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FIXED POINT RESULTS OF A GENERALIZED MODIFIED
F-CONTRACTION VIA RECTANGULAR G — a—ADMISSIBLE
MAPPING WITH APPLICATION

ASAYE AYELE AND KIDANE KOYAS

ABsTRACT. In this paper, we introduce the notion of a generalized modified F'—con-
traction via rectangular G — a—admissible mapping and establish some new fixed point
results under Wardowski’s F'—contractive condition (F'1) together with an auxiliary
function ¢ in the setting of G—metric spaces. Our new fixed point results improve,
generalize and unify several related result in the existing literature. Moreover, we
give some non-trivial examples to verify our results. Finally, we derive the existence
of a solution to an integral equation to support our main findings.

1. INTRODUCTION

Wardowski [13] introduced the concept of an F-contraction, which constitutes a novel
type of contractive mapping, and established a fixed point theorem that serves as a
generalization of the classical Banach contraction principle [4]. This contribution opened
new directions in fixed point theory by extending the applicability of contractive con-
ditions beyond the traditional setting. Building on this foundation, Piri and Kumam
[15] further refined the framework of F-contractions by enlarging the class of admissible
functions. Specifically, they modified the original definition of Wardowski by replacing
condition (F'3) with the weaker assumption (F'3'), thereby introducing a broader category
of F-contractions and demonstrating that fixed point results can still be obtained under
these relaxed conditions.

In a parallel development, Mustafa and Sims [20] introduced the notion of G-metric
spaces as a generalization of standard metric spaces. Their work not only extended the
classical concept of distance but also explored the associated topological structures and
fundamental properties of these spaces. The introduction of G-metric spaces provided a
fertile ground for the study of fixed point theory in more generalized settings. Indeed,
over the last two decades, G-metric spaces have become an active and rapidly growing
area of research, with numerous authors investigating their applications to nonlinear
analysis, topology, and various branches of applied mathematics.

In 2017, Singh et al. [12] introduced the notion of Hardy-Rogers type generalized
F-contractive mappings in the framework of G-metric spaces and established correspond-
ing fixed point results. This contribution demonstrated that the classical Hardy-Rogers
contractive condition can be effectively extended to the setting of F-contractions, thereby
enriching the theory of fixed points in generalized metric structures. In the same year,
Singh et al. [14] further advanced this line of research by formulating the concept of
Cirié-type generalized F-contractions in G-metric spaces and proving several fixed point
theorems in this context. These works emphasized the flexibility of the F-contraction
approach and its ability to unify and generalize existing contractive mappings within the
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framework of G-metric spaces.

Also in 2017, Aydi et al. [18] proposed a broadened version of F-contractive map-
pings in the setting of metric spaces. By relaxing and widening the original definition of
Wardowski’s F-contractions, they were able to establish new fixed point theorems that
extend the applicability of these results beyond the earlier restrictive conditions. This
line of inquiry stimulated further research, and a number of studies subsequently emerged
that focused on generalizing these classes of contractive mappings in diverse spaces such
as partial metric spaces, b-metric spaces, and other generalized structures (see [2]-[9],
[21]-[25]).

More recently, Vujakovié et al. [1] introduced new contractive conditions in the set-
ting of complete metric spaces and established corresponding fixed point theorems. Their
results not only improved upon those obtained in [18], but also provided sharper and
more comprehensive generalizations, thereby contributing to the ongoing development of
fixed point theory in generalized contractive frameworks.

Motivated by the works of the above researchers, we define a generalized modified
F—contraction mappings recognizing the concept of Singh et al. [12, 14] and Vujakovié
et al. [1] and obtain some fixed point results under the condition (F'1) together with
an auxiliary function ¢ in G—metric spaces that can not be obtained from the existing
results in the setting of associated metric spaces. Moreover, illustrative examples are
provided to validate the applicability of our results. As a practical application, we employ
one of the main theorems to demonstrate the existence of solutions to an integral equation
in complete G—metric spaces.

2. PRELIMINARIES

In this section, we collect the background materials to make our presentation as
self-contained as possible.

Definition 2.1. [20] Let X be a nonempty set and G : X x X x X — [0, 00) be a function
satisfying the following conditions:

(G1) G(z,y,2) =0 if x =y =z

G2)0 < G(z,x,y), for allz, y € X with = # y;

) G(z,z,y) < G(x,y, 2), for all z,y, z € X with y # z;

) G(z,y,2) = Gz, z,y) = G(y,x,z) = ...,(symmetry in all three variables);

) G(

(
(G3) G
(G4) G
(G5) G(z,y, 2) < G(x,a,a) + G(a,y, z), for all z,y, z,a € X (rectangle inequality).

G is called a generalized or a G—metric on X. The pair (X, G) is called a G—metric
space.

Proposition 2.2. [20] Every G—metric space (X, G) will define a metric space (X,d) by
d(z,y) = G(z,y,y) + Gy, x,2) , forallz,yeX.

Definition 2.3. [26] A G—metric space (X, G) is said to be symmetric if G(z,z,y) =
G(z,y,y) forall z,y € X.

Example 2.4. Let X = [0,00) and G(z,y,2) =]z —y |+ |y—2|+|xz—2 ]| bea
G—metric on X. Then d(z,y) = G(z,z,y) + G(y,y,z) =4 |z —y | is a metric on X. In
addition, G is symmetric on X.

Lemma 2.5. [19] By the rectangle inequality (G5) together with the symmetry (G4), we
have
G(‘T7 y7 y) = G(y’ y? m) S G(y7 x? ‘/L.) + G(x7 y7 x) = 2 G(y? x? :I:)'
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Definition 2.6. [13] Let F : (0,00) — (-00,00) be a function satisfying the following
conditions:

(F1) F is strictly increasing;

(F2) for all nonnegative sequence {z,}, lim, ooy = 0 if and only if lim,_, o F(z,) =
—0;

(F3) there exists 0 < k < 1 such that lim,_,o+ 2" F(x) = 0.

