(1 + sin?(t))
1+ u(t)?

/

Hence, for almost all ¢ € [0, 7]

(p(u(®))) € [fr(t, ul®)), fo(t,u(t))] = F(t,u(t)).

In addition u(0) = 0. On the other hand, since u(%5) = 1, u is also a solution of Problem
(4.23).

Example 4.2. Consider the following ¢-Laplacian differential inclusions with different
boundary conditions

2 ()7 + 2/ (8)° + 2/ (t)%) € F(t,z(t)), ae. on[0,2];
{ AU (4.24)
2 ()7 + 2/ (t)° + 2/ (t)%) € F(t,z(t)), a.e. on [0,2];
{ 3<c(0) — 1, 2/(0) = 0; ) (4.25)
2 ()7 + 2/ (t)° + 2/ (t)%) € F(t,z(t)), a.e. on [0,2];
{ x(2) =5, 2/(2) = 4 ) (4.26)
()7 + 2/ (t)° + 2/ (t)%) € F(t,z(t)), ae. on[0,2];
i 427
and
5 + 2/ (1)) € F(t,z(t)), ae. on [0,2];
{ (07 08207 € Flea(t), ne onlo) 128)
where F : [0,2] x R — 2F is a multi-valued map defined by

F(t,z) = {U eR: fi(t,z) <v < fQ(tvx)} V(t,x) € [072] xR,
and f1, f2 : [0,2] x R — R are single-valued functions such that, for each (¢, x) € [0,2] x R,

£2(896t* + 1602 + 24) (2 i e(t2+1)2) .
2+ e*? D)

fl(tvx) =

and

2(8961 + 16062 + 24) (24 e+DT)
t ) = =

falt,2) —— +;
It is clear that F' has nonempty compact values and is measurable. As above, for each
t €10,2], F(t,.) is lower semi-continuous on R. Moreover, for almost all ¢ € [0,2] and all
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zeR
[Fea) = swp{lzl:z € (o) pto)] }
< maz{|fi(t,z)],[f2(t,2)|}
£2(896t4 + 160t + 24) (2 i e<t2+1>2) .
< i L1
2+ e 2
2 1
< (896" + 160t + 24) (2 I e<t2+1)2) L1
3 2
Set

2 2 2 1
mit) = 5 (896t" + 160¢* + 24) (24 @40%) + 5. Ve o,2)
Then, for almost all ¢ € [0,2] and all z € R

|F(t z)|| < m(t),

with m € L([0,2],RT). In this example ¢(x) = 27 + 2° + 3. It is clear that ¢ is an
homeomorphism. We conclude that all assumptions of Theorems 3.3 are verified, thus
Problem (4.24) (resp. (4.25), (4.26), (4.27) and (4.28)) has a least one solution on [0, 2].

Set

u(t) = > +1,vt € [0,2].
u is a solution of Problem (4.24). Indeed, for almost all ¢ € [0, 2],
(e @) = (@O +d'0) + (1))
= 7" () (1) + 5u () (8)* + 3u” () (t)?
= 1%(896t* + 160t* + 24)
£2(806¢* + 160t + 24) (2 + e<t2+1>2)

2+ e(t?+1)?

£2(896t* + 160£2 + 24) (2 + e<t2+1)2)

Hence, for almost all ¢ € [0, 2]

2 + eu(®)?

(6 (1))" € Lfr(t, u(t)), falt, u(®)] = F(t,u(?)).

In addition u(0) =1 and u(2) =
(4.25), (4.26), (4.27) and (4.28).
(4.27) and (4.28)).

5. It is clear that u satisfies the conditions of Problems
Then u is a solution of Problem (4.25) (resp. (4.26),
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