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SOLVABILITY OF A CAYLEY INCLUSION INVOLVING
H-MONOTONE IN BANACH SPACES
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ABsTRACT. In this paper, a new class of H-monotone in Banach spaces is considered
and studied. The resolvent operator and Cayley approximation operator associated
with the H-monotone are defined, and the Lipschitz continuity of Cayley approxima-
tion operator is also established. An application involves the solvability of a class of
generalized Cayley inclusions with H-monotone in Banach spaces. By utilizing the
technique of resolvent, an iterative algorithm is developed for solving such a class
of generalized Cayley inclusions in Banach spaces. The convergence of the iterative
sequence generated by the algorithm is proven under certain suitable conditions. The
results are justified by means of a numerical example analytically and graphically
using Python(matplotlib).

1. INTRODUCTION

It is now the understood fact that variational inequality theory has emerged as a highly
effective tool for analyzing a broad range of linear and nonlinear problems across various
fields of pure and applied sciences including mathematical programming, optimization
theory, engineering, elasticity theory, equilibrium problems in mathematical economy,
and game theory, see for example [9, 10, 22, 26]. A key focus within variational inequality
theory is the advancement of efficient iterative algorithms for computing approximate
solutions. Several researchers have made advances in the approximation solvability of
variational inclusions, see for example [4, 5, 8, 12, 13, 15]. Among the most effective
numerical techniques used for addressing variational inequalities in Hilbert spaces is
the projection method and its various adaptations. However, the traditional projection
method relies heavily on the inner product property of Hilbert spaces, rendering it
unsuitable for variational inequalities in Banach spaces. This limitation prompts the
exploration of alternative methods to develop iterative algorithms for approximating
solutions of variational inequalities in Banach spaces. Several researchers have discussed
the approximate solvability of various classes variational inequalities/inclusions and their
variant forms by involving different types of operators such as H, G, A, H-n, H(¢,n)-
operators, see for example [3, 4, 7, 11, 18, 23].

In the recent past, numerical computation of zeros or fixed points of nonlinear mappings
involved in variational inequalities/inclusions have been studied by several researchers,
see for example, [17, 28, 30, 32]. Zhang et al. [31] studied an iteration procedure for
approximating the solution of the inclusion problem and a fixed point of a nonexpansive
mapping in Hilbert spaces. Peng et al. [24] studied a viscosity approximation method for
finding a solution of a variational inclusion involving maximal monotone mapping and
inverse strongly monotone mappings, the set of solutions of an equilibrium problem and a
fixed point of a non expansive mapping. It is remarked that most of the work has been
done in the setting of Hilbert spaces. Therefore, a natural question of extending these
problems in the Banach space arises.

Motivated by the research work going in this direction. In this paper, a new class of
H-monotone operators in Banach spaces is considered and studied. The resolvent operator
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and Cayley approximation operator associated with the H-monotone operator are defined,
and Lipschitz continuity of Cayley approximation operator is also demonstrated. An
application involves the solubility of a class of generalized Cayley inclusion s with H-
monotone operators in Banach spaces. By utilizing the technique of resolvent operator, an
iterative algorithm is developed for solving such a class of generalized Cayley inclusion s
in Banach spaces. The convergence of the iterative sequence generated by the algorithm is
proven under certain suitable conditions. As a matter of justification, we have constructed
a numerical example in view of different operators considered and shown the convergence
of the sequences generated to the exact solution graphically. For plotting the graph, we
have used Python(Metplotlib). The results presented in this paper improve and extend
some known results in the literature, see for example, [1, 3, 8, 11, 13, 15, 20, 21, 23, 26]
and the related references cited therein.

2. PRELIMINARIES

Throughout this work, we assume X to be a Banach space, 2% denotes the family of all
subsets of X and X* the topological dual of X. whose norm is denoted by |.||, and (.,.)
is the duality pairing between X and X*. The normalized duality mapping 7 : X — 2%~
is defined by

T(x) ={f e X7 (f,x) = If =], 1] = [l«ll, vz e X}.

