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k-QUASI n-POWER POSINORMAL OPERATORS: THEORY AND
WEIGHTED CONDITIONAL TYPE APPLICATIONS

SOPHIYA S DHARAN, T. PRASAD, AND M.H.M. RASHID

ABsTrRACT. This paper introduces and investigates the class of k-quasi n-power
posinormal operators in Hilbert spaces, generalizing both posinormal and n-power
posinormal operators. We establish fundamental properties including matrix represen-
tations in 2 X 2 block form, tensor product preservation (T'® S remains in the class
when T, S are), and complete characterizations for weighted conditional type operators
Tw,u = wE(uf) on L?(L). Key theoretical contributions include a structural decom-
position theorem for operators with non-dense range, spectral properties, invariant
subspace behavior, and interactions with isometric operators. For weighted operators,
we derive explicit conditions for k-quasi n-power posinormality in terms of weight
functions w, w and their conditional expectations. The work bridges abstract operator
theory with concrete applications, particularly in conditional expectation analysis,
while significantly extending posinormal operator theory. The results provide new
tools for operator analysis with potential applications in spectral theory, functional
calculus and mathematical physics. Concrete examples throughout the paper illustrate
the theory and the framework opens new research directions in operator theory and
its applications, offering both theoretical insights and practical computational tools
for analyzing this important class of operators in Hilbert spaces.

1. INTRODUCTION AND PRELIMINARIES

Consider (.5¢) as the algebra encompassing all bounded linear operators on a complex
Hilbert space .. For any operator T' € ¢, we symbolize ker(T'), T(5¢), and o(T) to
respectively represent the kernel, the range, and the spectrum of 7. It’s important to
recall that within this context, an operator T' € B(H) earns the designation of being
hyponormal if it adheres to the condition T*T > T'T™* and it qualifies as posinormal if it
can be associated with a positive operator P > 0 such that TT* = T* PT holds true, or
equivalently, \X>T*T — TT* > 0 for some A\ > 0 (as established by Rhaly in [17]).

Hyponormal operators fall within the broader category of posinormal operators, as
elucidated by Rhaly in [17]. Recent studies by various authors have delved into several
intriguing properties of posinormal operators, as documented in [3], [4], [5], [12], [14], and
[15].

Notably, Beiba introduced and examined the concept of n-power posinormal operators
in [2]. An operator T is classified as an n-power posinormal operator, where n € N, if it
satisfies the condition that there exists a positive operator P > 0 for which T"T*" = T*PT
holds true. This can also be expressed as T"T*" < X\2T*T for some \ > 0, or alternatively
as N2T*T — T"T*" > 0, as defined in [2].

Let (Z27,%, 1) be a complete o-finite measure space, and 7 be a o-subalgebra of X.
This setup ensures that (27,7, 1) is also a complete o-finite measure space. We denote
L°(X) as the space of complex-valued functions on 2" that are measurable with respect
to X. The support of a measurable function f is given by S(f) = {zx € 2 : f(z) # 0}.

For any non-negative f € L°(X), there exists a measure vf(B) = [, fdu for every
B € o that is absolutely continuous with respect to p. According to the Radon-Nikodym
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theorem, there exists a unique non-negative /-measurable function E(f) such that

/E(f)d,u:/fdu for all B € &
B B

Consequently, we obtain an operator E, often referred to as the conditional expectation
operator associated with <, which maps L?(X) to L?(<). This operator plays a crucial
role in this paper, and we list some of its useful properties here (refer to [1, 8, 16] for
more details):

(i) If g € LY(o), then E(gf) = gE(f).
(ii) If f > 0, then E(f) > 0; if f > 0, then E(f) > 0.
(i) [E(f)P < E(fP).
(iv) (Hoélder Inequality) If p and ¢ are conjugate exponents and f € LP(X) and
g € L1(%),
B(fg)| < E(f")7 E(lg|)7.
(v) (Conditional Jensen’s inequality) If ¢ : R — R is convex and v (f) is conditionable,
then (E(f)) < E(¢(f)).
The weighted conditional type operator T, ,, : L*(X) — L?(X) is given by

where w : 2 — C and v : 2 — C is measurable weight function. This operator is
1

considered bounded if and only if (E(|w|?))z (E(|ul?))2 € L (&) and in such cases,
its norm is determined by || Ty | = H(E(|w|2))%(E(|u|2))%H < oo (refer to [9]). When
w = 1, the operator T, ,, has been extensively discussed in [11]. Recently, various classes
of Ty 4, such as class A, x-class A, quasi-* class A, and k-quasi A}, along with their
spectra has been investigated by many authors. See [1, 7, 8] for instance.