In this paper, we denote by F the family of all functions satisfying conditions (F'1) —
(F3).

Definition 2.7. [13] Let (X, d) be a metric space. A self-mapping 7" on X is called an
F—contraction if there exists 7 > 0 such that for z,y € X
d(Tz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(d(x,y)), where F' € F.

Piri et al. [15] replaced Wardowski’s F'—contractive condition (F'3) as follows:
(F1) F is strictly increasing,
(F'3') F is continuous on (0, 00).
Let us denote I'" be the family of all functions F : [0,00) — (-00,00) satisfying the
conditions (F'1) and (F3').
Singh et al. [14] defined Cirié-type generalized F—contractive mapping in the setting of
G—metric spaces and established some fixed point results as follows:

Definition 2.8. [14] A mapping T : X — X is said to be a Ciric-type generalized
F—contractive mapping in G—metric spaces if F' € I" and there exists 7 > 0, such that
G(Tz, Ty, T?y) >0 = 7+ F(G(Tx, Ty, T?y) < F(au(z,y)) for all 2,y € X, where
0 < a<1and p(z,y) =max{G(z,y,Ty),G(z, Tz, Ty), G(z, Tz, T?x), (G(y, Ty, T?y) +
Gy, Tz, T?y))}.

Theorem 2.9. [14] Let (X,G) be a complete G—metric space and T : X — X be a
Cliric-type generalized F— contractive mapping. Then T has a fized point in X. Moreover,
if 2a < 1, then fized point of T is unique.

Samet et al. [16] introduced the following mappings:

Definition 2.10. [16] Let X be a nonempty set and o : X x X — [0,00) be a function.
A self-mapping T on X is called
(i) o — admissible if forall x,y € X, a(z,y) >1 = o(Tz,Ty) > 1,
(ii) a triangular a—admissible if it is a—admissible and if for all z,y,z € X
(a(z,y) > 1and a(y,z) > 1) = afz,z) > 1.

Lemma 2.11. [17] Let T be a triangular a—admissible mapping on a nonempty set X.
Assume that there exists xg € X such that a(xo,Txg) > 1. Define a sequence {x,} by
XTp = T"xo. Then a(xm,x,) > 1 for myn > 0 with m < n.

There have been lots of generalizations of both Wardowski’s fixed point result and the
notion of F'— contraction. Let ® be the set of mappings ¢ : [0,00) — [0, 00) complying
with conditions:

(a) ¢ is nondecreasing,

(b) >0, ¢"(t) < oo for all ¢ > 0.

This set is also known as a set of c—comparison functions. Observe that ¢(t) < ¢ for all
t >0 and ¢ is continuous at 0.

In 2021, Vujakovi¢ et al. [1] introduced new contraction mapping and established
some fixed point results in complete metric spaces.

Definition 2.12. [1] Let (X, d) be a metric space. A mapping 7' : X — X is said to be
a modified F'—contraction via triangular a—admissible if there exists 7 > 0 such that for
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all z,y € X with a(z,y)d(Tz,Ty) >0 = 7+ F(a(z,y)d(Tz,Ty)) < F(o(d(z,v))),
where the mappings F' € f and ¢ € ®.

Theorem 2.13. [1] Let (X, d) be a complete metric space and T : X — X be a modified
F—contraction via triangular a—admissible mapping. Suppose that
(i) T is a—admissible;
(ii) there exists xg € X such that a(xg, Txg) > 1;
(iii) T 4s continuous.
Then T has a fixed point.

In the following theorem, Vujakovic et al. [1] replaced condition (iii) of Theorem 2.13
with the condition (H).
(H) if {z,,} is a sequence in X such that a(zp,2n1) > 1foralln > 1 and z, — x €
X asn — oo, then there exists a subsequence {z,,} of {z,} such that a(z,,,z) > 1 for
all k.

Theorem 2.14. [1] Let (X, d) be a complete metric space and T : X — X be a modified
F—contraction via triangular a—admissible mapping. Suppose that
(i) T is a—admissible;
(i) there exists xo € X such that a(xo, Txo) > 1;
(iii) (H) holds.
Then T has a fized point.

Let condition (U) holds, i.e., a(z,y) > 1 for all 2,y € Fix(T), where Fiz(T) denotes
the set of all fixed points of T. Then, Aydi et al. [18], adding condition (U) to the
hypotheses of Theorem 2.13 (resp. Theorem 2.14) ensures that z is the unique fixed point
of T.

Definition 2.15. [10] Let (X, G) be a G—metric space, let T be a self-mapping on X,
and
let o : X3 — [0,00) be a function. We say that T is a G — a—admissible mapping if
$7 y’ z 6 X7

a(z,y,z2) > 1 = o(Tz,Ty,Tz) > 1.

Definition 2.16. [11] Let X be a nonempty set, T : X — X be a mapping and
a: X xX xX —[0,00) be a function. We say that T is a rectangular G — a—admissible
mapping if

(T1) a(z,y,2) >1 = a(Tz,Ty,Tz) > 1, z,y,z € X,

>1
a(y,z,2) > 1 = alx,z,2) > 1,z,y,z € X.

3. MAIN RESULTS

In this section, we define a generalized modified F'—contraction via rectangular G —
a—admissible mapping and establish some fixed point results in G—metric spaces.