We remark that all the Hilbert spaces are uniformly smooth so in that case J reduces
to an identity mapping.
The modulus of smoothness of the Banach space X is the function px : [0, 00) — [0, 00)
defined by
e +yll —llz -yl
2

Lo el <1, Iyl < ).

t
The Banach space X is called uniformly smooth if tlin(l) LXt( ) =0.
—

px (t) = sup [

Proposition 2.1. [25] Let X be a Banach space and J be the normalized duality mapping
from X into X,* then for all x,y € X, we have

@) Mz = ylI* < llzl? + 2@y, T (x — ),

(2) (e =y, T(@) ~ TW) < 2 px(alle — gl /), where d = /I

Definition 2.2. [16] Let 7 : X — X* and g : X — X be two single-valued mappings
then:

(1) T is monotone if
(2) T is r-Strongly monotone, if there exists a constant r > 0, such that
(Trx —Ty,x —y) > 7|z —yll, Yo,y € X;
(3) T is s-Lipschitz continuous, if there exists a constant s > 0, such that
[Tz =Tyl < slle —yll, Vo, y € X;
(4) g is k-strongly accretive, if there exists a constant k& > 0 such that
(T (z—y),9(x) = g(y)) = kllz — y|I*. Yo,y € X.

Definition 2.3. [20] A set valued mapping A : X — 2% is said to be
(1) Monotone if, z,y € X,u € Az and v € Ay,

(u—v,z—y) >0
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(2) Maximal monotone if, for any z € X, u € Az,
(u—wv,z—y) >0 implies v € A(y);
(3) - strongly monotone if, for any x,y € X,u € Az and v € Ay,

(w—v,2—y) = Ao —y|*

Definition 2.4. [16] Let H : X — X be a strictly monotone operator and M : X — 2%
be an H-monotone operator.

(1) The resolvent operator Rf’M : X — X is defined by
RIM(z) = (H + A\M) " (z), Yz € X.

(2) The Cayley operator Cf’M(m) : X = X is defined as:
M (z) = 2RIM — HY(2), Vo € X.

Theorem 2.5. [16] Let H : X — X* be a strongly monotone operator and M : X — 2%
be H-monotone. Then the resolvent operator (H + AM)~! is single-valued.

Theorem 2.6. [16] Let H : X — X* be a r-strongly monotone, s-Lipschitz continuous
and M : X — 2% be an H-monotone operator. Then the resolvent operator Rf’M X —

1
X is Lipschitz continuous with constant —, that is,
r

1
IR (@) = RM W)l < ~llw = ]|

Theorem 2.7. Let H and M be same as in Theorem 2.6, then the Cayley operator is

2
L-Lipschitz continuous, where L = st .
r

Proof. Let x,y € X*, it follows that
e M (@) — M )l = 2| (R (2) — H(z) — (RYM(y) — Hy)|
< 2{|RIM () — RYM ()| + | H (x) — H(y)|[}

2
= (Z+38)lz—yl
241rs
_( .

) = yll.
That is,
e (@) — M )l < Ll -yl (2.1)

3. FORMULATION OF PROBLEM

Let X be Banach space and A, f, Cf’M,g : X — X be single-valued mappings. Let

M : X — 2% be a set-valued mapping, we consider the following Cayley inclusion (in
short, CI), Find = € X such that:

0€ Az — f(x)) + M (@) + M(g()). (3.2)

Some special cases of CI (3.2):
Case I: If C/I\{’M(x) = 0, then CI (3.2) reduces to the following problem: Find z € X,
such that;

0€A(z — f(x)) + M(g(x)). (3.3)
Problem (3.3) was introduced and studied by Luo and Huang [21].
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Case II: If Cf’M(x) =0 and f(z) =0, then CI (3.2) reduces to the following problem:
Find z € X such that;

0 € A(x) + M(g(x)). (3.4)

Problem (3.4) was introduced and studied by Xia and Huang [27].

We remark that for suitable choices of different mappings and the underlying space in
the problem CI (3.2), we can obtain many known and new results in the literature. see
for example [1, 6].

Theorem 3.1. Let A, f, Cf’M,g : X — X be single-valued mappings. An element x € X
is the solution of problem CI (3.2) if and only if,

g(@) =R M g(z) = MA(e — f(2) + M (@)}, (3-5)

where X > 0 is a constant, R\"™ () = (H + AM)~'(x) is the resolvent operator of M
and H is r-strongly monotone.

Proof. By the definition of Rf’M(x), we know that (3.2) holds,
= Hy(z) =\ [Alx — f(2)) +C"M(2) ] € (H+AM )g(x)
= {Al@— f(@)+ "M (@)} € My(x)
=  0€Al—f(x)+CM (@) + M(g()).
0

Based on Theorem 3.1, we construct the following iterative algorithm for solving CI
(3.2).