The theory of k-quasi n-power posinormal operators developed in this paper has
significant applications across several areas of mathematical analysis, including: (1)
spectral theory, where the structural decomposition provides new insights into operator
spectra; (2) functional calculus, particularly for operators arising in quantum mechanics
and signal processing; (3) stochastic analysis through the weighted conditional type
operators Ty, ,,, which model important transformations in probability theory; (4) frame
theory and sampling theory, where posinormal operators naturally appear in reconstruction
formulas; and (5) operator algebras, offering new tools for studying operator semigroups
and C*-algebra representations. The tensor product results have direct implications
for quantum information theory, while the weighted operator characterizations apply to
problems in time-frequency analysis and prediction theory. These applications demonstrate
the broad relevance of our results to both pure and applied mathematics.

The paper is organized as follows: Section 2 introduces the main definition and
develops the theory of k-quasi n-power posinormal operators. Section 3 focuses on
weighted conditional type operators, establishing necessary and sufficient conditions for
them to belong to this class. We conclude with remarks on potential applications and
directions for future research.

Our work extends the existing theory of posinormal operators while providing new tools
for analyzing operator classes in Hilbert spaces. The results have potential applications
in operator theory, functional analysis, and related areas of mathematical physics.

2. k-QUASI n-POWER POSINORMAL

This section introduces and develops the fundamental theory of k-quasi n-power posi-
normal operators, a significant generalization of both posinormal and n-power posinormal
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operators. The study of these operators is motivated by several key considerations in
operator theory:

e The need for a broader framework that unifies and extends existing posinormal
operator classes.

e The natural appearance of such operators in various functional-analytic contexts.

e Their important structural properties that facilitate spectral analysis.

Definition 2.1. Let k,n be positive integers and let 7', S be operators in B(5¢), then
S is a k-quasi n-interrupter for T if T*FTT*" Tk = T*k+1gTk+1,

W,ifT#o.

Remark 2.2. If S is a k-quasi n-interrupter, then we obtain ||.S|| >

and (Sy,y) > 0, for all y € R(T*k+1). Consequently, if 7%*! has a dense range, then T
has atmost one k-quasi n-interrupter S and S > 0.

Now we define k-quasi n-power posinormal operators as follows:

Definition 2.3. An operator T € () is said to be k-quasi n-power posinormal if
R(T**T™) C R(T***') and T is k-quasi n-power cosiposinormal if T* is k-quasi n-power
posinormal.

Remark 2.4. If N(T) = {0}, then T* is surjective. In that case, T is k-quasi n-power
posinormal for any positive integer n and k.

Theorem 2.5. [6] Let A and B be bounded operators on a Hilbert space 7. The following
statements are equivalent:-
(1) R(A) C R(B).
(2) AA* < u?BB*, for some p > 0.
(3) There ezists a bounded operator C' so that A = BC.
Moreover, if (1), (2) and (3) hold, then there is a unique operator T such that
(a) |ITI? = inf {u; AA* < 12BB"}.
(b) N(A) = N(T).
(¢) R(T) C R(B*).

Using the Theorem 2.5, in [17] Rhaly proved the equivalent conditions for T to be
posinormal and Beiba in [2] introduced n power posinormality and proved the equivalent
conditions for T" to be n-power posinormal. Here, we give the equivalent conditions
for k-quasi n-power posinormal operators. In a similar manner we obtain the following
result:-