Definition 3.1. Let (X, &) be a G—metric space. Let ¢ : [0,00) — [0,00) be a non-
decreasing function with ¢(t) < ¢ for all ¢ > 0 and continuous at 0, a : X3 — [0, 0)
be a function, and let F' : [0,00) — (—00,00) be a strictly increasing function. A map-
ping T : X — X is said to be a generalized modified F'—contraction via rectangular
G — a—admissible if there exists 7 > 0 such that for z,y € X with

o(z,y, Ty)G(Tz, Ty, T?y) > 0 = 7+ F(a(z,y,Ty)G(Tz,Ty,T?y)) < F($(u(z,y))
(

)
3.1

)
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where
w(z,y) = max {G(z,y, Ty),G(z, Tz, Ty), G(x, Tz, T?x), G(y, Ty, T?y), G(y, T?x, T?y) }.
(3.2)

Theorem 3.2. Let (X, G) be a complete G—metric space and T : X — X be a generalized
modified F'—contraction via rectangular G — a—admissible mapping. Suppose that

(i) T is rectangular G — a—admissible;
(i) there exists xg € X such that a(xg, Txo, T?x0) > 1;
(i) T is continuous.
Then T has a fized point in X.
Proof. By (ii), there exists ¢ in X such that a(zg, T, T?xg) > 1. Define a sequence
{z,} in X by
Ty =Txn_q foralln>1.
If there exists some positive integer ny such that z,, = T'z,,, then z,, is a fixed point of
T.
Now, we shall assume that x,, # x,41 for all n > 0. So, we have G(Zn, Tpi1, Tni2) #
0 for all n > 0. Due to (ii) and T is G — a—admissible, we have a(xg,z1,22) =
a(xg, Two, T?x¢) > 1 which in turn implies that a(zy, 22, 23) = a(Tzo, Ty, T?x1) > 1.
Inductively, we get
a(xn>$n+1, $n+2) >1 fOT all n > 0.
Using 3.1, 3.2, and a(zp—1, Zpn, Tne1) > 1, puttingz = 2,1 and y = z, forn > 1, we
obtain the following:
ATp 1, T, Tp)G(Txp 1, Txp, T?x,) >0 =

T+ Fla(zn_1, 20, T2,)G(Txp_1, T2y, T?2,)) < FlO(p(n_1,7,))), (3.3)
where
,u(xn—la xn) = max {G(xn—la Tn, Txn)a G(In—la T‘Tn—la Tzn)a G(xn—la Txn—la TQ‘Tn—l)

,G(In,Txn,T2:En),G(In,T2In_1,T2:L'n)}

= max{G(xn_l,mn,xnﬂ),G(xn_l,xn,xn+1),G(a:n_l,xn,xn+1), G(Tp, Tyt1, Tnia)
,G(gcmxnﬂ,xnﬁ)}
=max {G(Tn_1,Tn, Tn+1), G(Tn, Tnt1, Tnio)}-
If u(zp—1,2n) = G(Tpn, Tni1, Tnya), then 3.3 becomes
T+ F(a(Tn—1, Tn; Tnt1)G(Tn, Tnt1, Tny2)) < F(O(G(Tn, Tni1; Tni2)))-

Using the properties of F' and ¢, it follows that G(z,, Tni1, Tni2) < G(Tn, Tni1, Tni2),
which is a contradiction.
Hence, u(xp—1,2n) = G(xp—_1,Tpn, Tnt1) for all n > 1. Now, 3.3 becomes

T+ F(a(Tn_1,Tn, Tnt1) G(Tn, Tnt1, Tnt2)) < F(A(G(@n—1,Tn, Tnt1))) for all n > 1.
(3.4)

Using 3.4 and properties of F' and ¢, we get
G(Tn, Tnt1,Tny2) < G(Tp_1,Tn, Tni1) forallmn > 1.

Hence, {G(zy,—1, Tn, Tp+1)} is nonincreasing and bounded below. So, there exists r > 0
such that

lim G(zp_1,Tn, Tny1) =1
n—oo
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Assume r > 0 and using 3.4, we have
T+ F(G(@n, Tnt1,,Tnt2)) < F(G(Tn-1,Tn, Tnt+1))- (3.5)
Furthermore, by the property of F' and taking limit as n — oo in 3.5, we get
T+ F(r) < F(r),
which is a contradiction. Hence, we have

lim G(zp—1,%n, Tpy1) = 0. (3.6)

n—oo

Now, we need to show that {z,} is a Cauchy sequence in X. Suppose that {z,} in X is
not a Cauchy sequence, then there exists an € > 0 such that

G(xmkvxkarlzxnk) Z €, (37)

where {my} and {ny} are sequences of positive integers with ny > my > k for all positive
integers k. In addition, ny is chosen as the smallest integer satisfying 3.7. Hence, we have

G('kaammk%»l,xnkfl) < €. (38)
Applying the rectangular inequality and using 3.7 and 3.8, we get
€< G(xmk' y Tm+1, xnk) < G(znk yTng—1s xnk—l) =+ G(znk—lv Ty, s xmk—i-l)

< 2G(£L’nk71, xnkaxnk) + G(xmkaxmk+la xnkfl)

< 2G(Tpy—1,Tn,,Tn,) + € (3.9)
Taking the limit as £ — oo in 3.9 and using 3.6 , we obtain
le G(Tmys Trmp+1s Tny,) = €. (3.10)

Again, from the rectangle inequality, we have
G(xmk bl xmk-‘rl? -rnk) S G(xmk I’ xmk—la xmk—l) + G(xmk—lv xmk+17 xnk)

S G(xmk s Ty —1, xmk—l) + CTV(I'TL;C sy Tngp—1, xnk—l) + G(Ink—la Ty —15 wmk+1)

< 2G(xmk*17 Ly xmk) + 2G(xnk*17 Lny, xnk) + G(xnkfla Lmy—1, xkarl)' (3'11)
Taking the limit as k£ — oo in 3.11 and using 3.6 and 3.7, we have

€< lim G(Tpny—1, Tmp—1s Tmp+1)- (3.12)
n—oo

Furthermore, with the similar approach as above, we have

G(xnk—la l'mk—la xmk+1)

3.13
S G(xnkflaxnk7xnk) + G(xmkflaxmwmmk) + G(l’nk7$mk,$mk+1). ( )
Taking the limit as £ — oo in 3.13 and using 3.6 and 3.10,
lm G(Tny—1,Tmp—1;Tmy+1) < €. (3.14)
k—oc0
Using 3.12 and 3.14 , we get
lm G(Zp,—1, Tmg—1, Tmp+1) = €. (3.15)
k—o0
Similarly, we have
G(xnk—laxmk—laxmk+l) S QG(xmk7mmk+1) xmk—O—l) + G(xmk—laxmkaxnk—l)
(3.16)
and
G Tmg—15 Lmy» Tng—
( k—1 Kk k 1) (317)