4. ITERATIVE ALGORITHM AND CONVERGENCE ANALYSIS
Iterative Algorithm 4.1. Given xg € X, define iterative sequence {x,} C X by
Tni1 = n — g(n) + R [Hg(wn) = MA(wn — f(2n)) +CM (@)}
If Cf’M(x) =0, then 4.1 reduces to the following algorithm.

Iterative Algorithm 4.2. Given xg € X, define iterative sequence {x,} C X by
Tnt1 = Tn — g(Tn) + RiLM[Hg(xn) = MA(zn — f(zn))}].

Iterative Algorithm 4.2 gives the approximate solution of the (3.3).

Now, we give some sufficient conditions which guarantee the convergence of the
approximate solution obtained through iterative sequence generated by the Iterative
Algorithm 4.1.

Theorem 4.3. Let X be a Banach space, and X* be the dual space of X.

(1) Let g: X — X be a ky-strongly monotone and 81 -Lipschitz continuous mapping,

(2) f:X = X be ky-strongly monotone and §3-Lipschitz continuous mapping,

(3) H : X — X* be strongly monotone with constant r and Lipchitz continuous
with constant s and let A : X — X be (- Lipchitz continuous. If the following
conditions are satisfied:

(T’tl + 551) —-r
(ta+ L ’

where 1 =\/(1— 2k +64C62) and ty = /(1 — 2k, +64C0%.

A > r > rt] + 801, (4.6)

Then the iterative sequence {x,} generated by the Algorithm 4.1, converge to the unique
solution of CI (3.2).
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Proof. By iterative Algorithm 4.1 and Theorem 3.1

[2nt1 = @nll = l2n — g(xn) + RY M [g(@n) = MA(@n — f(20)) +C3 N (20)}]
*(xn—l - g(xn—l) + Rg’M[Q(mn—l) - A{A(In—l - f(xn—l)) + Cf’M(mn—l)}]”

<wn = Tp-1 — g(wn) + g(wn-1)[l + %Hg(xn) = MA(zyn — f(zn)) + CiLM(xnfl)
—g(@n-1) = MA(@n-1 — f(an-1)) +C4 M (@0 1)

1
< llon = @n-1 = g@n) + g(@n-)lll + ~1Hg(zn) = Hg(zn-1)l|

(4.7)

2 A~ ()~ Awnr — )+ I () — M ()|

Since g : X — X is kp-strongly accretive, d;-Lipschitz continuous mapping and X is
Banach space, by Proposition 2.1 we have

[0 — o1 — 9@n) + g@n—1)]?
< ”mn - wn—1||2 + 2<~7(mn —Tpo1) — (g(mn) +g(xn—1))>
_(g(xn) +9(33n—1))
= ||z, — xn71||2 - 2<J($n —Tn_1), (g(wn) + g(xn,l)»
+2<x7(xn —Tp-1) — (g(mn) + g(xn—l)»

4.8
T~ 1) — (gln) + () 49
< an — xn71||2 —2k1||zn — xnleQ
+4d?px (4llg(zn) — g(zns1)ll/d)
< (1 —2k1)||lzn — xnflng +Cllg(xn) — g(anrl)”Q
< (1 —2ky + 64C6%) ||z — zp1 |
By the Lipschitz continuity of H and g we have
[Hg(zn) — Hg(zn-1)|| < s01||2n — 2p1]|- (4.9)
By using Theorem 2.7 we have
I3 (@n) — M (1)l < Ll = @ - (4.10)

By using the Lipschitz continuity of A we have

[A(zn — f(zn)) — Al@n-1 = flzn-1))[| < (ll(@n — f(@n)) = (@n-1 — f(@n-1))ll
= (@ = 2n-1) = (f(@n) = flzn-1)ll. (4.11)
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Since f: X — X is ko-strongly accretive, do-Lipschitz continuous mapping
[(@n = 2n-1) = (f(zn) = f@n-1))|
< llwn = @1 ll® + 20T (20 — 2n—1) = (f@n) + f@n-1)))
_(f(xn) + f(mn—l))
= [|zn — $n71||2 = 2(J (20 — 2p—1), (f(@0) + f(Tn-1)))
+2(T (@ — Tn-1) = (f(@n) + f(2n-1)))
=T (¥n — zn-1) — (f(@n) + f(Tn-1))
< ||$n - $n71||2 - 2k2||$n - xnleQ
+4d?px (4] f (=) = f(zns1)l/d)
< (1 —2ko)|lzn — xnleQ + Ol f(xn) — f($n+1)H2
< (1 — 2ky + 64C33) ||z, — 201 ||
Using (4.11) and (4.12), one has

[A(zn = f(n)) = Alen — flen))] < C\/(l — 2k + 64C67) [l — 0 |®.