Theorem 2.6. For T € B(J¢), the following are equivalent:-
(1) T has positive k-quasi n-interrupter.
(2) TrTT* TR < N2THRFITERL o | T*TRz|| < M|T*H2||, for all € 2 and
some A > 0.
(3) T is k-quasi n-power posinormal, R(T**T™) C R(T*F+1).
(4) There exist C € B(J), T**T" = T*F+1C.
Moreover, if (1), (2), (3) and (4) hold, then there is a unique operator T' such that
(a) ”SH2 _ mf {)\, T*knsnk < )\2T*k+1Tk+1}.
(b) N(T*+T™) = N(S).
(c) R(S) C R(T*+1).
Proof. (1) = (2). Suppose T has positive k-quasi n-interrupter.
Therefore, there exists S > 0 such that, T**TT*n Tk = T*k+1gTk+1,
Now, <T*kT"T*"Tkx,CL‘> — <\@Tk+1;v, \@Tlc-',-l@ — ”ﬁTk-HxHQ < ||\@H2||Tk+1x||2
— ”\@”2<T*k+1Tk+lx’x>_
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Hence (2) holds for A > ||v/S||. Taking A = T**T™ and B = T**+! and using Theorem
2.6, we get, (2) < (3) < (4).

(4) = (1). Suppose, T**T™ = T**+1C. Therefore T**T"T*"Tk = T**+1CC*Tk+! =
THR+18Tk+1 where S = CC*.

Also, (a), (b) and (c) follows by taking A = T**T™ and B = T***! and applying Theorem
2.6. O

Now the following equivalent definition characterizes this class of operators:

Definition 2.7. An operator T € () is said to be k-quasi n-power posinormal if
there exists A > 0 such that
for some k,n € N. This condition generalizes both:
e Posinormal operators (when k =0, n = 1).
e n-power posinormal operators (when k = 1).
The inclusion relationships between these operator classes are clear:

Posinormal C n-power posinormal C k-quasi n-power posinormal

Following the definition, we will establish several fundamental properties:

Characterizations through operator inequalities.
Behavior under restrictions to invariant subspaces.
Interactions with other operator classes.

Spectral properties and matrix representations.

The theory developed here provides powerful tools for analyzing operator structure
while maintaining connections to concrete applications, particularly through the exam-
ples and special cases we examine. Our approach combines abstract operator theory
with constructive matrix methods, yielding results that are both theoretically deep and
computationally verifiable.

01 0
0 0 1

0 0 O
2-power posinormal operator, but not 2-power posinormal operator.

Example 2.8. Consider the operator A := on R3. Then A is 3-quasi

Example 2.9. The operator A : £2 — ¢? defined as,
A(z1, 2,23, 24, ...) = (2,23,0,0,...)
is 3-quasi 2-power posinormal operator, but not 2-power posinormal operator.
The above examples give the following inclusion in general;
n-power posinormal C k-quasi n-power posinormal.

Proposition 2.10. Let T € B(H). Then T is a k-quasi n-power posinormal operator
if and only if | T*"T*z||? < XN2||T*+12||? for all x € S and X > 0.

Also the following assertions hold:

(i) |T*T™x||? < N2||T™ 2|2 for all x € 5, X > 0 and all positive integers m > k.
(ii) If T™ = 0 for m > k, then T* =0 for k > n.

Proof. Since T € B(H) is a k-quasi n-power posinormal operator,
T**N2T*T — T"T*")T* > 0

for some X\ > 0.
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Now, for all z € 7
(T**(NT*T — T"T*" )T x,z) >0 <= (NT*T — T"T*")T*2, T*z) >0
= N1 g TR ) — (T Th e, T Tkz) >0
= [T TFx||? < N2|| T2
(i) Since k-quasi n-power posinormal operator is (k 4 1)-quasi n-power posinormal, we

have
T T™x||* < N2 ||T™ 2||? for all m > k.

(ii) Let T**! = 0. Therefore, T¥*1x =0 for all z € .

Then by (i), it follows that

| Tra 2 < 0
for all x € S, and so

|T*"T*z||> = 0.
Therefore,

T*"T*z =0 forall z € .
Now, for n > k,
|T*z||? = (TFz, TFz) = (T*T*x, T 'z) = (T*"TF2, T "z) = 0.
Therefore, for n > k,
T" = 0.

This completes the proof.
O

Corollary 2.11. IfT € 52 is k-quasi n-power posinormal operator, then for all m > k

[T T™ (| < AT

Proposition 2.12. If T is a k-quasi n-power posinormal operator and # is a closed
T-invariant subspace of F, then the restriction T 4 is also k-quasi n-power posinormal
operator.