S G(xmk—lax’mmxmk) + G(xmmxmk—i-lvxmk—i-l) + G(xmkvxmk+17xnk—l)~
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Taking limit as £ — oo in 3.16 and 3.17 and using 3.8 and 3.15, we obtain

lm G(Tmy—1,Tmys Tnp—1) = €. (3.18)
k—o00

Since T is rectangular G — a—admissible, we have
A Tymp—1, Tnp—1, Ty ) > 1. (3.19)

Using 3.1 with z = z,, _1 and y =z, —1, We get
a(zmk—laxnk—laxnk)G(l’mk,znk;xnk-&-l) >0
= 7+ F(a(xmk*17xnk*1’xnk)G(xmk’xnk’xnk+1)) < F(Qb(:u(‘rmk*l’xnk*l))'
It follows that by 3.19 and properties of F' and ¢, we obtain
T+ F(G(mmmxnmxﬂkJrl)) < F(M(wmk*h mnk*1>7 (3'20)

where

(T 1, Ty —1)
=max {G(Tmy—1, Tngp—1, Tny )s G(@mp—15 Ty s Ty )y G(Tmg—1, Ty r Trnge1),
G(‘/L‘nk*]-?l‘nk’mnk+1)?G(mnk*17xmk+1?xnk+l)}'
Taking limit as k — oo in 3.20 and using 3.6, 3.8, 3.10, 3.15 and 3.18 and F' is strictly
increasing, we get
T+ F(e) < F(e),
which is a contradiction.

Hence, {z,} is a Cauchy sequence in a complete G—metric space X. Thus, there exists
u € X such that

lim z, = u.
n—oo

Since T is continuous, we get

uw= lim zp41 = lim Tz, =T[lim z,] =Tu.
n— o0 n— 00 n— 00

Therefore, T has a fixed point u in X. O

In the following we get a corollary of Theorem 3.2.

Corollary 3.3. Let (X,G) be a complete G—metric space and T : X — X be a given
mapping. Suppose that there exists T > 0 such that G(Tz, Ty, T?y) > 0 = 71 +
F(G(Tx, Ty, T?y) < F(é(u(z,y))),

forallz,y € X, where F', ¢ and u(x,y) are as defined in Theorem 3.2 and T is continuous.
Then T has a fized point in X.

Proof. The result follows from Theorem 3.2 by setting a(z,y,Ty) = 1 for all z,y in
X. O

In the following theorems we replace condition (iii) of Theorem 3.2 with :
(H) for any sequence {z,} in X with a(z,—1,2,,2,r1) > 1 for all n > 1 such that
ZTp, — u as n — oo we have a(x,—1,u,u) > 1.

Theorem 3.4. Let (X, G) be a complete G—metric space and T : X — X be a generalized
modified F— contraction via rectangular G — a—admissible mapping. Suppose that

(i) T is rectangular G — a—admissible;
(ii) there exists zg € X such that a(xo, Txo, T?x0) > 1;
(iii) (H) holds.
Then T has a fized point in X.
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Proof. Following the proof of Theorem 3.2, we have that the sequence {z,} which is
defined by
Ty =Tz, for all n > 1, converges to some element v in X. That is,

lim z, = u.
n—oo

Assume that Tu ¢ {z,,} in X for some positive integer k with n > k. Since by Theorem
3.4 (iii) and

o(Tp—1,Tn, Tpy1) > 1 for all n > 1, we have a(x,—1,u,u) > 1. Hence, for all n > k and
letting * = x,—1 and y = w in 3.1 and 3.2, we have

a(zp_1,u,Tu)G(Txp_1,Tu, T?u) >0 =

7+ F(a(zn_1,u, Tu)G(Txp_1, Tu, T?u)) < F(¢(p(n_1,u))).

Using the properties of F and ¢, we have

T4+ F(G(2n, Tu, T?u) < F(u(r,_1,u)) and G(zp, Tu, T?u) < p(x,_1,u), where

M("L‘n717 u) = max {G(xn717 u, TU), G(xnfla Tn, Tu)7 G(”? Tn—1, T2u)7 G(x’n,717 L, xn+1)
,G(u, Tu, T2u)}.
Taking limit as n — oo , we have

lim p(2,_1,u) = max{G(u,u, Tv), G(u,u, T?u)}.

n— oo

Suppose that
lim p(xn—1,u) = G(u,u, Tu),

n—oo
then
G(u, Tu, T?u) < G(u,u, Tu)

and from (G3), we get
G(u, Tu, T*u) < G(u,u, Tu) < G(u, Tu, T?u)
for Tu # T?u, which is a contradiction. Thus

lim p(z,_1,u) = G(u,u, T?u).

n—roo

Consequently, we have
G(u, Tu, T?u) < G(u,u, T?u)
and again from (G3), we get
G(u, Tu, T*u) < G(u,u, T?u) < G(u, Tu, T?u)

for Tu # T?u, which is also a contradiction. Therefore, Tu = T?u = u. Hence T has a
fixed point in X. d

In the following we get a corollary of Theorem 3.4.

Corollary 3.5. Let (X,G) be a complete G—metric space and T : X — X be a
mapping. Suppose that there exists T > 0 such that G(Tz, Ty, T?y) > 0 = 71+
F(G(Tz, Ty, T?y)) < F(¢(u(z,y)), for all x,y € X, where F, ¢ and p(x,y) are defined
as in Theorem 3.4. Then T has a fized point in X.