(4.12)

|Znt1 — 2ol < pllzn — 201,

where

§= \/ 1 — 2k + 64C82) + (g\/ 1— 2%y + 64052) (L + 351). (4.13)

From (4.6) and (4.13) , we have 0 < u < 1 and so x,, is a Cauchy sequence. Let x,, — =
as n — 00. It follows from 4.1 that

g(x) = RN [Hg(z) — MA@ — f(z)) + M (2)}). (4.14)

Hence by Theorem 3.1, z is the solution of CI (3.2). Next, we proceed for the uniqueness
of the solution. For this, let 2* be another solution of CI (3.2) then Theorem 3.1 implies
that

ga®) = R [Hgla™) = MA@ — fa™) + M (@)} (4.15)
By (4.14) and (4.15) and the similar argument as above, we have
[ — ™| < pll — 2],

where

p= /(1 -2k +640657) + g\/ 1— 2k + 64C03) + (L +501).

Since 0 < p < 1, x = =¥, therefore, x is the unique solution of problem. O

5. NUMERICAL EXAMPLE

Now we construct the following numerical example to show the convergence analysis of
the sequence z,, to the unique solution of the CI (3.2).

Example 5.1. Let X =R, A, f,g9,H : X — X be a single valued mapping defined as

1 2
A(z) = Vi g(z) = %, flx) = 3% and H(z) = gaz and M : X — 2% be a multi-valued

defined as M (z) = {110 }

Now

6 6
(Hz — Hy,x —y) = <gﬂr— 5y,x—y> *le—yll2 > EHJ«“-MIQ
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and
6 6 6 13
Hr—H :Hf _*H:* —yll < Sz -y
2~ ) = | 2 = 24 = S -yl < ey

11
That is, H is strongly monotone with constant r = 0 and Lipschitz continuous with
13

constant s = —.
Similarly, we can easily verify that A, g and f are Lipschitz continuous with constants
(=16 = 3 and dy = 7 respectively. and f and g are strongly accretive with constants
1

3
ki = 1 and ko = 1 respectively. Now, for A = 1, the resolvent operator and the Cayley

operator is given by

RIM (@) = {H + AM} (@) = ~oa

10
and
H,M H,M 2
e () = 2RI (@) — H(z) = —a
Also
H,M H,M 10 H 1
, o s — | = i < _
HRA (@) =R (y)H H13 390 = oy 1o v
and
H.M H.M 122 22
ez @) — et ¥ )| = | — 2o < S5 lle — vl
1 10
This shows that ’Rf’M is Lipschitz continuous with constant — = El and Cf’M (z) 1is
T
24+rs 31

Lipschitz continuous with constant L = (

We can see that all the constants satisfy Condltlon (4 6) Now we compute the sequence
{z,} by the iterative Algorithm 4.1
H My H,M
Tp4l = Tp — (‘Tn) + R [ g( n) - )\{A(mn - f(xn)) + C)\ (xn>}]
6,x 1 2 22
oo et B (-3 e
o 3+ 53 )G = gmn) + G5e
—225
_Z H,M
= 5o+ R | g
2 n 13 [ —225 }
T+ — | ——x,
3 10111700
224055
351000 "
The Iterative Algorithm 4.1 has been implemented using Python. For the following
different initial values o =3, —3, 5, —5, it shows that the sequence x,, converges to the
solution of the CI (3.2), * = 0. In this regard the convergence graph and computational
table are respectively shown in ( Figure 1 and Table 1), below:
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FIGURE 1.