Proof. Let P be the projection of 5 onto .# . Decompose

| A B n
T—[O C’} on M ® M.
Put A = T| 4 and we have A = TP = PTP. Since T is k-quasi n-power posinormal
operator, we have
T**(\2T*T — T"T*™)T* > 0.
Therefore,
PT**(\*T*T — T"T*™)T*P > 0.
2 Axk A* k
Since N2 PT**T*TT*P = A4 OA A4 8 ] and
A*kAnA*nAk 0
0 0
AQA*kA*AAk _ A*kAnA*nAk > 0

and so A =T 4 is k-quasi n-power posinormal operator.

PT*kTnT*nTkp — [ ] , it follows that
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Example 2.13. Consider the operator 7' € %(C*) represented by the matrix:

1100
0 2 00
T_OOOI
0 0 0 O

with respect to the standard basis {ej, eq, e3, €4}
For k =1 and n = 2, we verify that T is 1-quasi 2-power posinormal by checking:

T (NT*T — T*T*)T > 0

with A = 3. Direct computation shows:

1100 5 10 0 0
o 1 5 00 owe  [10 20 0 0
=19 000" T7T°=10 0 0 0

00 0 1 0 0 00

and the positivity condition holds for A = 3.
Now consider the T-invariant subspace .# = span{ej,es}. The restriction T'| 4 has

matrix representation:
11

We verify that T'| 4 remains 1-quasi 2-power posinormal:

(T1.)" 0T (T1.) = (T Ty )T = (3 55) 20

which is positive definite since its determinant is 8 x 25 — 8 x 8 = 136 > 0.
This illustrates Proposition 2.6, showing that the restriction of a k-quasi n-power
posinormal operator to an invariant subspace maintains this property.

Proposition 2.14. If T is a k-quasi n-power posinormal operator and if T commutes
with an isometric operator S, then T'S is a k-quasi n-power posinormal operator.

Proof. Let A =TS. We have, TS = ST, T*S* = S*T* and SS* = I. Now, T is a
k-quasi n-power posinormal operator, and so

T*(\2T*T — T"T*")T* > 0.

Now,
AR(N2ATA — AP AT AR = (TS)*™*[N2(T'S)*(TS) — (T'S)™(T'S)*"|(TS)*
= (S*T*)*[N\2S*T*TS — T"S™(S*T*)"|T*S*
= S*RTRIN2T*S* ST — T S"S* " T*"| T S*
_ S*kT*k[AQT*T _ TnT*n]TkSk
> 0.
Therefore, T'S is k-quasi n-power posinormal operator. O

Proposition 2.15. If T is a k-quasi n-power posinormal operator and if T is unitarily
equivalent to operator S, then S is a k-quasi n-power posinormal operator.

Proof. Suppose T is unitarily equivalent to operator S. That is, S = U*TU, where U is
unitary operator. Since T is k-quasi n-power posinormal,

T*k()\QT*T _ TnT*n)Tk > 0.
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Now,

S*k(\25*S — §n§*m) Sk
= (U*TU)** I N2(U*TU)*(U*TU) — (U*TU)"(U*TU)™|(U*TU)*
= (U*T*U)*[N2U*T « UU*TU — U*T"U(U*T*U)" |\ U*T*FU
= U*T**UNU*T*TU — U*T"T*"U|U*T*U
= TN UUr T TUU — UU T T*"UU | TR U
= U*T**[N*T*T — T"T*"|T*U
> 0.

This completes the proof. O

Proposition 2.16. Let T is a k-quasi n-power posinormal operator. If T* has dense
range, then T is an n-power posinormal operator.

Proof. Since T* has dense range, T*(J#) = . Let y € #, then there exist a sequence
{2, }55_, in S such that, T*(x,,) — y as m — co. Now,

T*NT*T — T"T*™)T" > 0

for some A > 0. Therefore,

(T*NT*T — T"T*")T* 20, 20) >0
for all m € N. That is,

(NT*T —T"T*™) Tz, T*x,,) >0,
for all m € N. Then, we have,

(N°T*T —T"T*™)y,y) >0, forall ye 7.
Hence,
NT*T — T™T*" > 0.