Proof. The result follows from Theorem 3.4 by setting a(z,y,Ty) = 1 for all z,y in
X. O

Theorem 3.6. Let (X,G) be a complete G—metric space, T : X — X be a mapping and
F :[0,00) = (—00,00) be a strictly increasing function. Let ¢ : [0,00) — [0,00) be a
nondecreasing function with ¢(t) <t for allt > 0 and continuous at 0. Suppose that there
exists T > 0 such that
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(1) a(z,y, Ty)G(Tz, Ty, T?) > 0 =
7+ Fla(x,y, Ty)G(Tx, Ty, T?y)) < F(¢(aG(z,y, Ty) + bG(x, Tz, Ty)
+cG(x, Tz, T?x) + dG(y, Ty, T?y) + eG(y, T?x, T?y))),
forallz,y e X, a,b,c,d,e >0 anda+b+c+d+e<1;
(ii) T is rectangular G — a—admissible;
(iii) there exists o € X such that a(wg, Txo, T?x0) > 1;
(iv) T is continuous or (H) holds.

Then T has a fized point in X.
Proof. Using properties of F', for all z,y € X, we get
a(z,y, Ty)G(Tz, Ty, T*y) >0 —
7+ F(a(z,y, Ty)G(Tx, Ty, T?y)) < F(¢(aG(z,y, Ty) + bG(z, Tx, Ty) + cG(z, Tz, T?x)
+dG(y, Ty, T?y) + eG(y, T?x, T?y)))
< F(¢((a+b+c+d+e)max {G(z,y,Ty),G(z, Tz, Ty), G(z, Tz, T?z),
G(y, Ty, T?). Gy, Tz, T?y)})))
< F(¢(max {G(m, y,Ty),G(x, Tz, Ty), G(z, Tz, T?z), G(y, Ty, T?y), G(y, Tz, T2y)}))
The rest of the proof follows from Theorems 3.2 and 3.4. O

Theorem 3.7. Let (X,G) be a complete G—metric space, T be a self-mapping on X
and F : [0,00) = (—00,00) be a strictly increasing function. Let ¢ : [0,00) — [0,00) be
a nondecreasing function with ¢(t) < t for allt > 0 and continuous at 0. Suppose that
there exists T > 0 such that
(i) a(z,y, Ty)G(Tz, Ty, T?) >0 =
7+ F(a(z,y, Ty)G(Tx, Ty, T?y))

Ty, T? T2z, T?
< F(¢(max{G(r.y.Ty), G(z. Tr, Ty), G(z, T, 7%, A0 TW T GO T2 T0)

forall x,y € X;
(ii) T is rectangular G — a—admissible;
(iii) there exists xg € X such that a(xg, Txo, T?10) > 1;
(iv) T is continuous or (H) holds.

Then T has a fized point in X.

Proof. Since,
G(y, Ty, T*y)+G(y, Tz, T?

LTG0 < max{ Gy, Ty, %), Gy, T, T%)},
using (i), we have

o(z,y, Ty)G(Tz, Ty, T?y) >0 =
T+ F(a(z,y, Ty)G(Tx, Ty, T?y))
Gy, Ty, T?y) + G(y, T%z, T?y)

< F(¢(max{G(z,y, Ty),G(z, Tz, Ty),G(z, Tz, T*x), 5 )
< F(¢p(max{G(z,y,Ty),G(w, Tz, Ty), G(xz, Tz, T?z), G(y, Ty, Ty), G(y, Tz, T?y)}))
for all z,y € X. The rest of the proof follows from Theorems 3.2 and 3.4. d

Corollary 3.8. Let (X,G) be a complete G—metric space, T : X — X be a mapping on
X and F : [0,00) — (—00,00) be a strictly increasing function. Let ¢ : [0,00) — [0, 00)
be a nondecreasing function with ¢(t) <t for all t > 0 and continuous at 0. Suppose that
there exists T > 0 such that

G(Tz, Ty, T?y) >0 =
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T+ F(G(Tx Ty, T? )) F(¢(max{G(z,y,Ty),G(z, Tz, Ty),G(x, Tz, T*)
Gy, Ty,T? y)+G(y T22,T%y) M)

for all z,y € X Then T has a fized point in X.

Proof. The result follows from Theorem 3.7, by setting a(x,y,Ty) = 1 for all z,y in
X. O

Theorem 3.9. Adding the following conditions: (U) for all z,y € Fix(T), a(z,y,y) > 1
and G is symmetric on Fixz(T) to the hypotheses of Theorem 3.2 and Theorem 3.4. Then
T has a unique fized point in X.

Proof. Let x,y € Fix(T) with x # y. Then from 3.1, we have
T+ Fa(z,y,y)G(2,y,v)) < F(é(u(z,y)))
where
w(z,y) = max {G(z,y,y),G(z,z,y),G(v,r,2),G(y,y,9), Gy, z,y)}
=max{G(z,y,y),G(z,z,y)} = G(z,y,y),

since G is symmetric. Thus

T+ F(a(z,y,y)G(z,y,y)) < F((G(z,y, 1))
From the properties of F' and ¢, and a(z,y,y) > 1, we have

Gz, y,y) < G(x,9,y),

which is a contradiction. Hence x = y. Therefore T" has a unique fixed point in X. [

The following result deals about existence and uniqueness of fixed point without the
assumption of G is symmetric on Fiz(7T') unlike Theorem 3.9.

Theorem 3.10. Let (X,G) be a complete G—metric space, T be a self-mapping on X
and F : [0,00) = (—00,00) be a strictly increasing function. Let ¢ : [0,00) — [0,00) be
a nondecreasing function with ¢(t) <t for all t > 0 and continuous at 0. Suppose that
there exists T > 0 such that
(i) a(z,y, Ty)G(Tz, Ty, T?y) >0 =
T+F(alz,y, Ty)G(Tx, Ty, T?y)) < F(¢(max{G(x,y, Ty), LeLeTu Gl Te )
,G(y, Ty, T?y),G(y, T, T?y)})), for all z,y € X;
(ii) T is rectangular G — a—admissible;
(ili) there exists zg € X such that a(zo, Txo, T?x¢) > 1;
(iv) T is continuous or (H) holds;
(v) for all z,y € Fix(T),a(z,y,y) > 1.

Then T has a unique fized point in X.