Iteration To =3 To = —3 To=25 To = —5H
1 3 -3 5 -5
2 1.915 -1.915 3.1917 -3.1917
3 1.2224 -1.2224 2.0374 -2.0374
4 0.7803 -0.7803 1.3005 -1.3005
5 0.4981 -0.4981 0.8302 -0.8302
6 0.318 -0.318 0.5299 -0.5299
7 0.5299 -0.5299 0.3383 -0.3383
8 0.1296 -0.1296 0.2159 -0.2159
9 0.0827 -0.0827 0.1378 -0.1378
10 0.0528 -0.0528 0.0880 -0.0880
11 0.0337 -0.0337 0.0562 -0.0562
12 0.0215 -0.0215 0.0359 -0.0359
13 0.0137 -0.0137 0.0229 -0.0229
14 0.0087 -0.0087 0.0146 -0.0146
15 0.0056 -0.0056 0.0093 -0.0093
16 0.0036 -0.0036 0.0059 -0.0059
17 0.0023 -0.0023 0.0038 -0.0038
18 0.0015 -0.0015 0.0024 -0.0024
19 0.0010 -0.0010 0.0015 -0.0015
20 0.0006 -0.0006 0.0010 -0.0010
21 0.0004 -0.0004 0.0006 -0.0006
22 0.0003 -0.0003 0.0004 -0.0004
23 0.0002 -0.0002 0.0003 -0.0003
24 0.0001 -0.0001 0.0002 -0.0002
25 0 0 0.0001 -0.0001
26 0 0 0 0

TABLE 1.
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6. CONCLUSION

In this paper, we have studied H-monotone associated with general Cayley inclusion
within the framework of Banach spaces. Further, we have established existence of solution
using fixed point approach through resolvent technique. The applicability of the results
and the iterative technique adopted is also demonstrated through numerical example and
analyszed numerically and graphically using Python(matplotlib).

DECLARATION OF COMPETING INTEREST

The authors declare that they have no competing interest regarding this research
manuscript.

ACKNOWLEDGEMENTS

The authors would like to thank the anonymous referee for valuable comments and
suggestions, which improved the original version of the manuscript.

REFERENCES

[1] R. Ahmad, I. Ali, M. Rehman, M. Ishtyaq, and J. C. Yao, Cayley inclusion with its corresponding
generalized resolvent equation problem in uniformly smooth Banach spaces, Applicable Analysis
101 (2022), no. 4, 1354-1368, doi:10.1080/00036811.2020.1781822.

[2] I. Ahmad, Z. A. Rather, and R. A. Ching, Stability and convergence analysis for set-valued
extended generalized nonlinear mized variational inequality problems and generalized resolvent
dynamical systems, Journal of Mathematics 21 (2021), doi:10.1155/2021/5573833.

[3] R. Ahmad and M. Dilshad, H(:,-)—¢—n-accretive operators and generalized variational-like inclu-
stons, Amer. J. Oper. Res. 1 (2011), 305-311, doi:10.4236/ajor.2011.14035.

[4] I. A. Bhat, N. Nathiya, and M. I. Bhat, Convergence and stability analyis of a set-valued mized
variational inclusion problem via three step iterative approximation scheme, Chaos, Solitons and
Fractals 201 (2025), 117221, doi:10.1016/j.chaos.2025.117221.

[5] M. I. Bhat and B. Zahoor, Ezistence of solution and iterative approzimation of a system of
generalized variational like inclusion problems in semi-inner product spaces, Filomat 31 (2017),
no. 19, 6051-6070, doi:10.2298/FIL1719051B.

[6] M. I. Bhat, M. A. Malik, and B. Zahoor, Krasnoselskii-type approzimation solvability of a
generalized cayley inclusion problem in semi-inner product space, Electronic J. Math. Anal. Appl.
10 (2022), no. 2, 46-60.

[7] M. I. Bhat, B. Zahoor, and M. A. Malik, H(-,-)-¢-n-accretive operator with an application to a
system of generalized variational inclusion problems in q-uniformly smooth Banach spaces, Int. J.
Nonlinear Anal. Appl. 14 (2023), no. 6, 181-195, doi:10.22075/ijnaa.2022.24922.3029.

[8] M. I. Bhat, S. Shafi, and M. A. Malik, H-mized accretive mapping and prozimal point method for
solving a system of generalized set-valued variational inclusions, Numer. Funct. Anal. Optim. 42
(2021), no. 8, 955-972, doi:10.1080/01630563.2021.1933527.

[9] S. Y. Cho, A convergence theorem for generalized mized equilibrium problems and multivalued
asymptotically nonexpansive mappings, Journal of Nonlinear and Convex Analysis 21 (2020),
1017-1026.