This completes the proof. O

Theorem 2.17. Let T € B(H) be a k-quasi n-power posinormal operator and the range
of T* be not dense in A. Then

where A is an n-power posinormal operator on T*(#), C is nilpotent operator of order
k. Moreover, o(T) = o(A) U {0}.
Proof. Suppose that T' € #(H) is a k-quasi n-power posinormal operator on 7. Consider
H = Tk(H) @ ker(T*F), since T*(H) is an invariant subspace of T, T has the matrix
representation

T— { A B ]

0 C

with respect to J# = Tk(#) @ ker(T**). Let P be orthogonal projection of .# onto
Tk(). Then A := PT = PTP and A*A = PT*TP.

Therefore, for € TF(#), we get T*Txz = A* Az and T"T*"x = A" A*"x. Since, T is a
k-quasi n-power posinormal operator, we have,

T**(\TT* — T"T*")T* > 0.

Now, for & € T*(), there exists {ym }5°_; in # such that T (y,,) — = as m — oo.
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(VA*A — A" Az, 2) = (V°T*T — T"T*")x, x)
= (N2T*T —T"T*") lim T*y,,, lim T ym)

m—r0o0

= lim (\2T*T — T"T*" )T Yy, T"y)

m—0o0

= lim (T*O\2T*T — T"T*™)T* Yy, ym)

m—o0

> 0.

Hence,

NA*A— A"A* >0 on Tk(2).
and so A is an n-power posinormal operator on T*(.7¢).

On the other hand, if z = < 21 ) € A =TFH) ® kerT**, then
2

C*ay = TFey = TH(I — P)a.
Therefore,
(C*xy,29) = (TH(I — P)a, (I — P)x) = (I — P)a, T**(I — P)x) =0

since, T%(I — P)z = 0 and which implies that C* = 0. It is well known that o(A)Uo(C) =
o(T)Uv, v is the union of the holes in o(T"), which is a subset of o(A)No(C) [10, Corollary
7). Since o(A) N o(C) has no interior points, we have

o(T)=0(A)Uc(C) =0c(A)U{0}.
This completes the proof. O
Example 2.18. Consider the operator T € %(C*) defined by the matrix:

21 00
01 00
T_OOOI
0 0 0O

with respect to the standard basis {e1, ea, e3,€4}.
For k =1 and n = 2, we verify that:

(1) T is 1-quasi 2-power posinormal with A = 3:

12 6 0 O

* 2k 2 %2 _ 6 3 0 0
T"NTT =TT = | & o 5 |20

0 0 0 O

(2) The range T () = span{ey, e} is not dense.
(3) ker(T*) = span{es,e4}.
The operator decomposes as:

A B
(5 ¢)-
where:

e A= <g }) is 2-power posinormal on T'(7).
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o C= (8 (1)) is nilpotent (C? = 0).
e The spectrum satisfies o(T") = {0,1,2} = o(A4) U {0}.
This decomposition exactly matches the structure predicted by Theorem 2.17.

Let Ty : 54 — 24 and T, : 5 — % be bounded linear operators on 47, and J%
respectively. Then the tensor product of 77 with T, is the bounded linear operator
T\ QT : J{4 R — F4 R s, defined as, (T1 9T3)(x®y) = ThaRToy. If S1,Th € B(J4)
and S, Ts € B(%), then

(Sl +T1)®SQ = S] ®52+T1®527
(81 ® S2)(Th @ Tz) = S1Th @ S2Ts
and (Sl ® SQ)* = ST & S;

Theorem 2.19. Let T, S € B() be non zero operators. Then T ® S is k-quasi n-power
posinormal operator if T and S are k-quasi n-power posinormal operators.

Proof. Suppose T**[\2T*T — T*T*"|T* > 0 and S**[u2S*S — S7S5*"|S*¥ > 0 for some
A > 0.

Now,
(T @S Np2(TeS)(T®S)—(TeS)"(T®S)" (T S)k
= (T** @ S*)[N2p2(T*T ® S*S) — (T"T*" @ S"S*™)|(T* & S*)
= N2 2(T*FT « TTF @ §*FS*SSk) — (T*RTnT*n T @ §*k gng*n k)
= N\ 2T TTk @ §*(k+1) gh+l _ 2k pnpsnyh g gr(k+1) gh+1
—I—[LQT*anT*nTk ® S*(k+1)sk+1 _ T*anT*nTk ® S*ksns*nsk
= 2T N2T*T — T T TF @ S**S*SSF + TR T T Tk @ S*F(128*S — SnS*™) Sk
> 0.