Proof. The existence of a fixed point follows from Theorems 3.2 and 3.4. Let z,y € Fix(T)
with © # y. Then from (i), we get

THF(a(2,y,9)G(x,1,1)) < F(p(max{G(z,y,y), CEtVEEELD Gy 4 y) Gy, 2,y)})).
Consequently, we obtain

Gz, z,y)

T4 F(G(y9) < Plmax{Gla,y,y), CE5 )
< Fnax{G(e.5.9). 250 D))) — F(Gw.y.0))

Using properties of F, ¢ and 7 > 0, we have

G(z,y,y) < G(z,y,y),
which is a contradiction. Thus, z = y. Hence T has a unique fixed point in X. O
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In the following we get a corollary of our main results.

Corollary 3.11. Let (X, G) be a complete G—metric space and T : X — X be a mapping.
Suppose that there exist F : [0,00) = (—00,00) which is strictly increasing function and
7 > 0 such that

(i) a(m,y,Ty)G(Tx,Ty,TQy) >0 = 7+ F(a(r,y,Ty)G(Tx, Ty, T?y))

F(¢(ku(z,y))) for all z,y € X and k € (0, 3];

(11) is rectangular G — a—admissible;

(iii) there exists g € X such that a(xg, Txo, T?x0) > 1;

(iv) T is continuous or (H) holds;
(v) for all z,y € Fiz(T),a(z,y,y) > 1.

Then T has a unique fized point in X.

Proof. The existence of a fixed is assured by Theorem 3.2 and Theorem 3.4. Now, we
shall prove that T has a unique fixed point in X. Let x,y € Fia(T) with 2 # y. Then
from (i), we obtain

a(z,y,y)G(z,y,y) >0 = 7+ F(a(z,y,y)G(z,y,y)) < F(o(ku(z,y))),
where
w(z,y) = max {G(z,y,y),G(z,z,y),G(z,z,2),G(y,y,9), Gy, z,y)}
= max{G(z,y,y),G(z,z,y)}
< max{G(z,y,y),2G(z,y,y)}
=2G(z,y,y).
As a result, we obtain

T+ Fla(z,y,y)G(z,y,y)) < F(¢(2kG(z,y,y))). Using properties of F'1, ¢, k < % and
a(z,y,y) > 1, we have

G(z,y,y) < G(z,y,y),
which is a contradiction. Thus, x = y. Hence T has a unique fixed point in X. O

In the following we give examples in support of our results.

Example 3.12. Let X = {0,1,2} and T : X — X be a mapping defined by T0 =
0,71=T2=1. Take a: X x X x X — [0,00) as a(1,2,1) = a(2,1,1) = a(1,1,1) = 1,
and a(z,y,2) =0 for (z,y,2) ¢ {(1,2,1), (2,1,1),(1,1,1)}. Consider

Gla,y,2) — max {d(z,y), d(z, =), d(y, 2)}, where d(z,y) = |z — yl.

Then G(x,y,2) is a G—metric on X and T is rectangular G — a—admissible. Comparing
the following three contractive conditions:

G(Tz,Ty,T?y) >0 = 7+ F(a(x,y, Ty)G(Tz, Ty, T?y)) < F(¢(u(x,y))). (3.21)
G(Tz, Ty, T?y) >0 = 7+ alx,y, Ty)F(G(Tz,Ty, T?y)) < F(¢(u(x,y))). (3.22)

a(z,y, Ty)G(Tz, Ty, T?y) >0 = 7+ F(a(z,y, Ty)G(Tx, Ty, T?y)) < F(¢(u(w7(y)))-)
3.23

(Condition 3.23 is our approach).

Now,we have that G(Tz, Ty, T?y) > 0 for (x,y,Ty) € {(0,1,1),(0,2,1)}. In both cases
we get

a(z,y, Ty)G(Tz, Ty, T?y) = 0.

It means that for (x,y,Ty) € {(0,1,1),(0,2,1)}, in 3.21 we get

7+ F(ale,y, Ty)G(T, Ty, T%)) = 7 + F(0) < F(u(r,)) < F(2).

By the property of F, we have F'(0) < F(2), which is true.

Again, since a(z,y, Ty)G(Txz, Ty, T?y) = 0 whenever

(x,y, Ty) € {(L 2, 1)7 (27 1, 1)7 (17 1, 1)}7
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the given example does not support the condition 3.23. Furthermore, for (z,y,Ty) €
{(0,1,1),(0,2,1)} 3.22 becomes

7+0x F(G(Tz, Ty, T?y)) < F(¢(u(z,y)), which in turn implies,

T < F(9(2)).

It is true because F(¢(2)) > 0. Hence, the given example supports the condition 3.22 for
each strictly increasing function F' : [0, 00) — (—00,00).

Example 3.13. Consider the sequence {s,} defined by

81:2,
S9 =2+ 22
s3 =2+ 2% 427,

Sp =242 4. 42" =2(2" —1).

Let X = {s, : n € N},

0 sifandonlyif x =y =z,

G(Z’yv Z) - {

max{z,y,z} , otherwise,

61:7y ) x S y7
and a(z,y,z) = {1 , T2y,
0 , otherwise.

Then (X, G) is a complete G—metric space.

Define the mapping T': X — X by T's; = s; and T's,, = 5,1 for every n > 1. Obviously
T is rectangular G — a—admissible.

Now, we want to show that 7" is a generalized modified F'—contraction via rectangular
G — a—admissible in the framework of G—metric spaces with F'(6) = 6 + In(9), 6 > 0.
First, we have the following:

a(8ny8my T5m)G (TS0, TSy, T?sp,) > 0 if and only if

(n=1landm>2)or (m=1landn>2)or (1 <n<m)or(l<m<n).