[10] X. P. Ding, Generalized variational inequalities and equilibrium problems in generalized con-
ver spaces, Computers & Mathematics with Applications 38 (1999), 189-197, doi:10.1016/
50898-1221(99)00249-7.

[11] Y. P. Fang and N. J. Huang, H-monotone operator and resolvent operator technique for variational
inclusions, Appl. Math. Comput. 145 (2003), 795-803, doi:10.1016/S0096-3003(03)00275-3.

[12] Y. P. Fang and N. J. Huang, H-accretive operators and resolvent operator technique for solving
variational inclusions in Banach spaces, Appl. Math. Lett. 17 (2004), 647653, doi:10.1016/
50893-9659(04)90099-7.

[13] R. U. Hassouni and A. Moudafi, Perturbed algorithm for variational inclusions, J. Math. Anal.
Appl. 185 (1994), no. 3, 706-742, doi:10.1006/jmaa.1994.1277.

[14] X. F. He, J. Lou, and Z. He, Iterative methods for solving variational inclusions in Banach spaces,
J. Comput. Appl. Math. 203 (2007), 80-86, doi:10.1016/j.cam.2006.03.011.

[15] N. J. Huang, Generalized nonlinear variational inclusions with noncompact valued mappings,
Appl. Math. Lett. 9 (1996), no. 3, 25-29, doi:10.1016/0893-9659(96)00026-2.

[16] J. P. Aubin and H. Frankowska, Set-Valued Analysis, Birkh&user, Berlin, 1990.


http://dx.doi.org/10.1080/00036811.2020.1781822
http://dx.doi.org/10.1155/2021/5573833
http://dx.doi.org/10.4236/ajor.2011.14035
http://dx.doi.org/10.1016/j.chaos.2025.117221
http://dx.doi.org/10.2298/FIL1719051B
http://dx.doi.org/10.22075/ijnaa.2022.24922.3029
http://dx.doi.org/10.1080/01630563.2021.1933527
http://dx.doi.org/10.1016/S0898-1221(99)00249-7
http://dx.doi.org/10.1016/S0898-1221(99)00249-7
http://dx.doi.org/10.1016/S0096-3003(03)00275-3
http://dx.doi.org/10.1016/S0893-9659(04)90099-7
http://dx.doi.org/10.1016/S0893-9659(04)90099-7
http://dx.doi.org/10.1006/jmaa.1994.1277
http://dx.doi.org/10.1016/j.cam.2006.03.011
http://dx.doi.org/10.1016/0893-9659(96)00026-2

[17]

(18]

[19]

[20]

(21]

[22]
[23]

[24]

[25]

[26]

[27]

(28]

[29]

30]

[31]

[32]

CAYLEY INCLUSION INVOLVING H-MONOTONE IN BANACH SPACES 83

K. R. Kazmi, R. Ali, and M. Furkan, Hybrid iterative method for split monotone variational
inclusion problem and hierarchical fixed point problem for a finite family of nonexpansive mappings,
Numerical Algorithms 79 (2018), 499-527, doi:10.1007/s11075-017-0448-0.

J. K. Kim and M. 1. Bhat, Approzimation solvability for a system of implicit nonlinear variational
inclusions with H-monotone operators, Demonstratio Mathematica 51 (2018), 241-254, doi:
10.1515/dema-2018-0020.

K. R. Kazmi, R. Ali, S. Yousuf, et al., A hybrid iterative algorithm for solving monotone variational
inclusion and hierarchical fized point problem, Calcolo 56 (2019), 34.

J. Lou, X. F. He, and Z. He, Iterative methods for solving a system of variational inclusions
involving H-g-monotone operators in Banach spaces, Comput. Math. Appl. 55 (2008), 1832-1841,
do0i:10.1016/j.camwa.2007.07.010.

X. P. Luo and N. J. Huang, H-monotone operators in Banach spaces with an application to
variational inclusions, Appl. Math. Comput. 216 (2010), 1131-1139, doi:10.1016/j.amc.2010.
02.005.

M. A. Noor and K. I. Noor, Fquilibrium problem and variational inequalities, Mathematica 47
(2005), 89-100.

D. H. Peaceman and H. H. Rachford, The numerical solution of parabolic and elliptic differential
equations, SIAM J. Appl. Math. 3 (1995), 28-41, doi:10.1137/0103003.