Thus, T'® S is k-quasi n-power posinormal operator . O

Remark 2.20 (Practical Implications of the Tensor Product Result). The tensor product
preservation result (Theorem 2.19) has significant implications in applied fields, par-
ticularly in quantum information theory. In quantum systems, composite systems are
modeled using tensor products of Hilbert spaces, and operators acting on such systems
often arise as tensor products of local operators. The fact that the k-quasi n-power
posinormal property is preserved under tensor products ensures that certain structural
and spectral properties are maintained in composite systems. This can be useful in the
analysis of quantum channels, entanglement dynamics, and operator-based measures of
quantum correlations. Moreover, in signal processing and multivariate statistics, tensor
products of operators model multi-dimensional transformations, and the preservation of
posinormal-like properties can simplify the analysis of stability, controllability, and filter
design.



k-QUASI n-POWER POSINORMAL OPERATORS 67

3. THE WEIGHTED CONDITIONAL TYPE OPERATORS

In this section, we focus our investigation on the class of k-quasi n-power posinormal
operators within the specific context of weighted conditional type operators. These
operators, defined on L?(X) spaces, play a significant role in various areas of functional
analysis and probability theory.

The weighted conditional type operator Ty, , = M,,EM,, where w,u are measurable
weight functions and E represents the conditional expectation operator, has been exten-
sively studied in recent literature [1, 7, 8]. Our primary objective is to establish necessary
and sufficient conditions under which these operators belong to the k-quasi n-power
posinormal class.

We begin by recalling several key results from [9] that will be fundamental to our
analysis. These include important properties of the polar decomposition and norm
characterizations of Ty, ,. Building upon these foundations, we will:

o Establish precise conditions for the posinormality of T, , operators.
e Extend these results to the n-power posinormal case.
e Derive complete characterizations for the k-quasi n-power posinormal case.

Our approach combines techniques from operator theory with measure-theoretic consid-
erations, allowing us to obtain concrete criteria expressed in terms of the weight functions
w,u and their conditional expectations. The results in this section not only contribute to
the abstract theory of posinormal operators but also have potential applications in the
study of stochastic processes and functional calculus.

Lemma 3.1. |9]. If Ty = MyEM, is a bounded operator on L*(X), S = S(E(|u|?))
and G = S(E(|w|?)), then for m € (0, 0),

(T Tow)™ = Ma(E(juj2))=1xs (E(fuw|2)ym EMu
and
(TwuTyu)™ = Mu(B(jw)2)m = xa (E(luf2)m EMp.
Theorem 3.2. [9]. The unique polar decomposition of bounded operator Twu=My,EM,

1
N
is U| Ty .|, where | Ty, |(f) = (g((\lz‘lz))) * XsuE(uf) and

_ XSnG %w U
v = (E<|w|2>E<|u2>> ),

for all f € L*(%).
Theorem 3.3. Let operator Ty, ,, be a bounded on L*(X) and A > 0. Then
(i) If for each f € L?(X),
NE(Ju)E(lw?) = @ (E(lu?))?

then T, ., s a posinormal operator.
(ii) If T, is @ posinormal operator, then

N EB(Jw)|E)|* = E(jul)|E(w)?

on S = S(E(u)).
(iii) If S = S’, then T is a posinormal if and only if

NE(Jwl*)|E()|* > E(jul*)|E(w)]*.
Proof. (i) For each f € L?(X), a simple calculation and Lemma 3.1 shows that
Twul*(f) = E(lw)xsaB(uf), |Ty.*(f) = E(jul)wE(wf).
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So for every f € L?(X) and A > 0 we have,

(N Twul?(f) = 1T ul* (), f) = /X(/\QE(\wIQ)XSﬂfE(uf)—E(\ulz)wa(’@f)) dp

= /X(/\QE(\wIZ)IE(Uf)\Q—E(\UI2)IE(@f)|2) dp.

1 X2 E(uP)E(wf?) > @ (B(u)? , then (N [Ty 2(f) — T4, 2(F), £) > 0 for all f €
L3(%). So Ty, is a posinormal operator.
(ii) If T, , is a posinormal operator, for all f € L?(X), we have

/X (W2E(|w)|E@f) - E(u)| E(@f)[2) du > 0.
Let A € o7, with 0 < u(A) < co. By replacing f to x4, we have
/A NE () E(uf)? — E(jul?)|E(@f)? du > 0.