In all the possible cases we will show that

a(x7 Y, Ty)G(T{L'7 fz—jy7 T2y)ea(z,y,Ty)G(Ta:,Ty,sz)—M(I,y)
1z, y)

<e7,

(3.24)
where £ = s, Yy = $m, n,m >1, 7 =8 and

p(z,y) = max {G(z,y, Ty),G(z, Tz, Ty),G(z, Tz, T?z),G(y, Ty, T?y), Gy, Tz, T?y)}.
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Case (i) when n =1,m > 2. Then

G(Tx, Ty, T?y
G(z,y, Ty

Gy, Ty, T*
Gy, T%x,T?

) =

)

) =

G(x Tz, T2 )=
y) =

y) =

n(z,y) =

z) =

Thus, using 3.24, we get

— S1—3Sm —
esl Smow Sm—1 X ee XS8m—1—8m

Sm

109

G(Tsy,, Tsp,, T? Sm) = Sm—1,
G(Sny SmsTSm) = Sm,

G SmaTvaT Sm) = Sm,

(
(
(
G (8p, Tsn, T?s,,) = 0,
(
(

2
G(spm, T?sn, T Sm) = Sm,

< eS1Sm eSm(%*l)

s
S1=8m v esm(%fl)

3 5 1 3
S§1—S8 € —S
—e 1 mox e m

s1
s1+e’l —2s,
— eS1T m

< ¢l0-25m

<e '8 since — (=28 + 10) > 18 for m > 2.

-8

IN

€

Hence, T is a generalized modified F—contraction via rectangular G — a—admissible

mapping with 7=8.

Case (ii) When m = 1, n > 2. Then

G(Tz, Ty, T?y
Gz, y, Ty) =

Gz, Tz, Ty) =
Gz, Tz, T%z) =
G(y, Ty, T?y) =
Gy, T?z, T?y) =

= G(Tsp, Tspm, T? sm) = S$p_1,
G(sn,
G(

G(
G (Sm, T8, T?sp) = 0,
(

2
G(8m, T%s5p, T?51n) = Sn_2,

(T, y) = Sn,

ar,y,z) =

a(Sn, Sm,z) = 1.

Thus, from 3.24, we obtain the following

Sp—1 X eSn—17"5n

Sn

< esn71—8n < 6_8

,—(=8n + S$n—1) =8 forn > 2.
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Case (ili) When 1 < n < m. Then

G(Tx, Ty, T?*y) = G(Tsy, T8, T?*5m) = Sm—1,
G(z,y, Ty) = G(Sn, Sm,TSm) = Sm,

G(z, Tz, Ty)
Gz, Tz, T%z) =G
Gy, Ty, T*y) = G(5m, TSy, T?$1m) = Spm,

Gy, T2, T%y) = G(5m, T?$n, T?51) = 5,
(@, y) = S,
a(e,y,2) = e,

Il
Q

(
(
(sanSnaTsm) = Sm—1,
(SnaTSanQSn) = Sn;

(

Again, using 3.24, we have

Sn—5Sm (€7 MY X (St —1—8m) )
e X Sm—1 X € < eSnTm i e(esn"*mfl)sm < eSnSm

Sm

<e 8, since — (—spm +8,) > 8 forl<n <m.

Case (iv) When 1 < m < n. Then

Gz, Tz, T?x) = G(s,, Tsp, T?s5,) = n,

G(y, Ty, T*y) = G(Sm>T5m, T?5m) = S,

G’(y,T2:17 T?y) =G Sm,T25n,T2Sm) = Sy OT Sp—_2
u(x,y = Sn,

Furthermore, from 3.24, we get

Sp—1 X esn—l_sn ) s
—— <1 <0 since — (—Sp + Sp—1) > 8.
Sn

Therefore, T is a generalized modified F'—contraction via rectangular G — o — admissible
mapping. Moreover, T is continuous on X, a(s1,T's1,T?s1) =1 > 1and s; = 2 is a fixed
point of T.

Example 3.14. Consider the sequence {s,} defined as

81:3,
sy = 34 32,
s3=3+3%+33,

$n=3+3" 4+ +3"=-(3"-1).
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Let X = {s, : n € N},

0, if andonly if v =y = z,

max{z,y,z}, otherwise,

G(x,y,2) = {

1, 2>y,

0, otherwise.

and oz, y,z) = {

Then (X, @) is a complete G—metric space.

Define the mapping T': X — X by T's; = s3 and T's,, = s,,—1 for every n > 1. Obvi-
ously T is a rectangular G — a—admissible.

Now, we shall prove that T is a generalized modified F'—contraction via rectangular
G — o — admissible in the framework of G—metric spaces with F'(§) = 0 + Inf, 6 > 0.
First, we see the following cases:

a(8nys 8m, Tsm)G (T3, TS, T?sm) > 0 if and only if (m =1 andn > 2) or (1 <m < n).
In all the possible cases we will show that

oz, y, Ty)G(Tx, Ty, T2y)ea(:c7y7Ty)G(Tw,Ty,T2y)—u(x,y)
(@, y)

<e™T, (3.25)

where © = Sy, Yy = S, n,m > 1, 7 =27 and

w(z,y) = max{G(z,y, Ty), G(x, Tz, Ty), G(x, Tz, T?x), G(y, Ty, T?y), Gy, T*z, T?y)}.

Case (i) When m =1, n > 2. Then

G(Tﬂf,T%TQZ/ =G TSnaTSm7T23m) = Sn—1,
G(xay7Ty =G SnasmyTSm) = Sn,

(
(
(
(
(
(

)
)
)

Gz, Tz, T%x) = G(s5, T5p, T?5) = n,

Gy, Ty, T*y) = G(5m, Tspm, T?s,m) = G(51,51,51) = 0,
Gy, T?2, T*y) = G(5m, T?*$n, T?51) = G(8m, Sn—2, Sm—2) = Sm OF Sp_2,
w(x,y) = sn,
a(z,y,z) = 1.

Using 3.25, we get

Sn_lesn—l_sn 97
e <edntsnen <o since s, — sp_1 > 27 formn > 2.

Sn

Hence, T is a generalized modified F'—contraction via rectangular G — a—admissible with
T =2T7.