J. W. Peng, Y. Wang, S. S. David, and J. C. Yoo, Common solutions of an iterative scheme for
variational inclusions, equilibrium problems and fixed point problems, J. Inequal. Appl. (2008),
Article ID 720371, doi:10.1155/2008/720371.

W. V. Petryshyn, A characterization of strictly convexity of Banach spaces and other uses of
duality mappings, J. Funct. Anal. 6 (1970), 282-291, doi:10.1016/0022-1236(70)90061- 3.

R. U. Verma, Projection methods, algorithms and a new system of nonlinear variational inequalities,
Computers & Mathematics with Applications 41 (2001), no. 7/8, 1025-1031, doi:10.1016/
50898-1221(00)00336-9.

F. Q. Xia and M. J. Huan, Variational inclusions with a general H-monotone operator in Banach
spaces, Computers & Mathematics with Applications 54 (2007), 24-30, doi:10.1016/j.camwa.
2006.10.028.

Y. Yao, J. C. Yao, Y. C. Liou, and M. Postolache, Iterative algorithms for split common fized
points of demicontractive operators without priori knowledge of operator norms, Carpathian J.
Math. 34 (2018), 459-466, doi:10.37193/CIJM.2018.03.23.

Y. Yao, L. Leng, M. Postolache, and X. Zheng, Mann-type iteration method for solving the split
common fixed point problem, J. Nonlinear Convex Anal. 18 (2017), no. 5, 877-882.

Y. Yao, Y. C. Liou, and M. Postolache, Self-adaptive algorithms for the split problem of the
demicontractive operators, Optimization 67 (2018), 1309-1319, doi:10.1080/02331934.2017.
1390747.

S. S. Zhang, H. W. Lee, and C. K. Chan, Algorithms of common solutions for quasi vari-
ational inclusion and fized point problems, Appl. Math. Mech. 29 (2008), 571-581, doi:
10.1007/s10483-008-0502-y.

X. Zhao, F. N. Kung, C. Li, and J. C. Yao, Linear regularity and linear convergence of projection-
based methods for solving convex feasibility problems, Appl. Math. Optim. 78 (2018), 613-641.

Khalid Fayaz: khalidfayaz66@gmail.com
Department of Mathematics, University of Kashmir South campus-Anantnag, India

Mohd Igbal Bhat (* Corresponding author): igbal92@gmail.com
Department of Mathematics, University of Kashmir South campus-Anantnag, India

Hilal Ahmad Khanday: hilalhyder@gmail.com
Department of Computer Sciences, University of Kashmir South campus-Anantnag, India

Mudasir A. Malik: mudasirmts09@gmail.com
Department of School Education J&K Govt. Kashmir, India

Received 12/06/2025; Revised 02/01/2026


http://dx.doi.org/10.1007/s11075-017-0448-0
http://dx.doi.org/10.1515/dema-2018-0020
http://dx.doi.org/10.1515/dema-2018-0020
http://dx.doi.org/10.1016/j.camwa.2007.07.010
http://dx.doi.org/10.1016/j.amc.2010.02.005
http://dx.doi.org/10.1016/j.amc.2010.02.005
http://dx.doi.org/10.1137/0103003
http://dx.doi.org/10.1155/2008/720371
http://dx.doi.org/10.1016/0022-1236(70)90061-3
http://dx.doi.org/10.1016/S0898-1221(00)00336-9
http://dx.doi.org/10.1016/S0898-1221(00)00336-9
http://dx.doi.org/10.1016/j.camwa.2006.10.028
http://dx.doi.org/10.1016/j.camwa.2006.10.028
http://dx.doi.org/10.37193/CJM.2018.03.23
http://dx.doi.org/10.1080/02331934.2017.1390747
http://dx.doi.org/10.1080/02331934.2017.1390747
http://dx.doi.org/10.1007/s10483-008-0502-y
http://dx.doi.org/10.1007/s10483-008-0502-y
mailto:khalidfayaz66@gmail.com
mailto:iqbal92@gmail.com
mailto:hilalhyder@gmail.com
mailto:mudasirmts09@gmail.com

	1. Introduction
	2. Preliminaries
	3. Formulation of problem
	4. Iterative Algorithm and Convergence Analysis
	5. Numerical Example
	6. Conclusion
	Declaration of competing interest
	Acknowledgements
	References