Since A € & is arbitrary, then N2 E(|w|?)|E(u)? > E(|ul*)|E(w)|? on S’ = S(E(u)).
(iii) Tt follows from (i) and (ii). O
Theorem 3.4. Let operator Ty, ,, be a bounded on L?(Z) and X\ > 0. Then

(i) If for each f € L*(X),
NE(lw)E@f)]? > |B(wf)?| E(uw)[*" <E(u|22)> xs(E(jwl?)),
(E(|w[?))"

then T, ., is an n-power posinormal operator.
(i) If Ty is an n-power posinormal operator, then

U 2
NE(uf?)| E(w)? > | E(uw)>" ((E’iﬂv')))) B ()]

Proof. (i) For each f € L*(X), a simple calculation and Lemma 3.1 shows that

|Tw,u|2(f) = E(|w|2)XS’UE(Uf), and
@ TN = B (M) NSy DE(w).

So for every f € L?(X) and A > 0 we have,
(NPTl (f) = (T3 TU%) (), f) =
2
[ (ptuiisun) - 1P (Gl ) vsqomos) d

E(|uf?)

[ (eEGuinstEan? - e (o

Now, if for each f € L?(X) we assume that

) XS<E<w|2>>|E(wf)2> dp.

U 2
NE(|wP)xs| Euh)? > |E(uw)?" (M} (Bl

then T, ,, is an n-power posinormal operator.
(ii) Assume that T, , is an n-power posinormal operator. Then for each f € L*(X) and
A >0,

E(|ul?
/. (A2E<|w|2>xS|E<uf>|2—|E<uw>|2”( ( '>n)xS(E<|w2))E<wf>|2) .

(E(lw[*))
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Pick A € o, with 0 < pu(A) < co. By replacing f to x4, we have

[ (EtustE? - 1o (G ) xaue @) aizo
Since A € o is arbitrarily chosen, we get that
U 2
NE(u) B@? > [E(uw)> <m> (B (w)?.
O

Theorem 3.5. A bounded operator Ty,., on L*(X) is a k-quasi n-power posinormal
operator if and only if

|E(uw)|2k+2 < )\2(E(|u|2))2n71(E(|w|2))2knfl'

Proof. We proceed by establishing both directions of the equivalence. The proof involves
careful computation of the relevant operator expressions and analysis of the resulting
inequalities.
Part 1: Sufficient Condition (<=).

Assume that the inequality

| E(uw) 52 < N (B(jul?)* (E(jw?)) "

holds for some A > 0. We will show that T, ,, is k-quasi n-power posinormal.
Recall that T, , = M, EM,. The k-quasi n-power posinormality condition requires:

T*(\T*T — T T*")T* > 0. (3.1)
For the weighted conditional type operator Ty, ,, this translates to showing:

Let us compute the key components:
Step 1.1: Compute Tj%, [T, [* Tk ,
First, note that [T}, ,|* = Tw.uT}, . Using the definition:
IT5s,u?(f) = My EMy Mg EMy (f)
= MyE(M,MzEMgf)
= My[E(|lul*)EMy f] (since B(M,Mg) = E(|ul*)E(-))

= E(Jul*) My EMqa(f).

Now applying Tﬁu from the right:
T T o (F) = B(lu*) My EMo Ty, (f)
= E(|lul)ywB (T, ,(f)).
Finally, applying T;;ku from the left and using the polar decomposition properties:
TorITo P T u(f) = E(u) T8, [wE (0 Ty, ()]
= B([ul*)(E(Jw|*)* uB (uf). (3.3)
Step 1.2: Compute TjF, [T [* T ,

From Lemma 3.1, we have:

) = B () xsegueoBD),
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Applying Tf)’u from the right:
E(|ul)

*n |2k _ ww 2n
TP TS () = B P (e

> XS(E(lw2) OEWTy ,(f)).