Condition (ii) When 1 < m < n. Then



112 ASAYE AYELE AND KIDANE KOYAS

G(Tx, Ty, T?y
(,1: y, Ty G(s, Sm,TSm) = Sn,
G(I T.T Ty G SnaTSTwTS"l) = Sn;

) = G(T8, TS, T?5m) = 551,
) = G(
) = G(
Gz, Tz, T?x) = G(8p, Tsn, T?8,,) = 8,
y) = G(
y) = G(
y)
2) =

G(y7 Ty7 T2 G 5 TSTH ) Tzsm) = 57n3
Gy, Tz, T?
p(z,
a(z,y, z
Using 3.25, we have

2 2
G Sm,T Sn,T Sm) = G(Sm75n72>5m72) = Sm OT" Sp—2,

= Sn;

Sp_qeSn—175n

<e Snten-1 <727 gince — (Sn — Sn—1) > 27 forn > 2.

Sn

Thus, T is a generalized modified F'—contraction via rectangular G — a—admissible
mapping. Moreover, T is continuous on X and a(sy,T'sy,T?s1) = 1 > 1 implies s; = 3 is
a fixed point of T.

4. APPLICATION

In this section, we give an application of our main result to find a solution of an integral
equation. Consider a set of real valued continuous functions X = C[0, I] defined on [0, I]
endow with

G(f,9,h) = max { sup,c(o n|f(£)—g(t)|, supse(o nlf(£)=h(t)], sup,c(o, 1lg(t)—h(t)]}. Then
(X, G) is a complete G—metric space. Consider the following integral equatlon

I
z(t) = y(t) + %/0 K(t,s,xz(s))ds, (4.26)

where t,s € [0,1], y is a continuous function in X and K : [0, 1] x [0,1] x X — (—00, 00)
is a given continuous function.

Theorem 4.1. Let (X, G) be a complete G—metric space and define a continuous operator
T: X — X by

Ta(t) = y(t) + 671[ /0 K(t, s, 2(s))ds, (4.27)

for all v,y € X with x # y and t,s € [0, I] satisfying the following inequality

|K (t,s,x(s)) fK(t,s,y(s))|
< max {|z(s) — y(s)|, |z(s) = Ty(s)|; ly(s) = Ty(s)|, |z(s) — Ta(s)],
Tx(s) = Ty(s)], |a(s) — T?x(s)], \Tx( )~ Tz )| |y( )—T2 (s)l,
Ty(s) = T?y(s)|, ly(s) — T?x(s)|, |T?x(s ()]}

Then, the integral equation 4.26 has a solution in X.

(4.28)

Proof. Define a function o : X x X x X — [0,00] by a(z,y,2z) =1 for all z,y,z € X.
Therefore, T is a rectangular G — a—admissible. Let F'(6) = inf, § > 0. Let 2o € X and
a sequence {z,} in X defined by x,,11 = Tz, for all n > 0. By 4.27, we get

Tni1(t) =Ta,(t) = /Ktsxn ))ds.
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We prove that T is a generalized modified F'—contraction via rectangular G —a—admissible
mapping. By 4.27 and 4.28, we have

I
|Tx(t) — Ty(t)| = i|/ K(t,s,Tx(s)) — K(t, s, Ty(s))ds|

_61/|KtsTx — K(t,s,Ty(s) ‘ds

Taking the sup norm on both sides for all ¢ € [0, I], we get
ITx — Ty|| = sup |Tx(t) — Ty(t)|
te0,1]

1 I
<37 t:}épl]/o max {[z(s) — y(s)|, [z(s) = Ty(s)], ly(s) — Ty(s)|, [=(s) — Tx(s)],

|Tx(s) — Ty(s)|, |x(s) — T?x(s)|,|Tx(s) — Tx(s)|, [y(s) — T?y(s)],
Ty(s) — T?y(s)], ly(s) — T?x(s)|, |T?z(s) — Ty(s)| }ds
_ 1 sup {|z(t) —y(t)], |z(t) — Ty®)], ly(t) — Ty®)], |=(t) — Tx(t)], |Tx(t) — Ty(t)],

61 te[0,1]
o(t) = T2a(0). [Ta(®) - T2 (0), ly(t) - T7(0),
PO~ P00 ) ~ 220 (0~ T} [ s

1
= gmaX{HfE—yH» e = Tyll, [ly — Tyll, l|lx — Tx|], [|Tx — Tyl|,
|l — T?x||, [|Tz — T?z||, ||y — T?y||,||Ty — T?yl|, ||y — T*z||, ||T?x — T?yl||}

= 30(z,0),

t
where ¢(t) = 3 for ¢t > 0.
2 1
It follows that, [|Tz — T%y|| < Z¢(u(z,y)) and [Ty = T*y|| < 2(u(x, y))-

2
Therefore, G(Tx, Ty, T?y) < g(/b(u(x,y)). Thus, we have

ol 9, Ty)G (T, Ty, T%) < 2 6(u(ay))

Now, applying the natural logarithm on both sides, we have
3
ln§ + In(a(z,y, Ty)G(Tx, Ty, T?y)) < Ing(u(z,y)).

Hence, we get
T+ F(a(z,y, Ty)G(Tz, Ty, T?y)) < F(¢(u(z,y))),

3
where 7 = lni. As a result, T is a generalized modified F'—contraction via rectangular

G — a—admissible mapping. Hence, all the conditions of Theorem 3.2 are satisfied. Thus,
T has a fixed point.
Therefore, the integral equation 4.26 has a solution in X. 0

5. CONCLUSION

In this study, we introduced a generalized modified F—contraction via rectangular
G — a—admissible mapping under Wardowski’s F'—contractive condition (F'1) together
with an auxiliary function ¢. Within this framework, we established new fixed point
theorems in the setting of complete G—metric spaces. Our new results generalize and
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extend several related fixed point theorems in the existing literature. In addition, we
provided some non-trivial examples to verify our results. Finally, we applied one of

ou

r main results to show the existence of solutions to an integral equation in complete

G—metric spaces.
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