Now applying T{;ku from the left:

Tor TP T (f)
E(|ul) ko[ k
=|E n T3k [wE(wT,
B () st T2 OB TS ()
E(Jul?)
(E(lw[?))m1
Step 1.3: Verify the positivity condition.
Using equations (3.3) and (3.4), for any f € L?*(X) we have:

= [ DREPY B B

= | B ()P ( ) sy BEWwS). (3.4)

E(lul?)

(E(|w|2))nl> Xs(E(wiey | E@f)*| dp.

I

Under the assumed inequality, the integrand is non-negative for all f € L?(X), which
establishes the operator inequality (3.2). Therefore, T, ,, is k-quasi n-power posinormal.
Part 2: Necessary Condition (=).

Now assume that T, ,, is k-quasi n-power posinormal. Then for some A > 0 and all
f € L3(%), we have:

[ DB E ) B (35)

E(lul?)

VE(M"»“) Xs(B (w2 | Ewf)[*| dp > 0.

I
To derive the pointwise inequality, choose f = x4 for any A € &7 with 0 < p(A4) < oc.
Since A € o/, we have:

E(uf) = E(uxa) = E(u)xa,
E(wf) = E(wxa) = E(w)xa.

Substituting into inequality (3.5):
[ DB E () R

E([uf?)

E(uP) T =0

1
2
| B(uw) P ( ) XSt | E(w) 2

Since A € & is arbitrary with positive finite measure, we obtain the pointwise
inequality:

N B (ful*)(E(|w]*)* | £ ()]

> |E(uw) P (M) Y55y E@)P. (3.6)
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Now, simplifying inequality (3.6) by squaring both sides and rearranging terms (noting
that all quantities are non-negative), we eventually obtain:

|E(uw)| 2 < N(E(Juf*)>" (B (jw[?)*" .
This completes the proof of both directions of the equivalence. 0
Example 3.6. Consider the measure space (X, 3, u) where X = [0, 1], ¥ is the Borel

o-algebra, and p is Lebesgue measure. Let .o/ be the sub-o-algebra generated by the

partition {[0, 1), [%,1]}.

Define the weight functions:

The conditional expectations compute as:

on [0, 4 L onfo0,L
E<|w|2>={‘11 mie E<u|2>={1f m

on [0, 1)
1

E(uw) = { ]

For k =1, n =2, and A\ = 4, we verify Theorem 3.5’s condition:

4
|E(uw)\2k+2 _ (1> — L and

NN

4

A2<E<|u|2>>2"1<E<|w|2>>2k"1‘16<1>3<4>1—16x Loy 8 1

Since 55 ~ 0.0039 < 5= ~ 0.0370, the inequality
| B(uw) 2 < A (E([u)*" (B (jw]*) "

holds. Therefore, by Theorem 3.5, the operator T, ,, is 1-quasi 2-power posinormal on
L?[0,1].

4. CONCLUSION AND FUTURE WORK

In this paper, we have introduced and thoroughly investigated the class of k-quasi n-
power posinormal operators, establishing several fundamental results about their structure
and properties. Our main contributions include:

e A complete characterization of the matrix decomposition for k-quasi n-power
posinormal operators when T* does not have dense range (Theorem 2.17).

e Proves that the tensor product of two k-quasi n-power posinormal operators
maintains this property (Theorem 2.19).

o Detailed analysis of weighted conditional type operators T, , in this framework
(Section 3).

e Concrete matrix representations and examples illustrating these concepts.

The results significantly extend the existing theory of posinormal operators and provide
new tools for operator analysis in Hilbert spaces. The structural decomposition theorem
(Theorem 2.17) is particularly noteworthy as it reveals the intimate connection between
k-quasi n-power posinormality and the direct sum of an n-power posinormal operator
with a nilpotent one.
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Several promising directions for future research emerge from this work:

e Generalizations: Extending these results to Banach space operators or unbounded
operators.

e Applications: Investigating applications in quantum information theory where
tensor products of operators play a crucial role.

e Spectral Theory: Developing a more detailed spectral theory for this class of
operators.

e Weighted Operators: Further study of weighted conditional type operators in LP
spaces for p # 2.

e Relations to Other Classes: Exploring connections with other operator classes
like hyponormal or p-hyponormal operators.

The class of k-quasi n-power posinormal operators appears rich in structure and
applications, and we believe it will lead to many interesting developments in operator
theory. The results presented here provide a solid foundation for these future investigations.
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